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Abstract (English)
The evolution of the Universe is well described by the Standard Model of Cosmology, parameter-
ized through the so-called ΛCDM (Λ + Cold Dark Matter) model, based on the theory of General
Relativity. The ΛCDM model has been widely studied in the past, and the fundamental parameters
that describe it have been constrained using several different experimental measurements. In the last
years, the accurate observations of the Cosmic Microwave Background (CMB) anisotropies allowed
to improve considerably the constraining power of the cosmological analyses, opening the way to pre-
cision cosmology. Cosmology can help in studying constraints on the content of the Universe at all
times, and precision measurements of the cosmological observables can improve even our knowledge
on particle physics. For example, constraints on the absolute neutrino mass scale or on the presence
of additional neutrinos beyond the three standard ones can be derived using cosmological data.
The last results released by the Planck collaboration are in strong agreement with the ΛCDM
model and there is no strong evidence that the ΛCDM model may be incomplete. Despite the overall
robustness, however, some small inconsistencies appear. For example, the local determinations of
the Hubble parameter H0 and of the matter fluctuations at small scales σ8 are in tension with the
estimates obtained from the analyses of CMB data in the context of the ΛCDM model. We show that
the presence of a light sterile neutrino or a thermal axion may reduce these tensions, suppressing the
matter fluctuations at small scales and increasing the Hubble parameter. These two light particles are
motivated by the phenomenology of short-baseline neutrino oscillations and by the strong CP problem
in Quantum ChromoDynamics, respectively. We present also the most recent constraints on the sterile
neutrino and on the thermal axion properties.
Another indication that not all the predictions of the standard cosmological model are complete
is related to the possible presence of features in the Primordial Power Spectrum (PPS) of curvature
perturbations. The initial fluctuations were generated during the early inflationary phase of the Uni-
verse evolution and they are the initial conditions for the subsequent evolution. As a consequence,
features in the PPS can be reconstructed observing the WMAP and Planck spectra of CMB tem-
perature anisotropies at large scales. The assumptions on the PPS shape, however, are crucial for
all the cosmological analyses. If inflation is realized in a non-standard scenario, the PPS may have a
non-standard shape and if it does not have the standard power-law shape, the cosmological constraints
can be (strongly) biased. We study how the constraints on the properties of massless and massive
neutrinos and of thermal axions change when a free PPS shape is considered instead of the usual
power-law one. In addition, we study also how the constraints on primordial non-Gaussianities change
in the context of a scenario involving “inflationary freedom”.
We also show that a possible solution to the small H0 and σ8 tensions may come from an additional
non-gravitational interaction between dark matter and dark energy, if dark energy decays into dark
matter. This is not forbidden by any current observation, and this possibility opens a new window to
study the dark sector of our Universe.
i

Abstract (Italiano)
L’evoluzione dell’Universo e` ben descritta dal modello cosmologico standard, parametrizzato at-
traverso il cosiddetto modello ΛCDM (Λ + Cold Dark Matter - materia oscura fredda) e basato
sulla teoria della Relativita` Generale. Il modello ΛCDM e` stato ampiamente studiato in passato, e
i parametri che lo descrivono sono strettamente vincolati dalle numerose osservazioni sperimentali.
Negli ultimi anni le accurate misure della radiazione cosmica di fondo (CMB, da Cosmic Microwave
Background) hanno incrementato notevolmente la precisione delle determinazioni nelle analisi, aprendo
la strada alla cosmologia di precisione. Oggi i dati cosmologici ci permettono di studiare il contenuto
dell’Universo a tutte le epoche e le misure di precisione delle osservabili cosmologiche permettono di
migliorare anche la nostra conoscenza della fisica delle particelle. Per esempio, dai dati cosmologici
si possono ottenere vincoli sulla scala di massa dei neutrini e sulla eventuale presenza di neutrini
aggiuntivi in aggiunta ai tre neutrini standard.
Gli ultimi risultati pubblicati da parte della collaborazione Planck sono in notevole accordo con le
predizioni del modello ΛCDM e non compare nessuna evidenza significativa che il modello ΛCDM possa
essere incompleto. Al di la` della robustezza generale, comunque, ci sono alcune piccole discrepanze.
Per esempio, le misure locali del parametro di Hubble H0 e delle fluttuazioni di materia a piccola scala
σ8 sono in tensione con le stime ottenute dalle analisi dei dati della CMB nel contesto del modello
ΛCDM. Mostreremo che la presenza di un neutrino sterile leggero o di un assione termico puo` ridurre
tali tensioni, sopprimendo le fluttuazioni di materia a piccola scala e incrementando il parametro di
Hubble. Queste due particelle leggere emergono rispettivamente come soluzione alle anomalie nei
dati delle oscillazioni dei neutrini a corto raggio o al problema della CP forte nella cromodinamica
quantistica. Presenteremo quindi i vincoli piu` recenti sulle proprieta` di tali particelle.
Un’altra indicazione che non tutte le predizioni del modello cosmologico standard sono complete
e` collegata alla forma dello spettro di potenza iniziale (PPS, da Primordial Power Spectrum) delle
fluttuazioni di curvatura. Queste condizioni iniziali sono state generate durante il periodo di inflazione
all’inizio dell’Universo e ne determinano l’evoluzione successiva. Le assunzioni sulla forma del PPS
sono cruciali per tutte le analisi cosmologiche. Le osservazioni delle anisotropie di temperatura della
CMB osservate dagli esperimenti WMAP e Planck suggeriscono la presenza di una forma anomala
del PPS. Se l’inflazione non puo` essere descritta nella maniera piu` semplice e il corrispondente PPS
puo` deviare dalla legge di potenza standard, i risultati delle analisi cosmologiche possono esserne
influenzati. Studieremo come i vincoli sulle proprieta` dei neutrini (massivi o privi di massa) e sugli
assioni termici sono influenzate dalla liberta` nella forma del PPS, se questo puo` differire dalla normale
legge di potenza. In aggiunta valuteremo anche come i vincoli sulle non-Gaussianita` primordiali
possono cambiare nel contesto di questa “liberta` inflazionaria”.
Una diversa possibilita` per risolvere le tensioni riguardanti H0 e σ8 e` collegata alla possibile
esistenza di una nuova interazione, di tipo non-gravitazionale, fra materia oscura ed energia oscura, in
particolare se coinvolge energia oscura che decade in materia oscura. Questa interazione non e` proibita
da nessuna osservazione corrente e rappresenta una possibilta` di aprire una nuova finestra sullo studio
delle componenti oscure del nostro Universo.
iii
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Introduction
Recently the Nobel Prize in Physics was awarded to Takaaki Kajita and Arthur B. McDonald “for
the discovery of neutrino oscillations, which shows that neutrinos have mass”, a result that confirms
the hypothesis proposed almost sixty years ago by B. Pontecorvo [1]. Pontecorvo was the first to
suggest that neutrinos may exist in different flavors and that they can oscillate. Since the proposal
of Pontecorvo, many years were needed to measure neutrino oscillations, but finally this achievement
opened a new window on physics, imposing the existence of the mass of at least two neutrinos.
Neutrino oscillations, indeed, require that the three neutrino mass eigenstates have different masses
mi (with i = 1, 2, 3). These masses can be measured in neutrino oscillation experiments, as we will
discuss in details in Chapter 4. The quantities that allow to describe the oscillations between the three
different flavor neutrinos are the squared-mass differences1 ∆m221, ∆m
2
31, ∆m
2
32 and the elements of
the so-called PMNS mixing matrix, originally proposed by Z. Maki, M. Nakagawa, S. Sakata [2] to
describe the neutrino oscillation proposed by B. Pontecorvo [1]. One standard possibility to write the
unitary mixing matrix for the three neutrino mixing paradigm is written in Eq. (4.10). Nowadays,
most of the elements of the PMNS matrix are well determined (see e.g. Ref. [3]) by the numerous
experiments that probe neutrino oscillations at different energies and distances.
Not all the quantities required to describe the neutrino physics, however, are well known at present
times. The mixing matrix in the standard parameterization of Eq. (4.10) is described using 6 param-
eters: three mixing angles ϑ12, ϑ23 and ϑ13, one Dirac phase η13 and two Majorana phases λ21 and
λ31, that are physical only if neutrinos are Majorana particles. The mixing angles are known with
good precision, apart for ϑ23, that is nearly maximal and we do not know if it is larger or smaller than
45◦. The present knowledge about the phases, instead, is rather poor. We have small indications that
the favored value for the Dirac phase, that may provide CP violation in the lepton sector, is close to
3pi/2 [4], but the statistical significance is small.
One of the interesting open questions concerns the nature of neutrinos. All the known particles
in the Standard Model (SM) of Particle Physics are Dirac particles, but neutrino is actually the only
candidate for being a Majorana particle. If they are Majorana particles, neutrinos coincide with their
own antiparticles and processes that violate the conservation of the lepton number are possible. The
most studied process of this kind is the neutrinoless double β-decay, that however has never been
observed [5]. Double-β decay processes are possible for particular unstable atoms, that may decay
simultaneously through the emission of two electrons, normally accompanied by the emission of two
electron antineutrinos. For these atoms, the observation of the double β-decay is possible only because
the single β-decay is forbidden by the kinematics. If the neutrino is Majorana, however, in a small
fraction of the cases the neutrino is emitted and immediately absorbed inside the decaying nucleus,
that undergoes a double-β decay emitting only two electrons, with a violation of the lepton number.
Neutrinoless double β-decay is nowadays the only process that could allow to measure the Majorana
phases that appear in the mixing matrix, since they are relevant only for processes that distinguish
the Majorana nature of the neutrinos [5].
Another crucial unknown point is the absolute scale of the neutrino masses. Measurements of the
neutrino mixing give information on the mass differences, but we cannot learn from neutrino oscillation
experiments what is the mass of the lightest neutrino, that is m1 in the normal ordering and m3 in
the inverted ordering. The absolute neutrino mass scale can be directly determined measuring the
endpoint of the spectrum of the released electron in β-decay processes (see e.g. Ref. [6]) or through the
1We use the convention ∆m2ij = m
2
i −m2j .
1
Contents
kinematics of neutrinoless double β-decay processes [5], if neutrinos are Majorana particles. Currently,
the direct measurements of the neutrino masses through β-decay experiments provide an upper limit on
the neutrino mass scale of about 2.2 eV [7]. The future experiment KATRIN should reach a sensitivity
of about 0.2 eV using the decay of tritium atoms [8].
Another unknown point pertains the squared mass differences. The squared-mass difference ∆m221
is fully known thanks to the matter effect in the oscillations inside the sun, also called the MSW
effect after S.P. Mikheev, A.Yu. Smirnov and L. Wolfenstein [9–11]. On the other hand, we know
only the absolute values of the squared-mass differences ∆m231 and ∆m
2
32. As a consequence, we know
that the mass m2 of the eigenstate ν2 is larger than the mass m1 of the eigenstate ν1, but we do
not have information on the ordering of the third mass eigenstate. The neutrino mass ordering may
be m1 < m2 < m3 (normal ordering) or m3 < m1 < m2 (inverted ordering), depending on the sign
of ∆m231 (or of ∆m
2
32). Future experiments will investigate the neutrino mass ordering, trying to
measure the matter effects on neutrino oscillations in the Earth [12, 13] or using the phase difference
in the oscillations of reactor electron antineutrinos, given by the different sign of the squared-mass
differences ∆m231 and ∆m
2
32 in the oscillation probability formula [14].
Short Baseline (SBL) neutrino oscillation experiments suggest that the standard description of the
three neutrino mixing may be incomplete, since several anomalies appear (see Section 4.2 or Ref. [15]).
The global fit of SBL neutrino oscillation data improves if one assumes an additional neutrino mass
eigenstate ν4 with ∆m
2
41 ' 1 eV2 (see Section 4.3). To the new neutrino mass eigenstate, a new flavor
eigenstate should correspond. This is called a “sterile” flavor state, since it is not coupled to the SM
Lagrangian, but its interactions with the SM particles and with the other neutrinos are possible only
through neutrino oscillations. The existence of the fourth neutrino state and the SBL anomalies will
be tested in future SBL neutrino oscillation experiments.
Direct mass detection and oscillation experiments, however, are not the only way that we have
to test the unknown neutrino properties, although they represent the strongest tests that can be
performed, since their results are model independent. Another exciting field of research, indeed, is
cosmology. From various cosmological measurements it is possible to derive constraints on the absolute
scale of neutrino masses and on the existence of additional particles. In this case, however, the results
are obtained in the context of a specific cosmological model.
The standard description of our Universe is based on the theory of General Relativity of A. Einstein
[16], proposed one hundred years ago. The Standard Model of Cosmology, also called the Hot Big Bang
model and described in Chapter 1, predicts that the Universe started its evolution in a very dense and
hot configuration, that expanded for about 13 billions years to become what we observe nowadays. A
crucial evidence in favor of the Big Bang model was the detection of the Cosmic Microwave Background
(CMB) radiation [17], that is the thermal radiation left over from the time of recombination. It is the
oldest light in the Universe, originated when the photon energy decreased enough to become smaller
than the electron binding energy inside the hydrogen atoms. Recombination indicates in fact the time
at which the electrons and the protons started to be bounded together in the hydrogen atoms. Before
recombination the Compton scattering of electrons and the presence of high energy photons prevented
those stable bounds and the photons were continuously scattered. After recombination, instead, the
density of free electrons diminished drastically, the photons started to propagate freely and the CMB
radiation was generated. Further details are presented in the description of the CMB radiation and
of its anisotropies developed in Chapter 2.
The CMB radiation has become one of the pillars of the modern cosmology. After the first detection
by A.A. Penzias and R.W. Wilson [17], who were awarded the Nobel prize in 1978, the discovery of the
CMB anisotropies beyond the monopole and the dipole by the COBE experiment in 1992 [18] opened
the window to a new way to test the evolution of the Universe. With the precision measurements of the
CMB spectrum obtained by the WMAP [19] and Planck [20,21] experiments, we have the possibility
of testing the cosmological models with great accuracy and to derive constraints on the cosmological
parameters.
CMB observations, extensively discussed in Sec. 3.1, are not the only robust measurements that
can be used to constrain the cosmological models. Baryon Acoustic Oscillations (see Section 3.2), for
example, represent a robust tool that can give strong constraints on the evolution using geometrical
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methods. Other tests of the Universe evolution at late times are the measurements of the Hubble
parameter, that gives the expansion rate today (see Sec. 3.3), of the redshift-distance relation through
the observations of SuperNovae (see Sec. 3.4), and of the late time matter distribution through the full
power-spectrum of matter fluctuations (see Sec. 3.5), the cluster counts (see Sec. 3.6) and the weak
lensing detection through the observations of the cosmic shear (see Sec. 3.7).
In this dissertation we will use CMB data, together with the other observations of the Universe,
to derive constraints on neutrino physics. These constraints are model-dependent, in the sense that
they depend on the assumptions in the context of the Hot Big Bang model. Additional mechanisms
or phenomena that are not considered in the standard description of the Universe evolution can
dramatically change these results. In our case, however, we will focus mainly on the most simple
parameterization of the hot Big Bang model, that is the so-called ΛCDM model (see Section 2.5),
after the names of the cosmological constant Λ and of the cold dark matter (CDM), that are the
most abundant constituents of the Universe today. We will detail extensively the properties of the
cosmological constant and of cold dark matter in the first two Chapters.
Cosmology cannot probe all the neutrino properties that we listed above: the cosmological evolu-
tion is basically insensitive to the mixing of three neutrinos. On the contrary, cosmological measure-
ments provide strong constraints on the neutrino masses and on the existence of additional particles
that were relativistic in the early Universe, as the 1 eV mass sterile neutrino that we mentioned
above. These quantities can be constrained since the presence of massive neutrinos has an impact
on the CMB anisotropies and on the other cosmological quantities, as we will describe in details in
Section 4.4. Part of the analyses presented in this Thesis have the aim of studying the compatibil-
ity of the light sterile neutrino motivated by the SBL oscillations with the most recent cosmological
measurements, constraining the effects that this additional neutrino has on the various observables.
These analyses will be presented in Chapters 5 and 6, based on Refs. [22–24] and [25,26], respectively.
The presence of neutrinos in cosmology may be particularly significant to solve the small tensions
that are present in the ΛCDM model. These regards the CMB estimates and the determinations at
small redshift of the Hubble parameter H0 and of the clustering parameter σ8, that measures the
matter fluctuations inside a sphere of 8h−1 Mpc radius. An additional light particle that is relativistic
at the time of matter-radiation equality and that becomes non-relativistic at late times can reduce the
amount of matter fluctuations at small scales thanks to its free-streaming properties (see Section 4.4.3
for the neutrino case): this goes in the required direction to reconcile local and cosmological estimates
of σ8. At the same time, the presence of additional “dark radiation” (i.e. relativistic particles, apart
for photons) in the early Universe requires an increase of the cold dark matter energy density and of
the cosmological constant energy density at all times, in order to avoid a shift of the matter-radiation
equality epoch that would alter significantly the CMB spectrum. This has the direct consequence
of increasing the predictions of H0, reducing the difference between the local measurements and the
cosmological estimates for that parameter.
A crucial problem that appears when one tries to constrain the neutrino properties from cosmology
is that from neutrino oscillations we expect that the sterile neutrino is in full equilibrium with the active
neutrinos in the early Universe: the contribution to the radiation energy density of a sterile neutrino
should be equal to the contribution of each active neutrino. The expectation does not correspond
to the results, however, since the analyses of the most recent CMB data indicate with high precision
that there are approximately three neutrino-equivalent particles, and the existence of a fourth one
is strongly disfavored (see Chapter 5). This is known as the thermalization problem of the sterile
neutrino. In the context of the standard cosmological model, if there are four neutrinos, one of them
cannot be in equilibrium with the others, possibly as a consequence of some new physical mechanism
in particle physics: we will list some possibilities proposed in the literature in Section 5.4.
The thermalization problem can be solved in a different way that does not involve new particle
physics mechanisms. If a new cosmological mechanism induces some effects in the evolution that
compensate the changes arising from the presence of an additional particle (the sterile neutrino), the
tension may disappear. One possibility is the scenario of “inflationary freedom”. Inflation is the
initial phase of the Universe expansion, during which the distances were stretched exponentially for a
very short time. Inflation is required to explain the “horizon” and the “flatness” problems, that we
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will treat in Chapter 1, as well as the extreme large scale homogeneity and isotropy of the Universe.
The simplest inflationary models predict an initial power spectrum of curvature fluctuations that is
a simple power-law. Observations of the CMB spectrum suggests that there may be deviations from
such a featureless spectrum, especially at large scales. If deviations from the power-law form exist
also at small scales, as a consequence of some freedom in the inflationary scenarios, the effects of the
additional dark radiation may be erased in the final results by the shape of the initial power spectrum
of the Gaussian density fluctuations and the final power spectrum of CMB anisotropies would be
almost unchanged. We study this possibility in Chapter 6, where we test the degeneracies between
the primordial power spectrum (PPS) of scalar perturbations and the neutrino properties. These
degeneracies may give a partial solution to the thermalization problem, that is still present when the
recent CMB polarization data by Planck are considered in the analyses.
The light sterile neutrino, however, is not the only candidate that could help solving the H0 and
the σ8 tensions. Among the other possibilities, we studied the thermal axion as a candidate of dark
radiation. Axions were proposed by R.D. Peccei and H.R. Quinn [27, 28] to solve the strong CP
problem in Quantum Chromodynamics, as we will explain in Section 7.1. If one considers a thermal
production mechanism [29–31], it turns out that the axion can have a mass of the order of 1 eV, it
contributes to the radiation energy density in the early Universe and it has free-streaming properties.
In brief, it behaves approximately as a massive neutrino and therefore it can provide a solution to the
H0 and the σ8 tensions. In Chapter 7, based on Refs. [26,32], we will show the most recent constraints
on the thermal axion mass that arise from the cosmological analyses. Also in this case we will study
the degeneracies within the context of inflationary freedom, as we did for the neutrino properties.
Another analysis that we will present concerns the possible existence of non-Gaussianities, i.e.
deviations from the Gaussian distribution, in the initial fluctuations that evolved to generate the CMB
anisotropies and the structures that we observe in our Universe. Non-Gaussianities are expected to be
generated during inflation, and the presence of non-Gaussianities produces a distortion of the CMB (or
matter) power spectrum. Since non-Gaussianities and the initial power spectrum of scalar fluctuations
are both expected to be generated during inflation by the same mechanism, there is the concrete
possibility that they produce similar distortions in the observed power spectrum of CMB (or matter)
fluctuations. In Chapter 8 we show that the distortions of the matter power spectrum generated by
non-Gaussianities may be mimicked by deviations of the power spectrum of initial fluctuations from the
simple power-law. The immediate consequence is that the results obtained for the non-Gaussianities
may be significantly biased if some scenario involving “inflationary freedom” is assumed. We devote
Chapter 8 to test and discuss these degeneracies, following the analyses published in Ref. [33].
Up to now, we considered extensions of the ΛCDM model including some new mechanism in the
very beginning of the Universe life, possibly connected with some particle physics model of inflation, or
some new particles that arise from some model in particle physics (sterile neutrinos, thermal axions).
These additional particles, however, are expected to give only a minor fraction of the total energy
density of the nowadays Universe. The largest fraction of the Universe content today [21] is provided
by two fluids for which we do not have a well assessed explanation in terms of particle physics:
the cold dark matter and the cosmological constant, accounting for 26% and 69% of the total energy
density today, respectively. Cold dark matter indicates some massive component that does not interact
electromagnetically. The cosmological constant, or in general the “dark energy”, is a diffuse fluid that
is responsible of the accelerated expansion of the Universe at late times. These fluids are known only
for their gravitational interaction and nothing else is known about them. In a minimal scenario, dark
matter and dark energy do not have interactions apart for gravity, but some non-gravitational coupling
between them cannot be excluded. In Chapter 9, based on Ref. [34], we will study exactly this case: a
phenomenological non-gravitational coupling between dark matter and dark energy, and we will show
how this coupling influences the Universe evolution. We will explore two possibilities: dark matter
decaying in dark energy or dark energy decaying in dark matter. Using cosmological data that probe
different times, we will study the compatibility of the coupled scenario with the current cosmological
measurements, with a particular focus on the small tensions concerning the Hubble parameter H0 and
the clustering parameter σ8.
Chapter 10, the last of this Thesis, contains a resume and a brief discussion of our results.
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Part I
Overview of Standard Cosmology
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Chapter 1
The Standard Model of Cosmology
The evolution of our Universe is currently well described by the so-called Standard Model of Cos-
mology, or Hot Big Bang Model. This model is based on the renowned theory of General Relativity,
presented by A. Einstein in 1915 and published in 1916 [16]. The fundamental elements of the cos-
mological model are the Cosmological Principle, which states that the Universe is homogeneous and
isotropic on large scales, and the Einstein Equations, which describe the evolution of a physical system
under the action of gravity. In this first Chapter we will describe the Standard Model of Cosmology,
particularly focusing on the equations that govern the thermal history of the Universe and the evolu-
tion of perturbations. Since we will not develop the full calculations, we suggest further readings for
more details, e.g. Ref. [35]. We will work in natural units through all the text.
1.1 Short Evolution History
In the Big Bang model, the Universe started from a very hot and dense plasma, that cooled down
during the expansion. The initial phases of the Universe are not well known, since we do not have
any confirmed theory to explain physics at extremely large energies: a complete theory of quantum
gravity is required to fully describe the initial phase of the Universe.
Possibly in the very early Universe an inflationary phase occurred. Inflation is a theory that
predicts an exponential expansion during which the scale factor a grows as a(t) = exp(Ht), where H
is the Hubble factor (see Eq. (1.1)). Inflation requires a constant energy density, with the consequence
that the first Friedmann equation (see Sec. 1.5) becomes H2 ' const. Using the cosmological constant
notation, this becomes H '√ΛI/3, where ΛI is the cosmological constant during inflation.
Inflation was proposed firstly in the eighties [36–43] to solve the horizon and the flatness problems.
The horizon problem is connected to the fact that we observe an extreme homogeneity between sky
regions that are separated by distances between them larger than the horizon radius. These regions
were not in causal contact in the past if the standard evolution, without inflation, is assumed. It
appears unlikely that widely separated regions that could not be in causal contact in the past can be
so similar today. This is not true if the Universe expanded exponentially in the early phases of its
history, since regions that were in causal contact before the end of inflation were stretched and widely
separated. Initial perturbations that were similar before the end of inflation evolved independently
after inflation, possibly until today.
The flatness problem indicates the fact that the curvature of the Universe is very close to 1 today:
the strongest constraints come from the Planck collaboration [21], which estimated that the curvature
energy density is Ω0k = 0.000 ± 0.005 [44], using the Planck full mission data on the CMB spectrum
(see Section 1.5). Going back in time, the bounds become very stringent, since in a not flat and
decelerating Universe the curvature increases during the expansion (see Section 1.5): for example, at
the time of Big Bang Nucleosynthesis (BBN) the total energy density Ωtot = 1 − Ωk must fulfill the
requirement |Ωtot − 1| . 10−18, in order to be compatible with the Planck bound today. Since at
earlier epochs the value would be even smaller, this was considered as a fine-tuning problem. In the
context of inflation, this problem is solved by the exponential expansion which dilutes the curvature:
since the relation is |Ωtot− 1| ∝ exp(−
√
4ΛI/3 t) during inflation, the longer was inflation, the closest
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Ωtot was to 1 at its end. To solve both the flatness and the horizon problems, inflation should have
lasted for at least 50 to 60 e-foldings, a unit that measures the exponential variation of the scale
factor: N e-foldings correspond to an increase in the scale factor a(tend) = e
Na(tstart), or equivalently
N = ln(a(tend)/a(tstart)).
As we will see in Section 1.9, inflation is usually modeled with the introduction of a scalar field φ,
called inflaton, that mimics the cosmological constant behavior when rolling down a slowly varying
potential V (φ). Inflation ends when the scalar field decays into other particles, with a consequent
energy transfer to the plasma. This phase takes the name of reheating, since the temperature of the
plasma of coupled particles is raised with the increase of its energy.
The Universe temperature continuously decreases. As the temperature decreases, the kinematics
of the processes occurring in the plasma changes and some particles that were abundant in the early
Universe cannot be produced at later times: for unstable particles, this means that they start to
disappear, being the production and decay processes out of equilibrium. At the same time, some
of the symmetries that were perfect in the hot Universe start to spontaneously break: after the
electroweak symmetry breaking the bosons of the weak interaction and most of the fermions start to
have a mass. Since they are still very energetic, each of them behave as relativistic particles until
the temperature falls below its mass; in other cases, such as for the t quark, the mass is so high that
they never behave as relativistic particles. The quarks still cannot be confined in hadrons since their
kinetic energy is too high. As the temperature decreases, however, the kinetic energies decrease and
at a certain point the quarks can be confined: this is the transition to the hadron epoch.
Before this time, depending on its mass and its interaction rates, DM can decouple. When the DM
particles can annihilate but they cannot be produced because of the kinematics, they stop interacting
and they are freezed-out, i.e. they stop interacting and their energy density is simply diluted with the
evolution. The annihilation rate depends on the squared number density, and consequently it decreases
while the Universe expands. At a temperature of around 1 MeV, the equilibrium of neutrino-electron
interactions is broken and also the existing neutrinos decoupled from the rest of the plasma: the
relic neutrinos give origin to the Cosmic Neutrino Background (CNB), the neutrino analogous of the
Cosmic Microwave Background (CMB) radiation, composed by the cosmological photons. The CNB
today is very hard to detect directly, since these neutrinos have an extremely low energy. We have
a number of indirect signals that the number of relativistic species at CMB decoupling is compatible
with the presence of three relic neutrinos, but we are still not sure that these additional particles are
truly the standard neutrinos.
Shortly after neutrino decoupling, the mean photon temperature becomes too small to allow the
production of electron-positrons pairs and also the electrons start to decouple. The energy density
of electrons is transfered to photons through the annihilation process e+e− → 2γ. In this phase the
photons are reheated by this energy transfer, and from now on the photon temperature is higher than
the neutrino temperature.
During the hadron epoch, neutrinos play a role in the interactions that bring protons and neutrons
to equilibrium: the number of neutrinos have an impact on the relic neutron-to-proton ratio, that in
turn influences the relic abundances of light elements after the BBN. As the photon energy diminishes
below 0.1 MeV, photons are no more able to break the nuclear bounds and the light nuclei can be
produced in hadron scatterings. Starting from protons and neutrons, the first element that is created
is deuterium, 2H. Inelastic scattering of deuterium and other nucleons originates 3He, 4He, 7Li and
some unstable elements such as 3H, 7Be, that decay in 3He and 7Li.
After the production of the light nuclei, photons have enough energy to break electron-nucleus
bounds and matter is still ionized. After matter-radiation equality, that is the time at which the
Universe evolution started to be dominated by the matter energy density, photons and relic neutrinos
become less and less important for the evolution of the Universe and the matter perturbations can
start growing under the effect of gravity. While the photons continue to cool down, their temperature
diminishes below T ' 0.1 eV. At this point their energy becomes small enough to allow the creation
of atoms: photons are no more energetic enough to break the electron-nucleus bounds and finally the
Universe becomes transparent to photons, that start to move freely. This is the time of recombination,
when the CMB was originated. Since CMB photons interacted rarely in the following epochs, the
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study of the CMB anisotropies gives us information on the Universe at the time of recombination,
that occurred about 380.000 years after Big Bang. In the same way, the CNB anisotropies would
give us information on the Universe at the time of neutrino decoupling, that occurred about 1 second
after Big Bang. The detection and the study of the CNB anisotropies are far away from our current
technological capabilities, however.
After CMB decoupling, the evolution of the matter perturbations under the gravitational attraction
leads to the creation of the structures we observe today, linearly at the beginning and passing to a
non-linear evolution after some time. The last part of the Universe evolution, finally, is no more
dominated by matter at large scales: an accelerated expansion of the largest scales was discovered
in the observation of far SuperNovae. This cannot be the result of a matter dominated phase of the
evolution, but it can be explained assuming that the Universe entered a Dark Energy (DE) dominated
phase that is responsible of the accelerated expansion.
After this qualitative introduction, we are going to face in details some of the calculations that must
be deployed in order to obtain the theoretical predictions from the Standard Model of Cosmology. In
particular, we are interested in obtaining the predictions for the power spectra of CMB anisotropies.
In the second part of this Thesis these predictions will be compared with the various experimental
results (presented in Chapter 3) and we will derive constraints on the quantities that describe the
Universe. The goal of this Chapter is to present all the necessary mathematical tools and to obtain
the evolution equation for the perturbations that describe the Universe. In Chapter 2 we will use these
results to study in details the spectrum of the CMB anisotropies and to show how they are influenced
by the various cosmological parameters. Chapter 4, finally, is devoted to introduce the neutrinos and
their properties, with a particular focus on their impact in cosmology.
1.2 The Expanding Universe
The expansion of the Universe is a very well assessed fact: at earlier times the distances between
us and distant galaxies were smaller than today. The expanding behavior can be described using a
scale factor a = a(t), where today we have a0 = a(t0) = 1
1 and a(t < t0) < 1. Using the scale factor
we can define the comoving distance as the physical distance in units of the scale factor. If two points
are at rest in the expanding Universe, the comoving distance between them is constant during the
Universe evolution. On the contrary, the physical distance evolves with time, since it is proportional
to the scale factor. The comoving distance is used to measure the distances between two points in the
comoving frame, that is the reference frame where the coordinates of an observer at rest do not change
during the Universe evolution. An observer at rest has constant comoving coordinates and evolving
physical coordinates, that scale with a.
We must also introduce the geometry of the space-time. There are three possibilities: the Universe
can be flat, open or closed. The flat Universe is an Euclidean Universe, where if two particles start
to move parallely, their motions will be parallel until they travel freely. In an open (closed) Universe,
instead, the particles will diverge (converge) during their motion even if they move parallely at the
beginning. A flat, open or closed Universe has null, negative or positive curvature, respectively. We
will see that in General Relativity the geometrical properties of the space-time are related to energy:
when the energy density is equal to the critical density, the Universe is flat and its curvature is null.
Observations suggest that we live in a Universe that is flat (or very close to flat).
In the context of General Relativity, the expansion history of the Universe can be described by
the time evolution of the scale factor a(t). The Hubble factor H(t) is defined to encode this time
dependency:
H(t) ≡ a˙
a
, (1.1)
where the dot indicates the derivative with respect to time, a˙ = da/dt. It is interesting to measure the
value of the Hubble factor today, H0 = H(t0): this quantity is related to the critical energy density
today, as we will discuss in Section 1.5.
1We will use the subscript 0 to refer to the today values of the related quantities.
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The Hubble factor today H0, also called Hubble constant, is interesting also for another reason.
Consider two observers that are at rest in the comoving frame: they are moving away from each
other with a velocity that depends on the evolution of the scale factor. At low redshifts, the relative
recessional velocity of two observers v and their distance d are related by the Hubble law :
v = H0 d , (1.2)
where H0 is measured to be about 70 Km s
−1 Mpc−1 (see Section 3.3), or equivalently the dimension-
less Hubble constant is h ' 0.7, where h is defined as h ≡ H0/(100 Km s−1 Mpc−1). We will discuss
in more detail the Hubble law in Section 1.6.
1.3 Friedmann-Lemaˆıtre-Robertson-Walker Metric
Under the assumption of the Cosmological Principle, the most important properties of the Universe
are homogeneity and isotropy. The observations of the galaxy distribution in the Universe and of
the Cosmic Microwave Background (CMB) radiation are in strong agreement with the hypothesis of
the Cosmological Principle at scales larger than 100 Mpc: the Universe looks statistically the same
from all the possible points of view, in all the possible directions in which it is observed. These
properties corresponds to homogeneity, that is invariance under translations, and isotropy, that is
invariance under rotations. If we can state that at large scales there are no privileged positions and
directions, this is not true at small scales, at which the Universe is highly inhomogeneous: we will
need to introduce some perturbations to the homogeneous background and study them separately.
The background evolution is important since it gives the general behavior of the Universe, while all
the structures of the visible Universe can be generated only by the small perturbations that we will
introduce in Section 1.8.
Homogeneity and isotropy of the Universe can be encoded into a coordinate system where the
metric of the space-time does not depend on the position (in cartesian coordinates). In the space-time
reference frame described by the coordinates xµ = (x0, xi) 2, where x0 = t is the time component and
xi are the three space components, one can write the distance between two points:
ds2 ≡ gµνdxµdxν , (1.3)
where ds2 is the squared distance between the points separated by dxµ and gµν is the metric that
describes the geometrical properties of the space-time. We use the convention that repeated indices
are summed over.
The metric gµν must be a symmetric 4× 4 tensor, with 4 diagonal and 6 off-diagonal independent
components. The metric for a homogeneous and isotropic Universe is called Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) metric. If one considers a local observer, general relativity can be ap-
proximated with the theory of special relativity, described in the Minkowsky space-time with metric
ηµν = diag(−1,+1,+1,+1). The FLRW metric gµν can be approximated by gµν ' ηµν only locally.
From the isotropy of the Universe we can infer that the off-diagonal terms, gµν with µ 6= ν, must
vanish, since there are no privileged directions. From the property of homogeneity we infer that gµν
(in cartesian coordinates) must be independent on the spatial coordinates, since there are no privileged
observers. For a flat Universe, the metric can then be written in the form
gµν =

−1 0 0 0
0 a2(t) 0 0
0 0 a2(t) 0
0 0 0 a2(t)
 (1.4)
and Eq. (1.3) becomes:
ds2 = −dt2 + a2(t)δijdxidxj , (1.5)
2We use the convention that greek letter indices span the space-time coordinates (0, . . . , 3) and latin letter indices
span the space coordinates (1, . . . , 3).
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where we δij = diag(+1,+1,+1) is the Kronecker delta in an Euclidean space.
To describe a closed or an open Universe, it is convenient to use spherical coordinates in the space
and introduce a new parameter: the curvature of the space-time, k. The distance ds2 can be written
as
ds2 = −dt2 + a2(t)
{
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
}
, (1.6)
where (r, θ, φ) are the usual spherical coordinates. The curvature is k = 0 for a flat Universe, k = +1
for a closed Universe or k = −1 for an open Universe. We will consider now the case of a flat Universe.
Given the metric gµν , it is possible to study the free motion of a particle in the space-time. It is
necessary to obtain the Christoffel symbols Γρµν , by definition symmetric in the µ and ν indices:
Γρµν ≡
gρτ
2
(∂µgντ + ∂νgµτ − ∂τgµν) , (1.7)
where we introduced the notation ∂µgντ = ∂gντ/∂x
µ. It is worth noting that the Christoffel symbols
are not tensors, since they do not transform in the correct way under changes in the coordinate system.
The geodesic is the trajectory of a particle in the space-time, in absence of any forces: it is the
generalized concept of straight line in presence of a non-trivial metric. The Christoffel symbols appear
in the geodesic equation:
d2xµ
dλ2
= −Γµαβ
dxα
dλ
dxβ
dλ
, (1.8)
where λ can be any scalar monotonic parameter that describes the position on the geodesic, for example
the conformal time η that we will introduce in Sec. 1.6. To compute the geodesics, one should calculate
the components of the Christoffel symbols from the metric gµν , using the definition in Eq. (1.7), and
insert them in Eq. (1.8). For a flat Universe with the FLRW metric written in cartesian coordinates
in Eq. (1.4), most of the derivatives of gµν vanish and most of the components Γ
ρ
µν vanish. We have:
Γ00µ = Γ
0
µ0 = 0 , (1.9)
Γ0ij = δij a˙ a , (1.10)
Γi0j = Γ
i
j0 = δij
a˙
a
, (1.11)
Γiαβ = 0 otherwise. (1.12)
The Christoffel symbols are necessary to define the Ricci tensor, symmetric in the indices µ and
ν, that we will use to write the Einstein equations:
Rµν ≡ ∂αΓαµν − ∂νΓαµα + ΓαβαΓβµν − ΓαβνΓβµα . (1.13)
The trace of the Ricci tensor is named Ricci scalar :
R ≡ Rµµ = gµνRµν , (1.14)
where gµν = diag(−1, a−1, a−1, a−1) is the inverse of gµν .
In a FLRW Universe the Ricci tensor and the Ricci scalar can be easily calculated. The Ricci
tensor is diagonal and its components are
R00 = −3 a¨
a
, (1.15)
Rij = δij
(
2a˙2 + aa¨
)
, (1.16)
while the Ricci scalar is simply the trace of the Ricci tensor:
R = 6
(
a¨
a
+
a˙2
a2
)
. (1.17)
These are the quantities to be used in the Einstein equations, that we will discuss in the following
Section. After the introduction of the perturbations to the homogeneous and isotropic Universe, the
metric will become more complicate. We will discuss the perturbed Universe in Section 1.8.
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1.4 Einstein Equations
The evolution with time of the Universe can be derived from the Einstein equations:
Gµν = 8piGTµν , (1.18)
where Gµν ≡ Rµν − 1/2R gµν is the Einstein tensor and G = 6.67× 10−11m3 s−2 Kg−1 is the Newton
constant.
The symmetric tensor Tµν is the stress-energy tensor, that contains all the information about the
energy content of the Universe. For a perfect, isotropic and homogeneous fluid, it can be written as
Tµν = diag(ρ, p, p, p) , (1.19)
where ρ and p are the energy density and the pressure of the fluid, respectively. The definitions of
ρ and p involve the momentum distribution function f . Using here the capital letter to denote the
momentum P , density and pressure are defined as:
ρ = g
∫
d3P
(2pi)3
f(P )E(P ) , (1.20)
p = g
∫
d3P
(2pi)3
f(P )
P 2
3E(P )
, (1.21)
where g is the degeneracy of the species.
Due to conservation laws, the covariant derivatives of the stress-energy tensor must vanish:
DµT
µ
ν ≡ ∂µTµν + ΓµαµTαν − ΓαµνTµα = 0 . (1.22)
This is the General Relativity equivalent of the continuity equation and of the Euler equations in the
classical theory. For the perfect fluid with stress-energy tensor in Eq. (1.19), the ν = 0 component of
Eq. (1.22) is
ρ˙+ 3
a˙
a
(ρ+ p) = ρ˙+ 3
a˙
a
(1 + w)ρ = 0 , (1.23)
where we used the equation of state ρ = wp for the fluid we are considering. This equation can be
rearranged to obtain the relation between ρ and a for different fluids:
ρ˙+ 3
a˙
a
(ρ+ P ) = a−3
∂(ρ a3(1+w))
∂t
= 0 , (1.24)
which in turn gives that ρ a3(1+w) is constant over time. Since different fluids have a different equation
of state, the scaling of the energy density is different during the expansion: for radiation, the name
used to indicate any relativistic fluid, w = 1/3 and ρr ∝ a−4, while for non-relativistic matter w = 0
and ρm ∝ a−3.
Since our Universe is not made of a single perfect fluid, but rather it is a mixture of different
components with different properties, the fact that the energy densities of different fluids evolve
differently imply the possibility of having different phases in the Universe history. The Big Bang model
predicts an initial radiation dominated phase, when all species were relativistic, followed by a matter
dominated phase, when most of the species become non-relativistic and their total energy density
diminishes more slowly than the radiation energy density. Moreover, observations show that in the
recent history the Universe expansion is accelerated, thus suggesting a new phase in the evolution. The
current phase cannot be a radiation dominated or a matter dominated phase, since these components
do not give an accelerated expansion: it is necessary to introduce then something like a cosmological
constant Λ, which has a negative pressure: the corresponding equation of state parameter is w = −1
and ρΛ is constant over time (see Eq. (1.24)). It is possible to include the cosmological constant in
the stress-energy tensor and consider it as a new fluid. If today the Universe is in a Λ-dominated
phase, the expansion is accelerated: this can be seen from the solutions of the Einstein Equations, in
particular from the solution of the time-time component, that we are going to treat.
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1.5 Friedmann Equations
If we insert the Eq. (1.19) into Eq. (1.18), for a FLRW Universe where the Ricci tensor and the
Ricci scalar are those written in Eqs. (1.15), (1.16) and (1.17), we obtain two different independent
differential equations, corresponding to the 00 and the ii component of the tensor equation. They are
the so-called Friedmann Equations:
H2 =
(
a˙
a
)2
=
8piG
3
ρ, (1.25)
H˙ +H2 =
a¨
a
= −4piG
3
(ρ+ 3p), (1.26)
where ρ =
∑
ρi and p =
∑
pi are the total energy density and pressure of the Universe, respec-
tively. The total density and pressure include the contributions from all the existing species: photons,
baryons, dark matter (DM), cosmological constant, neutrinos. At different times, some of these species
contribute as relativistic components, being referred to as radiation, (baryons and neutrinos before
the non-relativistic transition, photons), or as non-relativistic components, falling into the category of
matter (baryons and neutrinos after the non-relativistic transition, DM3). The cosmological constant
component (w = −1) can be described by some unknown species that contributes with a negative
pressure. It is also possible that there is some fluid that contributes with a negative pressure but
does not have a constant equation of state w = −1. In this case the component that substitutes the
cosmological constant is usually referred to as Dark Energy (DE) and it can have a generic w < −1/3,
required to have an accelerated expansion, with a possible dependence w(t). Moreover, if the Uni-
verse is not flat, the curvature k can be described as an additional functional fluid in the Friedmann
Equations: one can compute the Ricci tensor for a curved FLRW Universe, obtaining an additional
term in Eq. (1.25). This can be considered as the contribution of the curvature fluid, described by an
energy density ρk = −3k/(8piGa2) and an equation of state wk = −1/3.
From Eq. (1.25) one can define the critical energy density :
ρc(t) ≡ 3H(t)
2
8piG
, (1.27)
which is the total energy density of a flat Universe at a given time. Its value today, ρ0c , depends only
on the current value of the Hubble parameter H0. Using the critical density we can define the density
parameter as the ratio between the absolute energy density ρ and the critical density ρc, for each
different species i:
Ωi ≡ ρi
ρc
, (1.28)
where, for example, i = Λ, k,m, r for cosmological constant, curvature, matter and radiation. In term
of the density parameters of the different species, the first Friedmann Equation becomes:
H2 = H20 (Ω
0
Λ + Ω
0
ka
−2 + Ω0ma
−3 + Ω0ra
−4), (1.29)
where we used the results of Eq. (1.24) for the different fluids.
As an example, the matter contribution at the time of matter-radiation equality takes into account
baryons and charged leptons plus the DM component that was non-relativistic at decoupling, named
Cold Dark Matter (CDM), and eventually other non-relativistic species, such as massive neutrinos
after their non-relativistic transition. At least two neutrinos, in fact, must have small but non-zero
masses, whose values are currently unknown. The neutrino mass is requested to explain the flavor
oscillations, that we will discuss in Chapter 4. The consequence is that at different times each neutrino
can contribute to Ωr or to Ωm, depending on its mass: a relativistic neutrino is considered radiation,
while a non-relativistic neutrino accounts as matter. Each massive neutrino, hence, can account as
radiation in the early Universe and as matter when it becomes non-relativistic in the late Universe.
3In the very early Universe, also DM may have been relativistic, thus accounting as radiation, but this depends on
the specific model.
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Eventually, if there are very light massive neutrinos (mν . T 0ν ), some of them can be still relativistic
today. The correct behavior at all times must be evaluated numerically and the non-relativistic
transition of each neutrino can leave an imprint on the cosmological observables. We will discuss the
neutrino effects in cosmology in Section 4.4.
From Eq. (1.29), the most important lesson we can learn is that the evolution of the Universe
depends on the relative amounts of energy density corresponding to each fluid. At different times,
one of the contributions is usually dominant and the evolution rate H = a˙/a has a different behavior.
Recently the Planck collaboration determined the density parameters for the different fluids, using
the CMB measurements of the Planck satellite [21, 44]: these determinations tell us that we have
approximately Ω0Λ ' 0.69 for the cosmological constant, Ω0c ' 0.26 for the CDM, Ω0b ' 0.05 for the
baryons and Ω0r ' 10−5 for the relativistic components. Thus the cosmological constant gives the
main contribution to the total energy density and the Universe is in a Λ-dominated (ΛD) phase. If we
go back in time, however, while a decreases other contributions in Eq. (1.29) start to dominate, due
to their different evolution with a: before the ΛD phase there was a matter-dominated (MD) phase,
while at the beginning of the evolution the larger energy density was Ωr and the Universe was in a
radiation-dominated (RD) phase. Even if from Eq. (1.29) we can expect also a curvature-dominated
phase, the current analyses show that the Universe is almost flat, and we will neglect the possibility
that the space-time is open or closed. The constraint of the Planck collaboration on the curvature is
Ω0k = 0.000± 0.005 [44].
If we consider a = 1 in Eq. (1.29), finally, we obtain the following relation between all the density
parameters:
Ω0Λ + Ω
0
k + Ω
0
m + Ω
0
r = 1. (1.30)
We conclude defining the dimensionless quantity ωi = Ωih
2, where h is the reduced Hubble param-
eter and i indicates all the possible fluids. The dimensionless density parameter ωi is proportional to
the physical density of the component i at present time and we will use it in the following Chapters.
Coming back to the second Friedmann equation, we can rewrite Eq. (1.26) evaluated today in
terms of the deceleration parameter, named q0:
q0 ≡ −
(
a¨
a
)
t=t0
1
H20
, (1.31)
that is positive for a decelerated expansion and negative for an accelerated expansion of the Universe.
Using the equation of state of the different fluids and the definition of H0, it is possible to write:
q0 =
1
2
∑
i
Ω0i (1 + 3wi) . (1.32)
If the cosmological constant Λ or any other fluid with w < −1/3 dominates, q0 can be negative,
corresponding to an accelerated expansion.
1.6 The Hubble Law and Distance Measurements
One of the most difficult measurements in the Universe are distance estimations. A fundamental
distance is the comoving distance, that is the distance of two points in the comoving frame and does
not depend on the scale factor. The physical distance, instead, depends on the comoving distance and
on the evolution history.
One important quantity is the distance that light can have traveled since t = 0. Since in a time dt
light can travel a distance dx = dt/a, the total comoving distance is
η =
∫ t
0
dt
a(t)
, (1.33)
that is the maximum distance at which information can be propagated in a time t, in the comoving
frame: regions separated by distances greater than η are not causally connected. We can think to η
as the size of the comoving horizon. As it is a monotonically increasing variable, η can be considered
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as a conformal time, that describes the photon path and can be used conveniently in place of the time
t in a number of calculations we will discuss in the following. The corresponding physical distance,
that is the farthest distance we can observe today, is called the horizon distance:
dH(t0) = a(t0)
∫ t
0
dt
a(t)
. (1.34)
where a(t0) = 1 in the usual convention. Points separated by a distance greater than the horizon
distance are not in causal contact.
Using the FLRW metric in polar coordinates in Eq. (1.6), the physical distance among two objects
at a time t can be written as
dp(t) = a(t)
∫ r
0
dr√
1− kr2 , (1.35)
that for a flat Universe (k = 0) becomes
dp(t) = a(t) r . (1.36)
In absence of peculiar motions in the comoving frame, i.e. if r˙ = 0, the relative velocity between the
considered objects depends on their distance:
v ≡ d˙p = a˙(t) r = H(t) dp . (1.37)
When t = t0 we obtain the Hubble Law :
v = H0 dp , (1.38)
which tells us that the relative velocity is higher for distant objects and it is a strong probe of the
expansion of the Universe.
To measure the Hubble parameter H0, one should obtain the distance and the velocity. The latter
one is straightforward since it can be related to the redshift, z. Due to cosmic expansion, the light
emitted by a distant observer is stretched while traveling towards us, since the emitter is receding
with respect to us. It is convenient to define this stretching of the wavelength of the emitted light in
term of the redshift z:
1 + z ≡ λo
λe
=
a(to)
a(te)
, (1.39)
that can be interpreted as a Doppler effect between two objects with a relative velocity. Subscripts
o and e refer to the observer and the emitter, respectively. Usually the observer corresponds to an
experiment performed today on Earth and consequently the redshift is related to the scale factor
ae = a(te) at the emission time te, since a(t0) = 1:
1 + z = a−1e . (1.40)
In General Relativity, however, the stretching of the wavelengths does not arise only from something
equivalent to the Doppler effect that occurs for the acoustic and electromagnetic waves, but also
from the Universe expansion, that dilutes the photon energy in a larger portion of space. Moreover,
the photons may be redshifted (or blueshifted) by changes in the space-time properties or in the
gravitational potential along the photon path: a photon is redshifted when exiting a region with large
gravitational potential and it is blueshifted when leaving a region with small gravitational potential.
The most difficult part of the process to determine H0 is the determination of the distance dp. The
redshift can be used to connect the physical distance dp(t0) and the luminous distance dL of an object.
The luminous distance dL is defined as the distance at which an observer P0 at t = t0 measures a flux
f from a source P , emitting a power L in light:
dL =
(
L
4pif
)1/2
. (1.41)
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The spherical surface centered in P and passing through P0 at a time t0 has an area 4pia
2
0r
2. Since
the expansion causes the photon to be redshifted by a factor a0/ae during the travel, we can derive
the relation between the luminous and the physical distance:
dL =
r
ae
= (1 + z) dp , (1.42)
where we used Eq. (1.36) at t = t0.
Determinations of the luminous distance are complicated by the fact that we usually do not know
the magnitude of the power L for a given astrophysical object. This is not true for particular objects,
that are supposed to behave as standard candles: they have always the same luminosity and we
can obtain their luminous distance simply measuring at Earth the flux they produce. Commonly used
standard candles are, for example, the Cepheids variable stars, since their intrinsic brightness is related
to the period of variation. Other standard candles are type Ia SuperNovae (SN Ia), which have always
the same emission power since they originate in a standard way: when one of the two elements in a
binary system is a white dwarf, it can gradually accrete mass from the binary companion. If the mass
of the white dwarf is sufficient, during the accretion the core can reach the ignition temperature for
the carbon fusion. At this point, a large part of the matter in the white dwarf undergoes a runaway
reaction, releasing enough energy to unbind the star in a supernova explosion.
Another method to determine distances is to consider the angular size δθ of a given object of length
l, aligned perpendicularly to the line of sight. Its angular diameter distance, dA, is
dA =
l
δθ
(1.43)
and it can be related to the physical distance through:
dA =
dL
(1 + z)2
. (1.44)
As for the luminous distance, determinations of the angular diameter distance suffer the fact that it is
difficult to know the size l of generic objects. In the context of cosmological observations, the angular
diameter distance is especially used to study the separation distance of the galaxies. In fact, due to
Baryon Acoustic Oscillations (BAO), generated by the balance of the gravitational potential and the
radiation pressure between photons and baryons in the early Universe, there is a preferred separation
distance between galaxies. Since this typical distance depends on the evolution properties, it can be
used to constrain the cosmological parameters. We will discuss BAO results in detail in Section 3.2.
1.7 Boltzmann Equation
In the hot and dense primordial Universe, the interactions among particles were much more frequent
than today and the species were maintained in equilibrium in most of the cases. During the cooldown
of the Universe, due to a decrease of the particle number densities caused by the expansion, at
certain times interactions were not able to maintain the chemical and thermal equilibrium between
the involved species: most of the species decoupled from the rest of the primordial plasma at the
corresponding decoupling time. This is a result arising from non-equilibrium phenomena, encoded in
the Boltzmann equation, which formalizes the fact that the rate of variation for a given species is the
difference between the production and annihilation rates.
We want to describe now the Boltzmann equation in a simple case. Suppose we are interested in
the number density of a species 1, n1. Let us assume that the species 1 is non-relativistic. Suppose also
that the only process involving the species 1 is its annihilation with another species 2, during which
elements of the species 3 and 4 are produced. The inverse process must be considered as well. The
interaction is then summarized by 1 + 2 3 + 4. Under these assumptions, the integrated Boltzmann
equation in the expanding Universe is:
a−3
d(n1a
3)
dt
=
∫
d3p1
2E1(2pi)3
∫
d3p2
2E2(2pi)3
∫
d3p3
2E3(2pi)3
∫
d3p4
2E4(2pi)3
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× (2pi)4δ(E1 + E2 − E3 − E4)δ3(p1 + p2 − p3 − p4)|M|2
× {f3f4(1± f1)(1± f2)− f1f2(1± f3)(1± f4)} . (1.45)
In the previous equation ni, fi, pi and Ei are the number density, the distribution function, the
momentum and the energy of the species i. In the last line, the plus sign is for bosons and the minus
sign is for fermions: the terms (1 ± fi) represent the phenomena of Bose enhancement and Pauli
blocking, respectively. In the absence of interactions, Eq. (1.45) says that the density times the scale
factor to the third is conserved: this is a consequence of the expanding Universe, and number densities
of the particles scale with a−3. The interaction is encoded in the matrix elementM in the second line
of the right-hand side and the last line tells us that the production rate of the particle 1 is proportional
to the abundance of the particles 3 and 4, f3 and f4, while the disappearance rate is proportional to
the abundances of the particles 1 and 2, f1 and f2. The Dirac delta functions in the second line give
the four-momentum conservation. Finally, the integrals sum over all the possible momenta: either the
matrix element and the distribution functions, even if not explicitly written, depend on the particle
momenta.
Equation (1.45) refers to the particle 1, but corresponding equations hold for the other particles.
In practice, the kinetic equilibrium is typically enforced by the interactions, since scattering processes
are fast enough to make all the particles have a distribution that is close to a Bose-Einstein or a Fermi-
Dirac. This simplifies a lot the calculation. All the uncertainty in the correct form of the distribution
of each species is encoded in a single function of time µ, that is the chemical potential if annihilations
process are also in equilibrium. In this case we can write
fj =
1
e(Ej−µj)/Tj ± 1 , (1.46)
where −1 is for bosons and +1 is for fermions. Since we are interested in temperatures smaller than
E − µ, the ±1 term in the denominator is much smaller than the exponential and the distribution
functions can be approximated with:
fj ' eµ/T e−E/T . (1.47)
With this approximation, we show now that the last line in Eq. (1.45) can be simplified. The
number density of a species is defined as
ni = gie
µi/T
∫
d3p
(2pi)3
e−Ei/T , (1.48)
where gi is the degeneracy of the species i. The equilibrium number density can be written under the
approximation of mi  T (relativistic) or mi  T (non-relativistic):
n
(0)
i =
{
gi
T 3
pi2
for mi  T
gi
(
miT
2pi
)
e−mi/T for mi  T . (1.49)
The out of equilibrium expression is then ni = n
(0)
i e
µi/T : using Eq. (1.47) and this last expression we
can rewrite the last line of Eq. (1.45) as
e−(E1+E2)/T
(
n3n4
n
(0)
3 n
(0)
4
− n1n2
n
(0)
1 n
(0)
2
)
, (1.50)
where we also used the energy conservation condition.
We can define 〈σv〉, the thermally averaged cross section, as
〈σv〉 =e
−(E1+E2)/T
n
(0)
1 n
(0)
2
∫
d3p1
2E1(2pi)3
∫
d3p2
2E2(2pi)3
∫
d3p3
2E3(2pi)3
∫
d3p4
2E4(2pi)3
× (2pi)4δ(E1 + E2 − E3 − E4)δ3(p1 + p2 − p3 − p4)|M|2 . (1.51)
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This definition allows us to rewrite in a more compact way the Boltzmann equation:
a−3
d(n1a
3)
dt
= n
(0)
1 n
(0)
2 〈σv〉
(
n3n4
n
(0)
3 n
(0)
4
− n1n2
n
(0)
1 n
(0)
2
)
. (1.52)
This last expression is an ordinary differential equation for n1 that can be applied to study the freeze-
out of DM. Similar calculations can be exploited to derive the Boltzmann equations needed to solve
different scenarios, such as the BBN and the recombination, that corresponds to the electron-photon
decoupling and gives rise to the last scattering surface. The calculations in these two cases would be
slightly different, since the approximations we adopted here for non-relativistic species are not valid
for all the species involved in the different processes.
Through the Boltzmann equation it is possible to write the equilibrium distributions and track
the evolution into the out-of-equilibrium phases for each species. For stable particles, the distribution
function after decoupling evolves simply following the expansion history. Tracking the full evolution it
is then possible to obtain the relic DM density today or, using the corresponding Boltzmann equations,
the abundances of the light nuclei produced in the early Universe and the isotropic photon distribution
at the last scattering, that evolved into the isotropic part of the CMB that we can observe today.
We will not treat the applications of this unperturbed Boltzmann equation in detail: we suggest
Refs. [35, 45] to the interested reader. In the next Section, however, we will present the perturbed
treatment that is used to obtain the Boltzmann equation for the photon perturbations, necessary to
calculate the expected spectrum of the CMB anisotropies. Before this, however, we must update our
treatment to include the perturbations of the space-time metric and of the distribution functions for
each species.
1.8 The Perturbed Universe
1.8.1 Metric
If we look at the Universe near us today we have the immediate impression that the hypothesis
of the Cosmological Principle we introduced at the beginning of this Chapter cannot be valid at
small scales. At short distances the Universe is not homogeneous and isotropic, with the direct
consequence that the results we presented up to now are just approximations of the full solutions for
the evolution. To describe the perturbed Universe, it is possible to define a perturbed metric, that is
no more characterized by one single function of time (a), but it depends on two additional functions
Ψ and Φ, both of which are functions of space and time. The perturbations are described by Ψ, that
corresponds to the Newtonian potential, and by Φ, that describes the perturbations to the spatial
curvature. We will treat them as small quantities, using series expansions truncated at the first order
and neglecting second order terms. To write the perturbed metric, we must choose a gauge, because
there is some freedom in selecting the variables used to describe the fluctuations. The physical results
are insensitive to the gauge choice, but the complexity of the calculation can vary from gauge to gauge.
In the conformal Newtonian gauge, the perturbed metric is
g00(~x, t) = −1− 2Ψ(~x, t) (1.53)
g0i(~x, t) = 0 (1.54)
gij(~x, t) = a
2(t) (1 + 2Φ(~x, t)) δij . (1.55)
We adopt the sign convention that positive Ψ and negative Φ correspond to underdense regions, while
negative Ψ and positive Φ correspond to overdense regions.
We limit ourselves to the treatment of the scalar perturbations in the metric and we neglect the
other possibilities: vector and tensor perturbations. The former ones arise from the generalization
of a rotational fluid, producing vortex motions that rapidly decays. They are not predicted by the
standard cosmological model. The latter ones, instead, describe the contribution of tensor components,
such as gravitational waves. These additional components would require additional functions to be
parameterized: we will not discuss all the details and we will only mention some of the main results.
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We want now to derive the Einstein Equations in the perturbed Universe. To do this, we must
first calculate the Christoffel symbols, to get the Ricci tensor and the Ricci scalar. Let us look at the
first order terms in the Christoffel symbols, starting from Γ0µν :
Γ0µν =
1
2
g0α(∂νgαµ + ∂µgαν − ∂αgµν) , (1.56)
where the only nonzero component of g0α is g00 = −1 + 2Ψ and we can write
Γ0µν =
−1 + 2Ψ
2
(∂νg0µ + ∂µg0ν − ∂0gµν) . (1.57)
Neglecting the second order terms, we get
Γ000 = ∂0Ψ (1.58)
Γ00i = Γ
0
i0 = ∂iΨ = ikiΨ (1.59)
Γ0ij = δija
2[H + 2H(Φ−Ψ) + ∂0Φ] , (1.60)
Using the metric in Eqs. (1.53) to (1.55) we can calculate also the other Christoffel symbols:
Γi00 =
∂iΨ
a2
(1.61)
Γi0j = Γ
i
j0 = δij(H + ∂0Φ) (1.62)
Γijk = [δij∂k + δik∂j + δjk∂i]Φ , (1.63)
We can also express all these equations in the Fourier space, simply replacing ∂i with iki and each
quantity with its Fourier transformed, such as Ψ with Ψ˜. The Fourier convention we adopt is:
A(~x) =
∫
d3k
(2pi)3
ei
~k·~x A˜(~k) . (1.64)
We will mostly work in Fourier space from now on, and we will neglect the ∼ notation for all the
quantities when it will be clear that the quantities will be in the Fourier space.
The calculation of the Ricci tensor is a mechanical process that requires the Christoffel symbols
and some algebra. The results are:
R00 = −3 a¨
a
− k
2
a2
Ψ− 3∂20Φ + 3H∂0(Ψ− 2Φ) (1.65)
Rij = δij
[(
2a2H2 + aa¨
)
(1 + 2Φ− 2Ψ)
+a2H∂0(6Φ−Ψ) + a2∂20Φ + k2Φ
]
+ kikj(Ψ + Φ) , (1.66)
where we adopted k2 = δijk
ikj .
The contraction of the Ricci tensor with the metric gives the perturbed Ricci scalar:
R =(−1 + 2Ψ)
(
−3 a¨
a
− k
2
a2
Ψ− 3∂20Φ + 3H∂0(Ψ− 2Φ)
)
+
(
1− 2Φ
a2
){
3
[(
2a2H2 + aa¨
)
(1 + 2Φ− 2Ψ)
+a2H∂0(6Φ−Ψ) + a2∂20Φ + k2Φ
]
+ k2(Φ + Ψ)
}
, (1.67)
that becomes Eq. (1.17) at zero-order when Ψ and Φ vanish. The first-order part is:
δR =− 12Ψ
(
H2 +
a¨
a
)
+ 2
k2
a2
Ψ + 6∂20Φ
− 6H∂0(Ψ− 4Φ) + 4k
2
a2
Φ . (1.68)
To write the Einstein Equations in terms of the perturbed quantities we will start from Eq. (1.18),
but we have to deal with the perturbed stress-energy tensor, before. To obtain the first-order part
of the stress-energy tensor, however, it is necessary to study the first-order terms in the distribution
function fi for the different species, generalizing the treatment of the Boltzmann equation in Section 1.7
to the case of a non-homogeneous Universe.
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1.8.2 Boltzmann Equations
We discussed in Section 1.7 the integrated version of the Boltzmann Equation in the context of the
homogeneous and isotropic Universe, but we are now interested in the anisotropies of the distribution
of cosmic photons for the CMB observations and in the inhomogeneities of the matter distribution, that
originated the structures in the current Universe through the gravitational evolution. These perturbed
distributions are difficult to calculate, since in the hot plasma before CMB decoupling photons interact
mainly with electrons through the Compton scattering and electrons are coupled to protons. Moreover,
all the mentioned species, plus neutrinos and DM, are coupled to gravity. Therefore, it is necessary to
solve simultaneously the Boltzmann equation for each component, to obtain the distribution functions
fi for all the species. The Boltzmann equation in its differential form can be schematically written as
df
dt
= C[f ] , (1.69)
where C contains all the possible collision terms. For a non-interacting species this equation reduces to
df/dt = 0, that is nontrivial to solve since the phase space elements change with time, as a consequence
of the nontrivial metric.
We want now to write the Boltzmann equation for photons. It is convenient to express the total
derivative in Eq. (1.69) as a sum of partial derivatives. The momentum vector is defined as
Pµ =
dxµ
dλ
, (1.70)
where λ is a monotonic parameter that describes the particle path. Since the photon is massless,
P 2 = gµνP
µP ν = 0 (1.71)
and there are only three independent components of Pµ. Defining the generalized magnitude of
the momentum p2 = gijP
iP j4 , we can eliminate the time component of Pµ, using the metric in
Eqs. (1.53)-(1.55):
P 0 =
p√
q + 2Ψ
' (1−Ψ) p , (1.72)
that is the perturbed version of E = pc and it can be used to eliminate P0 in favor of p. From
this equation we learn also that photons lose energy when exiting an overdense region. Now we can
re-express the total derivative in Eq. (1.69):
df
dt
=
∂f
∂t
+
∂f
∂xi
· dx
i
dt
+
∂f
∂p
· dp
dt
+
∂f
∂pˆi
· dpˆ
i
dt
, (1.73)
where pˆi is the direction of P i. The last term of this expression is at second order in the perturbations,
since f does not depend on pˆi at zero order and in absence of the potentials Ψ and Φ the photon goes
straight, hence dpˆi/dt is also a first order term.
We can rewrite the second term:
dxi
dt
=
dxi
dλ
dλ
dt
=
P i
P0
, (1.74)
where we used the definition of Pµ. Since P i = Cpˆi and p2 = a2(1 + 2Φ)C2 (from the definition of
p2), we can always write
P i = p pˆi
1− Φ
a
, (1.75)
and from Eq. (1.74) we obtain
dxi
dt
=
pˆi
a
(1 + Ψ− Φ) . (1.76)
4Since in this section we will not need to denote the pressure, we use p to indicate the generalized magnitude of the
momentum.
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For an overdense region the term in parentheses is less than one, meaning that photons slow down.
Anyhow, in Eq. (1.73) dxi/dt multiplies a first order term, since the momentum distribution at zero
order does not depend on the position, and we can neglect the potentials in Eq. (1.76).
The last term we have to deal with is dp/dt. For sake of brevity we do not present the complete
calculations, that involves the Christoffel symbols of the perturbed metric. It is fully deployed, for
example, in Ref. [35]. Neglecting the second order terms in Ψ and Φ, the result is
1
p
dp
dt
= −H − ∂Φ
∂t
− pˆ
i
a
∂Ψ
∂xi
. (1.77)
The change in the photon momentum is described by a term accounting for the momentum loss due
to Hubble expansion (H) plus two terms that depend on the perturbations: if a photon is traveling in
a deepening gravitational well from one side it loses energy since the curvature is increasing (∂Φ/∂t),
but from the other side it gains energy because it is pulled towards the center (pˆi · ∂Ψ/∂xi).
We can finally write the left-hand term of Eq. (1.69):
df
dt
=
∂f
∂t
+ p
pˆi
a
· ∂f
∂xi
∂f
∂p
(
H +
∂Φ
∂t
+
pˆi
a
∂Ψ
∂xi
)
. (1.78)
The next step requires to expand the perturbed photon distribution function. Following Ref. [35],
we define
f(~x, p, pˆ, t) =
[
exp
(
p
T (t)(1 + Θ(~x, pˆ, t))
)
− 1
]−1
, (1.79)
where we expanded the temperature at zero-order as a function of time only, for the properties of
homogeneity and isotropy of the Universe, while the perturbations are included in a small function of
space and momentum (Θ). We can then expand f in terms of the perturbation:
f = f (0) − p∂f
(0)
∂p
Θ , (1.80)
where f (0) is the Bose-Einstein distribution with µ = 0 (Eq. (1.46)).
If we set the collision term to zero, the zero-order term of Eq. (1.78) becomes:
df
dt
∣∣∣∣
zero order
=
∂f (0)
∂t
−Hp∂f
(0)
∂p
= 0 . (1.81)
For the first order, we have to extract all the terms proportional to Ψ, Φ or Θ in Eq. (1.78), using
the perturbed version of f . The result gives
df
dt
∣∣∣∣
first order
= −p∂f
(0)
∂p
(
∂Θ
∂t
+
pˆi
a
∂Θ
∂xi
+
∂Φ
∂t
+
pˆi
a
∂Ψ
∂xi
)
. (1.82)
We may note that only physical distances (axi) appear in the equation. The first two terms in the
parentheses account for free-streaming, while the last two terms arise from gravity.
Now we should calculate the collision term for the processes involving photons. For the epoch we
are interested in, photons interact only with electrons through Compton scattering. We skip all the
calculations and we go directly to the final result. To write the collision term, we need to define the
monopole part of the perturbation to the distribution function, that is independent of the direction
vector:
Θ0(~x, t) =
1
4pi
∫
dΩ Θ(pˆ, ~x, t) , (1.83)
where Ω is the solid angle element spanned by p. The collision term is then [35]
C[f(~p)] = −p∂f
(0)
∂p
neσT (Θ0 −Θ(pˆ) + pˆ · ~vb) , (1.84)
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where ne is the electron number density, σT is the Thomson cross section and ~vb = ~ve is the baryon
velocity, carried by electrons, that is small. In particular, if ~vb is negligible the collision term drives
Θ to Θ0, hence all the higher moments are damped and only the monopole term survives; if ~vb is not
negligible, instead, the last term produces a dipole moment in addition to the monopole.
With these results we can finally write a linear equation for the perturbations to the photon
distribution:
∂Θ
∂t
+
pˆi
a
∂Θ
∂xi
+
∂Φ
∂t
+
pˆi
a
∂Ψ
∂xi
= neσT [Θ0 −Θ(pˆ) + pˆ · ~vb] . (1.85)
It is convenient to move to the Fourier space and to switch to the conformal time η. We can
change each time derivative into a conformal time derivative introducing a a−1 factor: from now on,
the overdots will indicate conformal time derivatives. The advantage of the Fourier transform is that
all the ∂/∂xi becomes ki and the Fourier amplitudes obey ordinary differential equations. Moreover,
if the background is smooth and the perturbations are small, the space dependence is only encoded in
the perturbation variables: the Fourier transform of Eq. (1.85) originates a set of uncoupled differential
equations for each mode and the Fourier modes can be evolved independently. In the case of the CMB
perturbations, their smallness persists also today and the Fourier transforms are extremely useful. On
the contrary, for the matter perturbations the nonlinearities occur at small scales after some time and
the Fourier transforms lose part of their appeal.
Before writing the Fourier transformed version of Eq. (1.85), we define some useful quantities. The
cosine of the angle between the photon direction pˆ and the wavenumber ~k is
µ ≡
~k · pˆ
k
. (1.86)
A photon traveling along the gradient (parallel to ~k) corresponds to µ = 1, while a photon moving in
a direction where the temperature does not change has µ = 0.
The optical depth τ , defined as the integral of the scattering rate along the line of sight and
measuring the total amount of interactions that a photon experienced between η and η0, is
τ(η) ≡
∫ η0
η
dη′ neσTa . (1.87)
With these definitions, we have finally the equation for the evolution of the perturbation to the
photon distribution function:
˙˜
Θ + ikµΘ˜ +
˙˜
Φ + ikµΨ˜ = −τ˙ (Θ˜0 − Θ˜ + µv˜b) , (1.88)
where Θ˜ is defined through Eq. (1.64).
With similar calculations, it is possible to derive the corresponding equations for dark matter and
baryon perturbations: in these cases we will find also an equation for the evolution of the velocity.
Naming fdm the momentum distribution of DM, we can define
δdm(~x, t) ≡
ndm − n(0)dm
n
(0)
dm
=
ρdm − ρ(0)dm
ρ
(0)
dm
, (1.89)
vidm ≡
1
ndm
∫
d3p
(2pi)3
fdm
ppˆi
E
, (1.90)
where we used the definition
ndm ≡
∫
d3p
(2pi)3
fdm . (1.91)
Due to the tight Coulomb scattering, overdensities of electrons and protons are forced to a common
value. The same happens for the electron and proton velocity anisotropies, that are maintained in
equilibrium by the interactions. For the baryons, considering together protons and electrons5, the same
5Electrons, having a smaller mass than protons, contribute less to the energy density when they are non-relativistic.
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definitions adopted for the quantities δdm and vdm can be used to define δb and vb, just substituting
fdm with fb.
With these definitions, the perturbation equations become:
˙˜
δdm + ikv˜dm + 3
˙˜
Φ = 0 , (1.92)
˙˜vdm +
a˙
a
v˜dm + ikΨ˜ = 0 , (1.93)
˙˜
δb + ikv˜b + 3
˙˜
Φ = 0 , (1.94)
˙˜vb +
a˙
a
v˜b + ikΨ˜ = τ˙
1
R
(3iΘ˜1 + v˜b) , (1.95)
where we defined the ratio
R =
3ρb
4ργ
. (1.96)
The difference between Eq. (1.93) and Eq. (1.95) is a consequence of the electromagnetic interaction
between baryons and photons. Here we used the definition of the first moment of Θ:
Θ˜1 = i
∫ 1
−1
dµ
2
µΘ˜(µ) . (1.97)
Forgetting all the ∼, the relevant quantities to describe the perturbations for non-relativistic
particles are δdm, δb and v, vb: all of them are functions of k, η. For relativistic particles, more
information is needed: they have a monopole and a dipole perturbation (corresponding to δdm and
vdm for non-relativistic dark matter), but all the higher moments as well. In other words, the photon
perturbation Θ(k, µ, η) (the Fourier transform of δT/T ) and its equivalent for neutrinos N (k, µ, η)
(defined in Chapter 4) depend also on the propagation direction. The general definition of the higher
moments for the temperature perturbations is:
Θl(k, η) ≡ 1
(−i)l
∫ 1
−1
dµ
2
Pl(µ) Θ(k, µ, η) , (1.98)
where we used the Legendre polynomial of order l, Pl. The higher moments describe the perturbations
of the temperature field at increasingly smaller scales. A similar definition applies to the massless
neutrino distribution, while massive neutrinos require an additional treatment (see Subsection 4.4.2).
The inverse relation of Eq. (1.98) reads:
Θ(k, µ, η) =
∑
l
(−i)l (2l + 1) Θl(k, η)Pl(µ) , (1.99)
which can be inserted into Eq. (1.88) to obtain an infinite hierarchy of coupled equations for the
multipole moments Θl:
Θ˙0 = −kΘ1 − Φ˙ (1.100)
Θ˙1 =
k
3
(Θ0 − 2Θ2 + Ψ) + aneσT
(
ivb
3
−Θ1
)
(1.101)
Θ˙l =
k
2l + 1
[lΘl−1 − (l + 1) Θl+1]− aneσTΘl ∀l ≥ 2 . (1.102)
1.8.3 Einstein Equations
With the definitions of the perturbations presented above, we can finally derive the Einstein
Equations in the perturbed Universe.
The first order component of Gµν can be calculated using the Ricci tensor and the Ricci scalar
written in Eqs. (1.65) to (1.67), together with the perturbed metric in Eqs. (1.53) to (1.55). We obtain
for the time-time component:
δG00 = −6H∂0Φ + 6H2Ψ− 2k
2
a2
Φ . (1.103)
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This has to be used with the time-time component of the stress-energy tensor, that is the energy
density of all the particles in the Universe (see Eq. (1.19)) and that can be obtained as the sum of the
integrals over the distribution functions of each species:
T 00(~x, t) = −
∑
i
gi
∫
d3p
(2pi)3
Ei(p)fi(~p, ~x, t) , (1.104)
where gi is the degeneracy of the states (spin), Ei =
√
p2 +mi2 and i represents all the species. The
result gives
T 00 =− ργ(1 + 4Θ0) (photons)
− ρdm(1 + δdm) (DM)
− ρb(1 + δb) (baryons)
− ρν(1 + 4N0) (massless neutrinos) , (1.105)
where we used the perturbation variables for each species. The perturbation variables for the neutrinos,
Nl, will be discussed in the Chapter 4. We can now write the time-time component of the Einstein
equations in the perturbed space, that is the first of the two equations we are going to obtain. Changing
again to the conformal time, it is:
k2Φ + 3
a˙
a
(
Φ˙−Ψ a˙
a
)
= 4piGa2(4ργΘ0 + 4ρνN0 + ρdmδdm + ρbδb) , (1.106)
that is the first evolution equation for Ψ and Φ.
To obtain the second evolution equation, we have to focus on the spatial part of the Einstein
tensor. It is convenient to introduce the projection operator (kˆikˆ
j − δji /3) and to consider only the
longitudinal and traceless part of Gij :
(kˆikˆ
j − δji /3)Gij =
2
3a2
k2(Φ + Ψ) , (1.107)
where the terms proportional to δij are killed by the projection operator. In the same way we can
obtain the projection of T ij :
(kˆikˆ
j − δji /3)T ij =
∑
i
gi
∫
d3p
(2pi)3
p2(µ2 − 1/3)
Ei(p)
fi(~p) , (1.108)
where (µ2 − 1/3) is proportional to the second Legendre polynomial P2(µ), hence it picks up the
quadrupole part of the distribution. Baryons and DM do not have a quadrupole term, that exists only
for photons and neutrinos and is related to their anisotropic stress. The second evolution equation
becomes
k2(Φ + Ψ) = −32piGa2(ργΘ2 + ρνN2) (1.109)
and we learn that Φ and Ψ have opposite sign if the quadrupole moments Θ2 and N2 are null. In the
practice, the photon quadrupole is large only when the photon density becomes small and the main
contribution to the sum comes from the collisionless neutrino quadrupole in the early Universe, when
radiation is dominant.
1.9 Adiabatic Initial Conditions
1.9.1 Initial Conditions
The solution of the Boltzmann equations requires a set of initial conditions that must be fixed.
We recall that, at first order, we have two equations for baryons and CDM, plus an infinite set of
equations for photons. All the multipoles above the first two, however, are negligible in the tightly-
coupled limit, since the Thomson scattering term in Eq. (1.88) forces Θ to be equal to Θ0 + µvb: a
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monopole part plus a dipole term aligned with vb, while all the higher multipoles are suppressed. To
compute the power spectrum of the CMB anisotropies or of the matter perturbations, it is convenient
to choose the initial conditions in the tightly-coupled regime and for scales larger than the Hubble
horizon, in order to apply this simplification. In this case, given N species, we have to deal only
with 2N first-order equations, one for the monopole and one for the bulk velocity of each species.
Half of the 2N corresponding initial conditions seed decaying modes that we do not observe today.
The combination of N non-decaying solutions must be identified when studying the mechanisms of
generating the initial conditions (inflation or other scenarios).
One particular combination has a simple physical interpretation: in a homogeneous Universe, the
Friedmann equations, together with the equations of particle physics and thermodynamics, allow us
to determine the evolution of the background densities ρ
(0)
i and pressures p
(0)
i for each species i. The
simplest realization of an inhomogeneous Universe that we can think of is the following: assume that
some physical mechanism introduces a local time-shift, which accounts for the fluctuations during
inflation6. In this situation, we have the simplest realization of an inhomogeneous Universe, where we
can write the inhomogeneous densities and pressures:
ρi(i, ~x) = ρ
(0)
i (t+ δt(~x)) ' ρ(0)i (t) + ρ˙(0)i (t)δt(~x) , (1.110)
pi(i, ~x) = p
(0)
i (t+ δt(~x)) ' p(0)i (t) + p˙(0)i (t)δt(~x) . (1.111)
We assume that the time-shift function δt(~x) is the same for all the species and it is at first order in
the perturbation. Using the two last equations and the conservation equation (1.23) we obtain
δρi
ρ
(0)
i + p
(0)
i
=
ρ˙
(0)
i
ρ
(0)
i + p
(0)
i
δt(~x) = −3 a˙(t)
a(t)
δt(~x) , (1.112)
that is independent on the species i.
In this perturbed Universe, at least for wavelengths larger than the Hubble horizon, all the species
have an adiabatic sound speed ca,i, defined as the ratio δpi/δρi:
δpi(t, ~x)
δρi(t, ~x)
=
p˙
(0)
i (t)
ρ˙
(0)
i (t)
≡ c2a,i(t) . (1.113)
The total perturbations are also described by an effective sound speed cs:
c2s(t) ≡
∑
i ρ˙
(0)
i (t)c
2
a,i(t)∑
i ρ˙
(0)
i (t)
, (1.114)
that we can use to write the total pressure perturbation as
δp(t, ~x) = c2s(t)δρ(t, ~x) . (1.115)
If we do not assume the conditions in Eqs. (1.110) and (1.111), instead, we can only write the total
pressure perturbation as a sum over N independent functions of ~x:
δp(t, ~x) =
∑
i
c2s,i(t)δρi(t, ~x) , (1.116)
that can be eventually rearranged using the entropy perturbations. For any set of perturbations
satisfying Eqs. (1.110) and (1.111), hence, the fluctuations of the total effective fluid have adiabatic
properties and the solutions of the perturbation equations are adiabatic or isentropic, while in the
more general case the solutions involve entropy perturbations. In the simplest case, one can use the
set of Equations (1.110) and (1.111) plus the other 2N Boltzmann equations to obtain a basis of two
6For example, in the single-field inflation scenario, the only clock in the quasi-De Sitter Universe is represented by
the inflaton, whose fluctuations can be seen as local shifts with respect to the average time.
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independent sets of initial conditions. If the basis is chosen appropriately, one of the solutions becomes
rapidly negligible: this is called the decaying mode, while the other one is the growing mode.
The full calculation of the adiabatic initial conditions is performed, for example, in Chapter 6 of
Ref. [35]. The initial conditions for each variable can be calculated as a function of the gravitational
potential at early times, from the Boltzmann equations: the problem reduces then to calculate the
initial conditions for the gravitational potential Φ only. For the photon and neutrino monopoles it is
possible to find
Θ0(k, ηi) = N0(k, ηi) = Φ(k, ηi)/2 , (1.117)
at the early time ηi. For the baryon and DM perturbations, the adiabatic solution is
δdm = δb = 3Θ0 . (1.118)
Finally, the appropriate initial conditions for bulk velocities and dipole moments are:
Θ1 = N1 = ivb
3
=
ivdm
3
= − kΦ
6aH
. (1.119)
1.9.2 Initial Curvature Perturbations
To calculate the initial conditions for the curvature perturbations, we must make some assumptions
for the physical process that excites the growing mode in the very early Universe. Inflation can be the
mechanism that does the job, being responsible for the initial perturbations in the early Universe.
Inflation was firstly proposed in 1981 [36–43] to explain two theoretical problems affecting the Big
Bang model: the horizon and the flatness problems, that we discussed in Section 1.1. One possible
implementation of the inflationary mechanism requires the existence of a generic scalar field φ(~x, t),
which we call the inflaton. The inflaton is required to contribute with a negative ρφ + 3pφ, that can
be calculated from the stress energy tensor of φ:
Tαβ = g
αν ∂νφ ∂βφ− gαβ
(
1
2
gµν ∂µφ ∂νφ+ V (φ)
)
, (1.120)
where V (φ) is the potential of φ. The homogeneous zero-order part of the field, φ(0), gives the
homogeneous density and pressure:
ρφ =
1
2
(
dφ(0)
dt
)2
+ V (φ(0)) , (1.121)
pφ =
1
2
(
dφ(0)
dt
)2
− V (φ(0)) , (1.122)
having considered the diagonal components of Tαβ and Eq. (1.19). If the potential is larger than the
kinetic energy, the field gives a negative pressure. This can happen, for example, if the scalar field is
trapped in a false vacuum, where it has small or vanishing kinetic energy since it is at a minimum,
but not in the true minimum: the consequence is that the pressure is negative, the density is almost
constant and the Universe is in a phase of exponential expansion. The scenario with a scalar field
trapped in a false vacuum is not viable, since the inflaton cannot exit the false vacuum unless it tunnels
quantum mechanically. Detailed calculations showed that the exponential expansion of the regions in
the false vacuum prevents the transition of the full Universe to the true vacuum state. [46, 47].
To avoid the problem of the Universe never reaching the true vacuum, mechanisms involving a
scalar field slowly rolling down a potential energy hill were proposed [37,41]. If the potential is not too
steep, the inflaton energy density remains almost constant and after some time it comes to dominate,
providing the desired exponential expansion. From the Friedmann equation (1.25) it is possible to
derive the second-order differential equation for φ:
φ¨(0) + 2aHφ˙(0) + a2V ′ = 0 , (1.123)
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using the dots to indicate derivatives with respect to the conformal time η and the primes to indicate
the derivatives with respect to the inflaton φ.
Slow roll is usually quantified through two small parameters, SR and ηSR
7 that vanish when φ is
constant, since H2 ∝ (ρφ). We define
SR ≡
d(H)−1
dt
=
−H˙
aH2
, (1.124)
that is always positive since H is decreasing. In the inflationary era, SR is typically small, while it
can be large during the radiation or matter era, during which its definition is valid, but it loses its
original meaning. The complementary parameter ηSR is instead:
ηSR ≡
1
H
(
d2φ(0)
dt2
)(
dφ(0)
dt
)−1
=
−1
aHφ˙(0)
(
3aHφ˙(0) + a2V ′
)
, (1.125)
where we used Eq. (1.123) to eliminate the second derivative of φ(0).
Our goal at this point is to predict the statistical properties of the perturbations at a time η,
given the initial conditions inferred from inflation. One of the assumptions is that the perturbations
have a gaussian distribution at the beginning. This is preserved until the evolution remains in the
linear regime. Under this assumption, the statistical properties of the fluctuations can be entirely
encoded in the two-point correlation function. For a stochastic gaussian field, different wavevectors
are uncorrelated and the two point correlation function in the Fourier space is
〈A†(~k, t)A(~k′, t)〉 ≡ (2pi)3δ3(~k − ~k′)PA(k) , (1.126)
where the coefficient PA(k) is called the power spectrum of the quantity A. In a statistically isotropic
Universe, the power spectrum is a function of the wavenumber k only, not of its direction kˆ.
We want now to derive the Primordial Power Spectrum (PPS) of the initial curvature fluctuations,
from which it is possible to derive the power spectra for the other quantities using the relations
presented in the previous Subsection. Inflation is expected to excite also tensor fluctuations, or
gravitational waves. These are not coupled to the energy density and do not affect the growth of large
scale structures of the Universe, but they induce fluctuations in the CMB. A detection of gravitational
waves from the primordial Universe would be a strong evidence of inflation, but so far they were not
observed. We will not treat tensor perturbations here, but the interested reader can find details of
the calculations in Ref. [35]. We report here only the PPS that can be obtained for the initial tensor
perturbations:
PT (k) =
8piGH2
k3
, (1.127)
under the assumption that H is constant. More generally, H has to be evaluated at the time when each
mode leaves the horizon. Since the expression of the PPS of tensor perturbations is remarkably simple,
a detection of gravitational waves would give us a measure of the Hubble rate during inflation. Since
the inflaton energy density is usually dominated by its potential energy, H2 ∝ ρ/m2Pl is proportional
to the inflaton potential V . The PPS PT is consequently proportional to V (φ).
The calculation of the initial scalar fluctuations is more complicated. All the density and metric
perturbations are generated by quantum fluctuations in the values of the inflaton field. While tensor
perturbations are not coupled to any of the other perturbation variables, however, scalar perturbations
couple to energy density fluctuations. Firstly we decompose the inflaton field in a background and a
perturbed component:
φ(~x, t) = φ(0)(t) + δφ(~x, t) . (1.128)
If we completely neglect the metric perturbations, we can derive a spectrum for δφ that is similar to
PT , since in this approximation both the quantities are decoupled from the metric perturbations:
Pδφ =
H2
2k3
. (1.129)
7We use the subscript “SR” to distinguish the slow roll parameter ηSR from the conformal time η.
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It is possible to show that the approximation under which Ψ and Φ are negligible works well in a
particular gauge, called spatially flat slicing. In this gauge the metric is simple in its spatial part:
ds2 = −(1 + 2A) dt2 − 2a ∂iB dxi dt+ δij a2 dxi dxj , (1.130)
where the functions A and B characterize the perturbations. Under this assumption, Eq. (1.129) is
exact, since the inflaton perturbations are decoupled from the metric ones. It is then necessary to find
a way to convert back the quantities to the conformal Newtonian gauge. This is possible since there
is a gauge-invariant variable that is proportional to δφ:
ζ = −ΦH − iaH
k
v , (1.131)
where ΦH is the Bardeen’s potential and v is the Bardeen’s velocity, that in the spatially flat slicing is
v = ikB − ik φ˙
(0) δφ
(ρ+ p) a2
. (1.132)
In the spatially flat slicing the Bardeen’s potential is ΦH = aHB and the gauge-invariant quantity ζ
becomes:
ζ = − aH
φ˙(0)
δφ . (1.133)
With this relation we can immediately obtain the PPS for ζ, from Eq. (1.129):
Pζ =
(
aH
φ˙(0)
)2
Pδφ =
2piGH2
SRk
3
∣∣∣∣
aH=k
. (1.134)
This is the power spectrum of a gauge-invariant quantity: if we compute ζ in the conformal Newtonian
gauge we can relate Pζ to PΦ, and then we can use the relations in Eqs. (1.117)–(1.119) to obtain the
power spectra for all the other quantities.
In the conformal Newtonian gauge the Bardeen’s potential is ΦH = −Φ, so we have
ζ = −Ψ− iki δT
0
iH
k2(ρ+ p)
. (1.135)
It is possible to demonstrate that ζ is conserved on super-horizon scales: we can then evaluate the last
expression after inflation and we obtain a general result. If we calculated the stress-energy tensor for
the inflaton perturbations, we would find out that in the conformal Newtonian gauge, after inflation,
ζ = 3Φ/2. Assuming that Φ = −Ψ in absence of anisotropic stress (see Eq. (1.109)), we can finally
use the spectrum Pζ to obtain:
PΨ = PΦ(k) =
8piG
9k3
H2
SR
∣∣∣∣
aH=k
, (1.136)
which tells us that the ratio of the scalar to the tensor modes is of order −1SR, so that the scalar modes
dominate over the tensor ones. With this solution and the results we presented in Eqs. (1.117)–(1.119)
it is then possible to calculate the spectra of the initial perturbations for the other quantities, relating
them to the initial power-spectrum PΦ(k) through the definition in Eq. (1.126).
A spectrum with constant k3P (k) is called a scale-invariant or scale-free spectrum. Both the
tensor and the scalar perturbations have an almost scale-free power spectrum, where the deviation
from scale-invariance is proportional to the slow roll parameters and it is typically small. The scale-
invariant spectrum is also referred to as “Harrison-Zel’dovich-Peebles spectrum”, from the names of the
people that proposed it well before that inflation was developed [48–50]. The observations nowadays
point towards a scalar perturbation spectrum that is slightly away from scale-invariance, while the
tensor spectrum has never been measured. The deviation from scale invariance can be parameterized
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through the spectral indices ns and nT , for scalar and tensor perturbations respectively. The spectra
indices and the amplitudes of the PPS are defined using:
PT (k) =
8piGH2
k3
∣∣∣∣
aH=k
= CT k
nT−3 , (1.137)
PΦ(k) =
8piGH2
9SRk
3
∣∣∣∣
aH=k
= δ2H
(
k
H0
)ns−1 50pi2
9k3
(
Ωm
D1(a = 1)
)2
, (1.138)
where in this convention δH and CT are the amplitudes of the power spectra of scalar and tensor
modes, Ωm is the fraction of critical density provided by matter and D1 is the growth function of
matter perturbations.
It is possible to relate the spectral indices to the slow roll parameters using the logarithmic deriva-
tives with respect to k:
d ln(PT )
d ln k
= nT − 3 , (1.139)
from which we can obtain the relationship between the tensor spectral index and SR, that is
nT = −2SR . (1.140)
A similar relation can be derived for the scalar spectral index, depending on both SR and ηSR:
ns = 1− 4SR − 2ηSR . (1.141)
Please note that in this convention the scale-invariant spectrum correspond to nT = 0 and ns = 1.
We conclude mentioning that many authors use the notation PA for the rescaled power spectrum:
PA(k) ≡ k
3
2pi2
PA(k) . (1.142)
With this definition PA represents the contribution of each logarithmic interval in the Fourier space
to the two-point correlation function in the real space. For practical reasons, if one does not deal
with a specific inflationary model, but rather is interested in studying the cosmological evolution, the
simplest way to write the power spectra of scalar and tensor perturbations is:
Pt(k) = AT
(
k
k∗
)nT
(1.143)
Ps(k) = As
(
k
k∗
)ns−1
, (1.144)
where k∗ is the pivot scale and the spectral indices are the same for each Px and Px.
It is convenient to parameterize the power spectrum of tensor fluctuations in terms of the amplitude
of the spectrum scalar modes As and of the tensor-to-scalar ratio rk? , defined at the scale k?:
rk? ≡
Pt(k?)
Ps(k?) . (1.145)
With this definition of rk? and assuming r = rk∗ , we have
Pt(k) = r ·As
(
k
k∗
)nT
. (1.146)
From Eqs. (1.137) and (1.138) we can see that the tensor-to-scalar ratio is proportional to the slow
roll parameter SR and is is typically small. In particular, under the hypothesis of single-field slow-roll
inflation, the tensor-to-scalar ratio is r = SR = −nT /2.
Finally, we can relate the slow-roll parameters to the inflaton potential and to its derivatives:
SR =
1
16piG
(
V ′
V
)2
, (1.147)
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ηSR = SR −
1
8piG
V ′′
V
, (1.148)
(1.149)
where the primes denote derivatives with respect to the zero-order field φ(0). These relations allow to
write the spectral indices and the tensor-to-scalar ratio as functions of V and its derivatives:
ns − 1 = 2V
′′
V
− 3
(
V ′
V
)2
, (1.150)
nT = −4
(
V ′
V
)2
, (1.151)
r = 8
(
V ′
V
)2
. (1.152)
Measurements of a scale dependence of the spectral indices and of the tensor-to-scalar ratio, then,
can give information on the shape of the inflaton potential and consequently on the inflationary
mechanism.
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Chapter 2
Cosmic Microwave Background
Radiation
With the quantities and the definitions presented in the previous Chapter, we now study the
solutions of the Einstein and Boltzmann Equations for the perturbations to the photon distribution
function. We will show the main features of the power spectrum of the CMB anisotropies and we
will describe how the theoretical predictions are influenced by variations of the different cosmological
parameters.
2.1 Power Spectrum
The goal of a stochastic theory is to predict the statistical properties of some physical quantity at a
time t, given the initial conditions at a time tin. In the case of the theory of cosmological perturbations,
we want to obtain the statistical properties of the perturbations for some cosmological quantity, such
as the cosmological photon distribution function, to be tested against the experimental measurements.
Assuming that the initial fluctuations are Gaussian, as the current observations suggest, it is possible to
convert all the information encoded in the CMB maps in the power spectrum of a two-point correlation
function, at least until the perturbations remain in the linear regime.
The temperature anisotropy in the direction nˆ can be expanded in spherical harmonics using
δT
T
(nˆ) ≡
∑
lm
almYlm(nˆ) . (2.1)
This is related to the photon perturbation Θ at the time η0, in the direction −nˆ and at the position
of the observer. The alm coefficients can be extracted from the sky map with
alm ≡ (−1)l
∫
d3k
2pi2
Ylm(kˆ)Θl(η0, k) , (2.2)
where kˆ is the direction of ~k and Θl is the photon perturbation in the Fourier space, defined in
Eq. (1.98). This equations tells us that there is a linear relation between the Fourier modes Θl and
the multipoles alm: to any set of Gaussian-distributed cosmological perturbations it corresponds a set
of Gaussian-distributed alm. This situation is particularly interesting since the statistics of a set of
Gaussian-distributed alm is fully described by the two point correlation function, 〈alma∗l′m′〉. Eq. (2.2)
also implies that different (theoretical) multipoles are uncorrelated, as they are different modes of
a gaussian random field. If the power spectrum in the Fourier space is isotropic, depending on the
modulus of ~k but not on its direction, the harmonic power spectrum is also isotropic and does not
depend on m:
Cl ≡ 〈alma∗lm〉 , ∀m. (2.3)
Under the assumption of ergodicity, it is possible to build an estimator for the true power spectrum,
since at a given l all the multipoles alm should have the same variance Cl. In the ideal case the best
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estimator would be:
Cobsl ≡
1
2l + 1
l∑
m=−l
∣∣∣aobslm ∣∣∣2 . (2.4)
This is not a realistic way to calculate the spectrum, since in the real case the sky coverage is not
complete and the observation is affected by the instrumental noise and the contamination of the
anisotropic emission (galaxy, point sources): in this situation, building the optimal estimator is a
complicated task that we will not discuss.
Since we can observe only one realization of the theory that describes the evolution of the primordial
perturbations, we can expect that the statistical fluctuations of the observed spectrum have an impact
on our best estimator. It is easy to compute the average deviation at a given l using an ideal full-sky
experiment. Each Cobsl as computed in Eq. (2.4) is obtained as the mean of (2l + 1) independent
numbers, each of them with mean zero and variance Cl, so that the C
obs
l obey a χ
2 distribution with
(2l + 1) degrees of freedom. The mean and variance of this distribution are Cl and
√
2/(2l + 1)Cl,
respectively. The distribution is asymmetric around its peak, especially at low l, where the variance
is larger. This is a consequence of the fact that we have less independent realizations of the same
cosmic evolution at low l (large angles). This variance plays the role of a theoretical error on the
best estimator and it is called cosmic variance. Independently of the experimental errors, the cosmic
variance is the minimum error for the CMB power spectrum at the multipole l, as a consequence
of the fact that we can observe one single realization of the evolution history. As we will discuss in
Sec. 3.1, the most recent measurements of the CMB spectrum are limited by the cosmic variance in a
very wide range of multipoles.
2.2 Power Spectrum and Transfer Functions
We mentioned that the power spectrum of a given quantity A, in the statistically isotropic Universe
we are studying, does not depend on the wavevector direction kˆ. In the same way, we can note that the
differential equations for the perturbations we presented in the previous Chapter are also independent
of kˆ. As a consequence, the system of linear equations must be solved only once for each wavenumber
k, given an arbitrary set of initial conditions. For example, we could assume that the solution is
normalized to Θ0(ηin,~k) = 1. In this case, the power spectrum of Θl at a given time will be the
product of the power spectrum of Θ0 at ηin multiplied by the square of the solution Θl(η,~k) (see the
definition in Eq. (1.126)).
The initial normalization, in an Universe with only adiabatic conditions, often refers to a dimen-
sionless quantity R, called the comoving curvature perturbation. In the comoving gauge, R represents
the local fluctuation of the spatial curvature, in comoving units. In the Newtonian gauge this is defined
as
R ≡ Ψ− 1
3
δρtot
ρ
(0)
tot + p
(0)
tot
. (2.5)
With this assumption, all the evolution equations of the perturbations can be solved using the arbitrary
condition R(ηin,~k) = 1 and the power spectrum of a given quantity f will be then the square of the
solution multiplied by the initial power spectrum of R. In other words, one should solve the evolution
equations for some renormalized variables
f(η, k) ≡ f(η,~k)/R(ηin,~k) , (2.6)
where we adopted the notation used in Ref. [51] to distinguish the transfer functions f(η, k), depending
on k, from the corresponding not normalized quantity f(η,~k), depending on ~k. Here f indicates one of
the perturbation functions we defined in the previous Chapter: Θl, δ, δb, and so on. Once one has the
solution for the transfer function f(η, k) at any time η, the power spectrum of f(η,~k) can be obtained
from the initial spectrum of R multiplying by the square of the transfer function corresponding to f ,
that is f(η, k) (see the definition in Eq. (1.126)):
Pf (η, k) = PR(k) [f(η, k)]2 . (2.7)
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2.3 Acoustic Oscillations
While a precise solution of the system of differential equations that describe the cosmological
perturbations can be obtained numerically, several analytical approximations were developed in the
past, see e.g. Ref. [52]. These approximations helped in understanding all the complex physical
phenomena that occurred during the evolution. The full analytical treatment is beyond the scope of
this thesis and we will only give a qualitative description of the CMB spectrum.
When photons and baryons can be considered as a single tightly-coupled fluid, the sound speed of
the perturbations in the fluid is
c2s ≡
1
3(1 +R)
, (2.8)
where R is the baryon to photon ratio defined in Eq. (1.96). The ratio R increases with the scale
factor, as the photon and baryon densities scale differently. The sound speed is then cs = 1/
√
3 during
radiation domination, when R is small, and decreases slowly to zero.
When the sound speed is different from zero, acoustic waves propagate in the fluid. Since the
primordial perturbations drive the system locally out of equilibrium, gravitational attraction and ra-
diation pressure are not exactly compensated at each point and the acoustic waves propagate causally.
The maximal distance at which they propagate is the sound horizon. The comoving sound horizon,
that is the comoving distance traveled by the wavefront in a time η − ηin, is given by
rs(η) ≡
∫ η
ηin
cs(η
′) dη′ . (2.9)
If ηin  η, this quantity does not depend on the initial time.
Acoustic waves are density waves in the coupled fluid, whose perturbations can be encoded in the
variations of the temperature Θ0(η, k). However, the system does not behave like a simple harmonic
oscillator. This is the consequence of several phenomena: first of all, the ratio R increases with time,
changing the sound speed and other properties of the fluid, like its inertia. Secondly, the gravitational
forces are seeded by the overdensities of the baryon-photon fluid, but also by those of the other species,
as CDM or neutrinos. All these effects are taken into account in the second-order differential equation
for Θ0:
Θ¨0 +
R˙
1 +R
Θ˙0 + k
2c2s Θ0 = −
k2
3
Ψ− R˙
1 +R
Φ˙− Φ¨ . (2.10)
We analyze now the different terms that appear in this equation.
2.3.1 Diffusion Damping
When all the electrons were ionized, before recombination, the photons had a mean free path that
was much smaller than the size of the Universe. As a consequence of Compton scattering, the electron-
proton fluid was tightly coupled with the photons. In the tight-coupling approximation, the scattering
rate of the photons is much larger than the expansion rate and their trajectory can be described as a
random walk, with photons taking a random direction after each interaction with an electron. Since
the interaction rate of the photons Γγ can be obtained from the Thomson scattering (Γγ = aneσT )
and the comoving mean free path of the photons is rγ = δη = (aneσT )
−1, an approximated expression
for the comoving distance traveled by a photon between an early time ηin and a time η will be
r2d(η) '
∫ η
ηin
dη Γγ r
2
γ '
∫ η
ηin
dη
aneσT
. (2.11)
If ηin  η, rd does not depend on ηin. Photon diffusion erases all the perturbations with a wavenumber
greater than kd = 2pi/rd, corresponding to small distances.
The damping effect, together with the driving contribute given by the gravitational terms in the
right hand side of Eq. (2.10), leads to an interesting phenomenology for the acoustic oscillations,
that we will study in three different stages: radiation domination, matter domination before photon
decoupling and evolution after the photon decoupling. This discussion is essential for understanding
how the different cosmological parameters can affect the CMB spectrum.
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2.3.2 Constant Acoustic Oscillations during Radiation Domination
During radiation domination it is easy to obtain approximated analytic solutions, since one can
work in the limit R = 0 or cs = 1/
√
3, valid when baryon and CDM perturbations are negligible
with respect to photon perturbations. From the Einstein equations it is possible to find a second
order differential equation only for the perturbations of the fluid we consider. The growing solution
corresponds to constant transfer functions outside the sound horizon: in this regime, the propagation
of acoustic waves is negligible since the comoving wavelength is much larger than the comoving sound
horizon and the modes are frozen at their initial values. Inside the sound horizon, instead, the photon
density modes oscillate with a constant amplitude and metric fluctuations decay with time. The effects
driven by the metric terms in Eq. (2.10) are negligible with respect to photon pressure forces and if
we use kη  1 the driving term on the r.h.s. can be neglected. We obtain hence the equation of a
simple harmonic oscillator.
2.3.3 Damped Acoustic Oscillations after Equality
After matter-radiation equality and before photon decoupling, several phenomena modify the
evolution. As the baryon fraction R starts to increase, the sound speed decreases, affecting the
amplitude of the acoustic oscillations. At the same time, the increase of the baryon fraction forces
an increase of the coupling between the fluid and gravity, and the zero-point of the oscillations is
shifted. If we neglect the time variation of Φ in Eq. (2.10), the zero point of temperature oscillations
corresponds to k2c2sΘ0 = −k2Ψ/3, that is Θ0 = −(1 + R)Ψ. For a gravitational potential well with
Ψ < 0 the value of Θ0 that corresponds to the equilibrium of the oscillations increases with R.
After matter-radiation equality, non-relativistic matter components start to influence the metric
perturbations so that Φ and Ψ do not decay as quickly as during the radiation domination, inside the
Hubble radius. The gravitational driving terms of Eq. (2.10) become then more important and alter
the behavior of the acoustic oscillations.
Finally, when the fluid exits the tight-coupling approximation regime, oscillations are damped at
wavelengths smaller than the diffusion length of the photons, as we mentioned earlier.
At the equality, temperature oscillations are roughly symmetric around the zero-point Θ0 = Φ
inside the sound horizon and constant at larger scales, where metric fluctuations are negligible. At
decoupling, the amplitude of photon oscillations is reduced on all the sub-horizon scales: with respect
to the zero-point at equality, the zero-point of the oscillations is shifted down, with a consequent
enhancement of the amplitude of the odd peaks with respect to the even ones. These effects, plus the
damping at small scales, are essentially controlled by the duration of the transition between equality
and decoupling, by the baryon fraction R at decoupling and by the value of the diffusion length rd.
2.3.4 Gravitational Clustering after Decoupling
After decoupling, photons stop interacting with the rest of the plasma and the calculation of the
perturbations concerns the self-gravitation of non-relativistic matter components. The evolution of
matter perturbations leads to structure formation. In the real Universe we cannot use the approxi-
mation that Φ = −Ψ is constant over time at all scales, valid in the ideal matter dominated Universe,
since at the beginning of the matter dominated era a residual decay of Φ and Ψ perturbations occurs.
Moreover, during the DE dominated stage a similar decay occurs. The presence of massive neutrinos,
finally, breaks the approximation that Φ = −Ψ is always valid at small scales.
2.4 Temperature Anisotropies
2.4.1 Numerical Calculation
As we stated in Section 2.1, the main goal of the cosmological evolution theory is to predict the
CMB spectrum, or the final spectrum of the perturbations as a function of the cosmological parameters.
One possible way to do this is to adopt a brute-force method and to integrate all the equations
(1.100) to (1.102) with at least lmax multipoles for the photon perturbations, between an initial time
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ηin and today. The temperature anisotropy spectrum up to lmax is then given by:
Cl =
1
2pi2
∫
dk
k
[Θl(η0, k)]
2PR(k) . (2.12)
The hierarchy of coupled photon equations is infinite, but any numerical algorithm can integrate only
a finite number of multipoles. A truncation of the multipole series is needed, but this can cause a
reflection of power-down at lower multipoles. Even if it is possible to avoid such a power-down with
an appropriate choice of kmax ' lmax/η0, that ensures that only the photon transfer functions Θl(η, k)
with l & lmax vanish, the brute-force approach is extremely time-consuming from the computational
point of view.
A much more convenient approach is the so called line-of-sight approach. For convenience, in this
Subsection we will return to the description in the real space. The same calculations can be transposed
in the Fourier space using the spherical Bessel functions (see Ref. [53]). Consider a photon traveling
along a geodesic between the last scattering and us: we know that the geodesic is not a straight
line, since the gravitational lensing effects modify the photon path. These, however, are second-order
effects and we are considering only the first-order perturbations: the geodesic is then approximated as
a straight line, since we are neglecting the spatial curvature. A photon reaching us from the direction
−nˆ traveled in the direction nˆ ≡ pˆ from the last scattering surface. Its comoving coordinates at the
time η were ~x = −(η0 − η) nˆ, so that the variation in the radial coordinate is dr = −dη. A function
F(~x, nˆ, η) evolves along the trajectory according to the total derivative
dF
dη
= F˙ + pˆ · ~∇F , (2.13)
using the straight line approximation dnˆ/dη = 0. It is convenient to consider the function F =
Θ(~x, nˆ, η) + Ψ(~x, η) and to integrate the Boltzmann equation over the photon trajectory. We can
use the optical depth τ(η) written in Eq. (1.87) to define the visibility function g(η) = −τ˙ e−τ , that
represents the probability for a photon reaching us today to have experienced its last scattering at the
time η. The last scattering time ηLS can be defined as the time that gives the maximum of g. With
these definitions, using the Boltzmann equation (1.88) and multiplying by e−τ(η), we obtain:
d
dη
[e−τ(η)(Θ + Ψ)] = g(η)(Θ0 + Ψ + nˆ · ~vb) + e−τ(η)(Ψ˙− Φ˙) . (2.14)
Integrating along the line of sight between an early time ηin  ηLS, when e−τ(ηin) ' 0, and today,
when e−τ(η0) = 1, we obtain the temperature anisotropy as seen by the observer in the direction nˆ:
Θ(~o, nˆ, η0) = −Ψ(η0, ~o) +
∫ η0
ηin
dη [g(η)(Θ0 + Ψ + nˆ · ~vb) + e−τ(η)(Ψ˙− Φ˙)] , (2.15)
where ~o refers to the observer position, fixed at the origin for simplicity. The first term on the
r.h.s. gives a local isotropic redshift or blueshift of incoming photons due to the local metric fluctuation
today at the observer position, that is usually small and we will neglect it. The integral shows us that
the observed temperature anisotropy in a given direction depends on two terms: the sum (Θ0+Ψ+nˆ·~vb)
around the time of decoupling (when g is not negligible) and the sum (Ψ˙ − Φ˙) between decoupling
and today (when e−τ is not negligible).
Interestingly, from Eq. (2.15) we learn that the photon perturbations Θl for l > 1 are not needed
to compute CMB anisotropies, meaning that this method is then much more economic than the
brute-force method.
Equation (2.15) shows that four quantities are required to obtained the temperature fluctuations:
Φ, Ψ, Θ0 and vb. Since these must be obtained from the Einstein equations, however, also the density
perturbations and the bulk velocities for the other species must be calculated. To obtain a good
precision on the first multipoles of the temperature anisotropy, though, also the modes with l > 2
must be calculated. An economic truncation scheme requires the calculation up to lγmax ' O(10) to
obtained a sufficient precision on the Cl up to lmax ' O(103) [54]. As for the brute-force approach,
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lmax determines the maximum wavenumber kmax ' lmax/η0 at which the source function has to be
evaluated, corresponding to the information about perturbations on the last scattering surface as seen
today under an angle θ ' pi/lmax. The advantage of the line-of-sight approach over the brute-force
method is then given only by the factor lγmax/lmax, that allows to gain few orders of magnitude in
computation time. The line-of-sight approach, used by all the modern Boltzmann codes, was firstly
implemented in CMBFAST [55].
2.4.2 Physics of the CMB Anisotropies
We want now to look at Eq. (2.15) to study how the different terms contribute to the CMB
spectrum.
The most obvious contribution to the observed temperature fluctuations in one direction is given
by the temperature fluctuations at the last scattering in the same direction, corrected by a gravita-
tional shift [56]: this contribution comes from the g(η)(Θ0 + Ψ) term in Eq. (2.15). Ideally, in the
instantaneous decoupling limit the last scattering surface can be seen as a flat surface rather than a
thick shell, corresponding to a rapid increase of the mean free path of the photons from 0 to infinity
at η = ηLS. In this limit, the visibility function can be replaced by a Dirac delta δ(η − ηLS) and the
integral of g(η)(Θ0 + Ψ) gives the Sachs-Wolfe (SW) contribution:
ΘSW(~o, nˆ, η0) ' Θ0(~xLS, nˆ, ηLS) + Ψ(ηLS, ~xLS) , (2.16)
where ~xLS = (ηLS − η0) nˆ.
For super-horizon scales and during matter-domination it is possible to derive the relation Θ0 =
−2/3Ψ. In a CMB map smeared over small scale fluctuations, the SW contribution becomes then
ΘSW,smoothed(~o, nˆ, η0) ' −1
2
Θ0(~xLS, nˆ, ηLS) '
1
3
Ψ(ηLS, ~xLS) . (2.17)
This Equation tells us that hot regions in the observed CMB map correspond to cold regions at the
last scattering: the reason is that photons leaving an overdense region lose part of their energy to exit
the gravitational potential well.
The second contribution from the integral in Eq. (2.15) comes from the term proportional to ~vb.
Photons are emitted from the coupled baryon-electron fluid with a peculiar velocity that is different
from point to point. When they are projected along the line-of-sight, this velocity induces a Doppler
shift in the photon wavelength. In the instantaneous decoupling limit, the Doppler contribution is:
ΘDoppler ' nˆ · ~vb(ηLS, ~xLS) . (2.18)
Photons traveling from the last scattering surface to a today observer encounter several metric
fluctuations: every time they enter or exit a gravitational potential well, they are blueshifted or
redshifted. The term in Eq. (2.15) that encodes this phenomenon is the one containing to e−τ (Ψ˙− Φ˙).
In a static Universe, variations in Ψ correspond to the presence of over- or under-dense regions, while
variations in Φ encode a local correction to the average time-dilation, responsible for the gravitational
redshift during the Universe expansion. Since the Universe is not static, the photon does not encounter
the same gradient when entering or exiting a local metric fluctuation: while traveling along the
line-of-sight, photons take a cumulative temperature shift, accounted by the integral of Ψ˙ and Φ˙.
The combination of these shifts is the Integrated Sachs-Wolfe (ISW) contribution to the temperature
fluctuations. In the instantaneous decoupling limit, e−τ can be replaced by the Heaviside function
θ(η − ηLS) and the ISW contribution becomes
ΘISW(~o, nˆ, η0) '
∫ η0
ηLS
dη (Ψ˙− Φ˙) . (2.19)
2.4.3 Features of the CMB spectrum
With the various contributions to the CMB spectrum we just mentioned and the Cl formula in
Eq. (2.12) it is possible to obtain the shape of the features of the CMB spectrum. An example of the
full temperature power spectrum is plotted in Fig. 2.1.
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Figure 2.1: Full spectrum of CMB temperature anisotropies and individual contributions from the
SW term, the Doppler term and the ISW term. The full spectrum is given by the sum of the above
terms, plus the contributions coming from their correlations. The spectrum is obtained numerically
in a flat Universe without considering neutrino perturbations. From [51].
In the Fourier space, the photon transfer function Θ(η, k) can be written using the spherical
Bessel functions jl(x), that are peaked near x ' l. Since the visibility function g is peaked around
recombination and the PPS of curvature perturbations PR is nearly scale-independent, we can derive
mathematically a simple result: in the Fourier space, the SW contribution to the Cl multiplied by l
2
is qualitatively similar to the square of the SW contribution to the transfer function, namely
l2Cl ∝ [Θ(ηLS, k) + Ψ(ηLS, k)]2k=l/(η0−ηLS) . (2.20)
This comes from the fact that the anisotropy multipoles at a given l come mainly from the Fourier
modes at λ ' 2pia(ηLS)/k on the last scattering surface, that are seen today under an angle θ =
λ/dA(ηLS) ' 2pi/l. In a flat space, dA(ηLS) = a(ηLS)/(η0−ηLS), that gives 2pi/l ' 2pi/[k(η0−ηLS)]. The
full calculation is more complex, since a given wavenumber contributes to an ensemble of multipoles and
the relation we presented above gives only the value of l corresponding to the maximum contribution
for a given k. To develop a qualitative description of the CMB spectrum, however, the approximation
we adopted is sufficient.
We can look at the dotted line in Fig. 2.1, that represents the SW contribution to the CMB
spectrum. At large scales (small l), the nearly flat behavior gives the so-called SW plateau, that
corresponds to the modes that are outside the sound horizon at decoupling, which are still frozen.
From l ' 100 we can distinguish the acoustic peaks we discussed in the previous Section, which are
modulated by the various effects already described. We can see that the odd peaks are enhanced with
respect to the even ones, as a consequence of the high baryon fraction (see Subsection 2.3.3). The first
peak is given by the correlation length on the last scattering surface that corresponds to the sound
horizon at decoupling, while all the other peaks represent the higher harmonics of the same feature.
These peaks are damped according to the diffusion damping effect described in Subsection 2.3.1, that
gives a factor e−(l/ld)2 , with ld ' kd(η0−ηLS) ' 2pi(η0−ηLS)/rd. The damping effect is usually referred
to as Silk damping [57].
The second contribution comes from the Doppler term (short-dashed line in Fig. 2.1). On super-
Hubble scales (at small l) the contribution of the Doppler term is negligible, since perturbations are
frozen and the velocities in the baryon-photon fluid are very small. At smaller scales, instead, the
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contribution is sourced by ~vb, that exhibits the same oscillatory pattern as Θ0, but with a shift of pi/2,
as for any oscillator.
The last contribution comes from the ISW terms. These would vanish if the evolution between
decoupling and today occurred in a perfectly matter-dominated Universe, since in this case the metric
perturbations would be static everywhere and at any time. Instead, the ISW term contributes in
two different phases of the Universe history. The first one is at the time of decoupling, since the
Universe is at the beginning of the matter-dominated phase and the metric perturbations are still
decaying together with the photon perturbations: the residual time variation of Ψ and Φ gives the
Early ISW (EISW) effect. Secondly, at late times the Universe enters a Λ-dominated phase and
the metric fluctuations start decaying again. This Late ISW (LISW) effect can be considered as a
secondary anisotropy, since it comes from gravitational interactions involving free-streaming photons
that travel through neighboring galaxy clusters. We can identify the EISW and the LISW terms as
two separate contributions to the long-dashed line in Fig. 2.1. The EISW term cannot affect modes
that were outside the sound horizon at decoupling, so it is negligible at very large scales: it gives the
maximum contribution at l ' 200 and it tends to decrease at larger l, as a consequence of the k−2
coefficient in the Doppler term. The EISW then contributes with an enhancement of the first acoustic
peak. The LISW contribution, instead, is present at any times, since it is related to a decay of metric
fluctuations at all scales caused by the Universe entering a DE-dominated phase. Since this effect
decreases for the same reason of the EISW effect, it is peaked at l = 2 and it becomes sub-dominant
for l & 30.
2.5 Parameter Dependence
Up to now we presented how the CMB temperature spectrum looks like, but we did not focus on
how the different features are affected by variations in the fundamental cosmological parameters that
we want to infer from the observations. Before we describe how we can parameterize the standard
cosmological model and we study how the parameters change the CMB spectrum, however, we should
discuss one last effect that is caused by astrophysical phenomena after photon decoupling.
During the formation of the first stars, at redshift of order ten, the Universe was partly reionized
by the light produced by the new stars. A small fraction of CMB photons is then scattered by the
free electrons that are created in this context. This effect is negligible for modes that entered the
horizon well after the reionization epoch (l < lstep, with lstep ' 40), but it leads to a scale-independent
suppression of the CMB spectrum at smaller scales. The effect is accounted by a factor e−τre , where
τre measures the optical depth to reionization: this quantity is constrained to be τre ' 0.1 by current
observations. The damping of the spectrum at l  lstep is completely parameterized by τre, while
around l ' lstep the suppression depends on the details of the reionization history, which are not well
constrained by the current data.
Now we have all the ingredients to describe how the cosmological quantities influence the CMB
spectrum, restricting ourselves to a flat Universe with three massless neutrinos: we will describe the
parameterization and the neutrino effects in Section 4.4. We emphasize that considering a Universe
without neutrino perturbations is not a realistic scenario, but we want focus on the neutrino contribu-
tion separately. We refer to the standard cosmological model as to the ΛCDM model, from the names
of the cosmological constant Λ and of CDM, that are two of the components of the Universe. In the
ΛCDM model, we need six parameters to describe all the phenomena we encountered:
• to parameterize the PPS of scalar perturbations, we use its amplitude As and its tilt ns, see
Eq. (1.144);
• the baryon density fraction today is given by ωb = Ωbh2;
• we can use either the CDM density fraction ωc = Ωch2 or the total matter density fraction
ωm = ωb +ωc. The former is more convenient if we consider additional massive components, for
example massive neutrinos;
• the optical depth to reionization, τre;
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• if we assume a spatially flat Universe, we can consider either the cosmological constant density
fraction ΩΛ or the Hubble parameter today, H0 or h, since for a fixed ωm they are related by
h =
√
ωm/(1− ΩΛ) = H0/(100 Km s−1 Mpc−1). Since in the analyses reported in the second
part of this Thesis we will use the public Boltzmann solver CAMB [58], instead, we adopt a
different parameterization for the ΛCDM model, that considers the characteristic angular size of
the fluctuations in the CMB, also called the acoustic scale θ, in place of the Hubble parameter.
Since the acoustic scale is determined from the positions of the acoustic peaks, its measurement
is quite robust and stable to changes in data combinations and in the assumed cosmological
model. The situation is similar to that of the BAO feature in the context of the large scale
structure surveys, with the advantage that the CMB acoustic peaks develop in a completely
linear regime.
Since the CMB measurements give a very precise determination of the photon temperature today,
we consider ωγ = Ωγh
2 as a fixed parameter. Since we fixed the amount of the other species (three
massless neutrinos) contributing to the radiation energy density ωR at the time of matter-radiation
equality, the redshift of equality depends only on ωm. In the same way the redshift of coincidence,
that occurs when the energy densities of matter and cosmological constant are equal, is fixed by ΩΛ.
Given this set of parameters, we can list how they control the features of the CMB temperature
spectrum: we follow the treatment of Ref. [51]. The shape of the CMB spectrum is controlled by:
(C1) the peaks location, depending on the angle θ = ds(ηLS)/dA(ηLS). The sound horizon at de-
coupling ds is controlled by the expansion history, controlled by ωm through the redshift of
matter-radiation equality, and by the sound speed at decoupling, affected by changes in ωb. The
angular diameter distance, instead, depends on the expansion history after decoupling and is
controlled by ΩΛ or h, governing the coincidence redshift.
(C2) the relative amplitude of odd to even peaks, that depends on the balance between gravity and
pressure in the photon-baryon fluid through the ratio ωb/ωγ ;
(C3) the amplitude of all the peaks, depending on the expansion rate between equality and decoupling.
Since decoupling is fixed by the interactions and by the evolution rate, the amplitude of the peaks
is affected mainly by the redshift of equality (∝ ωm/ωR): for an earlier equality (higher ωm) the
peaks are smaller, because the damping of acoustic oscillations lasts longer. Moreover, if there is
more time between equality and decoupling, the EISW effect is reduced and the first peak gets
an even smaller contribution.
(C4) the envelope of the secondary peaks, depending on the angle θ = λd(ηLS)/dA(ηLS). The dif-
fusion length λd = a rd, controlled by the expansion history and recombination history before
decoupling, depends essentially on the electron number ne, that is the quantity in Eq. (2.11)
that changes more before recombination, and on the conformal time at decoupling, ηLS. In the
ΛCDM model, ne is fixed and the integral in Eq. (2.11) essentially does not depend on the
expansion and on the electron fraction before equality. The angle θ, then, depends essentially
on ωm (entering λd) and on ΩΛ (entering dA).
(C5) the normalization of the power spectrum of initial fluctuations As, being the CMB spectrum
proportional to PR.
(C6) the tilt ns, for the same reason.
(C7) the duration of the Λ-dominated phase. The part of the spectrum where the ns contribution
is more evident is indeed the SW plateau. Here, however, a contribution from the LISW effect
enhances the first multipoles. It depends on ΩΛ/Ωm = ΩΛ/(1 − ΩΛ) for a flat Universe: for a
larger ΩΛ, the Λ-domination is longer and the LISW contribution is enhanced.
(C8) the optical depth to reionization τre. Due to reionization, the behavior of the CMB spectrum at
l & 40 is different from that at l . 40: the suppression at high l depends on τre. This effect is not
degenerate with the damping of acoustic oscillations, that affects only the multipoles starting
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from an higher l and not in a constant way. If one considers the entire CMB spectrum, the step
at l ' 40 breaks also the degeneracy with As.
The effects we listed do not take into account a number of other tiny dependences that play a very
small role in modeling the CMB spectrum. Some of these dependencies would concern the electron
density ne and the redshift of recombination ηLS, that depends marginally on the baryon density
and on the primordial Helium fraction, usually denoted with Yp. These parameters affect the sound
horizon at decoupling (Eq. (2.9)), the duration of the transition from equality to recombination and
the photon diffusion length (Eq. (2.11)), with also a small impact on the effects (C1), (C3) and (C4).
The magnitude of these effects, however, is much smaller than the magnitude of the primary effects
(C1)–(C8): the baryon density impact through zLS is much smaller than its effect on the relative
magnitude of the peaks, and in the range currently allowed by the experimental data the effect of Yp
is negligible. The approximation of considering a fixed recombination history, therefore, is very strong
for most of the purposes.
We listed eight different characteristics of the CMB spectrum that can be controlled by only six
parameters, but until few years ago the CMB measurements were not precise enough to strongly
constrain all the ΛCDM parameters, since most of the effects listed above can be distinguished only
with very precise measurements. Cosmic variance at low-l and instrumental noise at high-l lead to
partial parameter degeneracies inside the experimental error. The situation changed with the data
release of the Planck experiment, that measured the CMB spectrum in a wide range of multipoles,
obtaining an with unprecedented precision for the high-l part of the spectrum, up to l ' 2500. After
having analyzed the full experimental data, the Planck collaboration recently released the temperature
and the polarization spectra, these latter ones measured for the first time at high multipoles. The joint
analysis of temperature and polarization data allows to reduce or break the degeneracies among the
different parameters and to improve the strength of the constraints on the cosmological parameters.
We will discuss in more detail the CMB experimental results in the dedicated Section 3.1.
2.6 Polarization spectra
The CMB spectrum is not only characterized by temperature fluctuations: since Thomson scatter-
ing depends on the polarization of the photons, when isotropy disappears at the time of recombination
the quadrupole momentum Θ2(η, ~x) of the growing anisotropies is responsible for a net polarization of
the scattered photons. As a consequence, a polarization pattern appears on the last scattering surface.
This is strongly correlated with the temperature pattern.
Photon polarization at last scattering can be detected as a vector field on a sphere and can
be decomposed in two modes: an E-polarization (gradient field) and a B-polarization (curl field)
component. As for temperature, it is possible to define an harmonic power spectrum for the E and B
modes auto-correlation and for the various cross-correlation terms: the different possibilities are given
by
CXYl = 〈aXlma∗Ylm 〉 , ∀m, (2.21)
where X,Y ∈ {T,E,B}.
Polarization of the type B is related to the gravitational waves arising from inflation. Gravitational
waves are coupled only to species having non-negligible tensor degrees of freedom, that are contained
in the non-diagonal part of the spatial stress-energy tensor δTij . These degrees of freedom vanish for
CDM, due to the smallness of the velocity dispersion, and also for baryons and tightly-coupled photons,
due to the isotropic pressure enforced by interactions: the only species coupled to gravitational waves
are photons, after decoupling, and other collisionless species, before their non-relativistic transition
(neutrinos, for example). The influence of neutrinos on tensor anisotropies was studied in Ref. [59]
and implemented in CAMB [58]. The neutrino contribution to CMB anisotropies, however, can be only
significant for modes crossing the horizon during radiation domination or soon after matter-radiation
equality, i.e. on small scales.
For parity invariance, the TB and EB cross-correlation spectra are zero after the last scattering,
but they can be generated at the level of secondary anisotropies through the weak lensing of last
40
2.6. Polarization spectra
scattering photons. Primary B modes can be generated only if some tensor fluctuations exist in
the early Universe, and they contribute to the CMB temperature spectrum only at small multipoles
(typically l < 150). Scalar fluctuations do not contaminate the primordial tensor anisotropies, but the
main contribution to the B-modes auto-correlation spectrum comes from a leak from E- to B-type
polarization driven by gravitational lensing effects on small scales. Consequently, the CBBl spectrum is
dominated by tensor perturbations only at large scales. Since the B-type polarization is subdominant
with respect to temperature and E-type polarization, the detection of the contribution to the CMB
spectra of primordial tensor perturbations is a complicated experimental task. We will discuss the
current status of the experimental results in Section 3.1.
The calculation of the spectra CTEl and C
EE
l , instead, can be performed with the same procedure
we presented for the temperature anisotropies, with the introduction of a new degree of freedom,
whose evolution can be described by a new Boltzmann equation. The result of the calculation is a
second hierarchy of differential equations for polarization anisotropies, coupled to the infinite set of
equations describing the temperature perturbations. The contribution of polarization to the evolution
of temperature perturbations is small, so that our treatment of the temperature perturbations is a
very good approximation of the full calculation. We will not describe in details the calculation of the
polarization spectra, nor the different impact that some physical effects, such as reionization, have on
the TE and EE spectra. We conclude just remembering the importance of measuring and analyzing
the CMB polarization spectra to help removing parameter degeneracies in the ΛCDM model.
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Chapter 3
Cosmological Measurements
This Chapter is devoted to describe all the cosmological measurements that we will consider in
our following analyses. We firstly review the status of CMB experiments (Section 3.1), and then we
present the other experimental data: Baryon Acoustic Oscillations (BAO, Section 3.2), local measure-
ments of the Hubble parameter H0 (Section 3.3), distance calibration with the SuperNovae of type Ia
(Section 3.4), constraints on the matter power spectrum (Section 3.5), abundance of galaxy clusters
(Section 3.6) and cosmic shear observations (Section 3.7).
3.1 Cosmic Microwave Background Radiation
The CMB was discovered accidentally by Penzias and Wilson in 1965 [17], who received the Nobel
prize for their amazing discovery. Since then the CMB science had a terrific improvement. The
first detection of the CMB anisotropies above the dipole was achieved by the COBE experiment in
1992 [18], which stimulated a new generation of CMB detectors that culminated with WMAP [19] and
Planck. Most of the analyses we will present in the following chapters are based on the measurements
of the CMB anisotropies, mainly as detected by the Planck satellite. These results are described in
Subsection 3.1.1. We discuss also the results obtained by Earth-based high-precision experiments such
as ACT and SPT (Subsection 3.1.2) and the constraints from the B-mode polarization experiments,
such as the recent claims by BICEP2 and BICEP/Keck, and the joint analysis presented by the
BICEP/Keck and Planck collaborations (Subsection 3.1.3).
3.1.1 Planck
Planck is a space-based mission designed to measure with extreme accuracy the spectra of CMB
anisotropies, both in temperature and polarization. Launched in 2009, Planck probes the microwave
emission at nine different frequencies, using two different instruments: the Low Frequency Instrument
(LFI) and the High Frequency Instrument (HFI). The different frequencies are used to separate the
foreground contributions, mainly coming from the Milky Way, from the signal of the CMB. HFI
completed its survey in January 2012, while LFI collected data until October 2013. The data were
analyzed and published in two branches. The first release, in 2013, contained the data of the first 15.5
months of operations [20]. With the second release in 2015 [21] all the maps were published, but the
analyses still requires further studies of the polarization spectra and a third version of the likelihood
codes is expected.
CMB temperature and polarization
The Planck collaboration released the first public data and codes in 2013 [20]. In this release, only
the full temperature spectrum obtained by the Planck data was presented [60]. The CMB temperature
auto-correlation spectrum is obtained from LFI and HFI data using different methods for the low-l
and for the high-l part of the spectrum, that would require otherwise an enormous computation time.
The spectrum at low multipoles, 2 ≤ l ≤ 49, is obtained from the maps between 30 and 353 GHz,
using a fraction of sky equal to 91%. For the spectrum at high multipoles, l ≥ 50, the maps at 100, 143
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and 217 GHz were considered and a Gaussian approximation was adopted. As the polarization data
from the Planck satellite were not satisfactory at the time of the first release, the Planck collaboration
decided to include the WMAP polarization likelihood for the low multipoles [19,61] at l ≤ 23 (denoted
WP).
In the second data release [21], the Planck collaboration presented the full mission data obtained
by the Planck satellite. The analyses of the CMB maps to obtain the spectra and the likelihood
were also improved. The second public likelihood code includes the E-mode polarization through the
TE cross-correlation and the EE auto-correlation spectra. The low-l likelihood includes temperature
and polarization up to l = 29, for a total sky fraction of 94%, and it is obtained from the 70 GHz
(LFI) map, cleaned with the measurements of the 30 GHz (LFI) and the 353 GHz (HFI) for the
polarized synchrotron and dust templates, respectively [62]. The high-l part of the spectrum, instead,
is obtained with the same Gaussian approximation adopted in the first release, but for the multipoles
30 ≤ l ≤ 2500. For the temperature spectrum, the HFI maps at 100, 143 and 217 GHz were used
with the 66%, 57% and 47% of the sky retained, respectively. For the polarization spectra, instead,
the same HFI maps were used with a fraction of sky of 70%, 50% and 41%, respectively, to exclude
the sky regions where the dust signal is larger.
CMB lensing
The presence of large scale structures induces a dependency in the CMB observables that is con-
nected with gravitational lensing. Late time geometry and clustering can then have an impact on CMB
the fluctuations, which in turn can be used to probe the strength of the gravitational accretion after
recombination. Being originated at the last scattering, the CMB fluctuations are more affected by
the lensing due to structures at z ' 2, that is half-way to the last-scattering surface, while important
effects at low multipoles (l ≤ 60) are caused also by sources at smaller redshift.
Gravitational lensing in CMB maps is mainly observed as a smoothing of the acoustic peaks and
troughs in the temperature and polarization maps, a conversion from E- to B-mode polarization
and a production of late-time non-Gaussianities, that have the form of a non-zero connected 4-point
function. The temperature and polarization likelihoods from Planck include the smoothing effect, that
is then considered in all the analyses, but it is possible to study separately the measurements of the
power spectrum Cφφl , where φ is the lensing potential. This spectrum is extracted from the 4-point
correlation functions involving both temperature and polarization, as discussed in Refs. [63] and [64]
for the 2013 and 2015 releases, respectively. The power of these lensing measurements is that they
allow to constrain the late-time expansion, the geometry and the clustering of matter using CMB data
alone.
The CMB lensing likelihood is constructed as a simple Gaussian approximation of the estimated
Cφφl , covering the multipole range 40 ≤ l ≤ 400. The lower limit of this interval is conservatively chosen
in order to avoid problems in the difficult reconstruction of the lensing potential at large scales, that is
the consequence of the large “mean-field” due to survey anisotropies. A less conservative choice could
involve multipoles starting from l = 8. The upper limit, instead, is fixed to exclude the multipoles
at which there is a marginal evidence of residual systematics in the reconstruction of the lensing
deflections from the temperature maps only [64].
3.1.2 High-multipoles Experiments
The advantage of earth-based CMB missions is that they have an higher angular resolution, but
they are limited in the sky coverage. Detections from earth-based experiments can help to study the
high-l tail of the CMB spectrum after appropriate calibrations with the low-l spectrum observed by
space-based missions. The study of the high-l tail of the CMB spectrum allows to constrain better the
nuisance parameters used in the likelihood codes to model some unresolved foreground contributions,
such as the kinetic SZ effect. In part of the following analyses we will consider the results presented
by the two experiments ACT and SPT, that we introduce now.
The Atacama Cosmology Telescope (ACT) was settled in the Chilean Andes and it mapped the
sky in two distinct regions: the equatorial stripe (ACTe) along the celestial equator and a stripe
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along −55◦ of declination, that is called the southern stripe (ACTs). Observations lasted from 2007
to 2010 and covered approximately 600 deg2 of sky. The ACT survey covered the multipole ranges
540 ≤ l ≤ 9440 at the frequency of 148 GHz and 1540 ≤ l ≤ 9440 at the frequency of 218 GHz [65].
The South Pole Telescope (SPT) observed a different portion of sky of 2540 deg2 at 2000 ≤ l ≤
11 000 [66]. In our analyses we used the incomplete results obtained for 650 ≤ l ≤ 3000 at the
frequency of 150 GHz [67, 68] and for 2000 ≤ l ≤ 10 000 at the frequencies of 95, 150 and 210 GHz,
obtained observing a region of 800 deg2 [69].
For the ACT/SPT data we use the prescriptions and the likelihood code described in Ref. [70].
3.1.3 Tensor Perturbations
We stated that the search of primordial tensor perturbations is of crucial importance for studying
inflation. The tensor fluctuations, however, have an amplitude that is suppressed with respect to
scalar fluctuations, and therefore it is much more difficult to detect them experimentally.
In 2014, the BICEP2 experiment reported the first claim [71] for the detection of a signal of B-
mode polarization anisotropies, that they associated to primordial tensor modes. If the BICEP2 signal
had been caused by the existence of primordial gravitational waves, a preference for a tensor-to-scalar
ratio r ' 0.2 would have been reported, in apparent conflict with the Planck and WMAP constraints
r . 0.1 [19, 44, 72], that however are highly model dependent. A subsequent study performed by the
Planck collaboration showed that the BICEP2 experiment observed a region were a non-negligible
contamination from dust emission was present [73]. After some months the BICEP collaboration
presented updated results that consider in addition of the data taken by the Keck array [74, 75].
The signal of the existence of B-modes was reported by the BICEP/Keck (BK) collaboration, but
not in association with their possible primordial origin. In fact, a joint analysis of the BICEP/Keck
and Planck collaborations [76] finally demonstrated the dust origin of the measured B-modes. After
removing the dust contribution, the signal of primordial tensor modes disappears and the constraints
on the tensor-to-scalar ratio are compatible with r = 0. As a consequence, we do not have any evidence
that inflationary tensor modes exist.
Several other experiments aim to measure the signals of primordial gravitational waves. The largest
contribution to the B-mode polarization spectrum, however, comes from the leak of E-mode polar-
ization, that are partially converted into B-modes through gravitational lensing. The first detection
of the lensing B-mode spectrum comes from the SPTPol experiment [77, 78]. This detection is not
important for constraining inflation, since it does not concern primordial tensor modes, but it confirms
the predictions of General Relativity about gravitational lensing.
3.2 Baryon Acoustic Oscillations
BAO measurements and their implications in cosmology has been reviewed in Refs. [79, 80]. We
present a less detailed treatment for length purposes.
Acoustic oscillations imprint a characteristic scale in the clustering of matter, providing a cos-
mological standard ruler that can be measured in the power spectrum of CMB fluctuations and of
large-scale structures, at small redshift [49,50,81–83]. The BAO distance is computed from first prin-
ciples, differently than the distance measurements that involve SN Ia, which are calibrated against
objects in the local Universe [84–86]. The sharpening of the BAO precision at higher redshifts, the
difference between absolute and relative measurements and the completely independent systematic
uncertainties make the BAO and SN Ia methods highly complementary tools to measure the cosmic
expansion history and to test DE models. Combining the SN Ia results for relative distances and the
BAO measurements, it is possible to derive constraints on H0 using an inverse distance ladder. This
essentially requires to use the SN Ia data to transfer the information on the absolute calibration of the
BAO scale from the intermediate redshifts, where it is measured with high precision, to z = 0. The
line-of-sight detection of BAO, indeed, allows to obtain a direct determination of the expansion rate
H(z) at the probed redshift, in addition to the transverse direction detection that allows to obtain
the angular diameter distance dA(z).
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3.2.1 BAO Physics
The imprint of the BAO is visible in the matter power spectrum at late times. We discussed in
the previous Chapter the coupled baryon-photon oscillations, consequence of the competing forces of
gravity and radiation pressure. We want now to qualitatively describe how they influence the matter
distribution at late times. For this purpose, we can consider a single, spherical density perturbation
that propagates outwards in the tightly coupled fluid as an acoustic wave with a speed cs, written
in Eq. (2.8). Fig. 3.1, from Ref. [87], contains useful plots to help visualizing the phenomena we
are going to describe. At the beginning, the photon (red line) and baryon (blue line) perturbations
move together, dragging the dark matter (black line) perturbations through gravity (top right panel).
Matter perturbations moves also outwards, but delayed (top left panel) because the interaction is only
gravitational, while photons and baryons interact mainly electromagnetically. At the time of photon
decoupling, the radiation pressure on the baryons disappears and the baryon wave stalls (middle left
panel). Neutrinos (green line), that are already decoupled, and photons free stream away, forming the
Cosmic Neutrino Background (CNB) and the CMB radiation (middle right panel). The characteristic
radius of the spherical shell formed by the stalled baryon wave is imprinted in the baryon density as a
significant excess at this time. From now on, the gravitational interaction is the only force that drives
the evolution, affecting dark matter and baryons. Since the dark matter and the baryon profiles are
peaked at different radii, what happens is that the dark matter pulls baryons towards the peak in the
origin, while baryons continue to drag the dark matter towards the overdensity at ∼150 Mpc (bottom
left panel). The final profiles have a significant overdensity near the center and a smaller peak (bottom
right panel) at the scale rdrag, that is the sound horizon at the end of the baryon drag.
As it is impressed in the dark matter and baryon distributions, the slight excess at rdrag appears
also in the distribution of galaxies we can observe today. As firstly suggested in Ref. [88], this feature
can be used to constrain the cosmological parameters. To do this, one has to reconstruct the typical
distance that, at each different redshift, has the role of a statistical standard ruler. The easiest way
to distinguish it is through the two-point correlation function or through its Fourier counterpart, the
power spectrum. In the power spectrum, the excess at the galaxy separation distance rdrag appears
in the forms of oscillations, that are typically easy to recognize. The line-of-sight and the tangential
Fourier oscillating modes can be measured separately, so that both the Hubble parameter H(z) and
the angular diameter distance dA(z) can be measured. The experimentally observed modes, however,
contain components of both, and consequently H(z) and dA(z) are partially anti-correlated.
For the BAO analyis, the situation is different from the analyses where the data points are fixed and
the different models must be fitted. To compute the data points, indeed, a redshift-distance relation
must be assumed to convert the points from the redshift space, after which the power spectrum is
constructed, to the physical space, and vice versa. The dependence on the fiducial model is typically
ignored in the analyses involving BAO data, since the results are almost insensitive to this choice, if
one does not range far from the assumed fiducial model. We will explore this point more in details in
the next subsection, where we will discuss the analyses of the BAO data.
3.2.2 BAO Analysis
In a flat Universe, the comoving angular diameter distance dM (z) is
dM (z) =
c
H0
∫ z
0
dz′
H0
H(z′)
. (3.1)
The comoving angular diameter distance dM must not be confused with the proper angular diameter
distance dA we introduced in Section 1.6. They are related by dM = dA(1 + z). From Eq. (1.44) we
obtain that the luminosity distance dL, relevant to supernovae, is dL = dM (1 + z).
The Hubble factor in Eq. (3.1) can be calculated from the Friedmann equation (1.25) with the
contributions of the energy densities of all the species existing in the Universe. The densities of CDM
and baryons scale as a−3, while that of DE depends on the equation of state, being proportional to
a−3(1+w). We will discuss in more details the aspects of neutrino cosmology in the dedicated Chapter 4,
but we anticipate here that the most complicate energy density dependence to be obtained is for the
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Figure 3.1: Evolution of the radial mass profile versus the comoving radius of an initially point-like
overdensity located at the origin. The perturbations in dark matter (black), baryons (blue), photons
(red) and neutrinos (green) are plotted. The perturbations are evolved from early times (z = 6824,
top left) to z = 10 (bottom right), long after the recombination. At the initial time, photons and
baryons travel outwards as a pulse. The drag of the coupled baryon-photon fluid on dark matter is
only gravitational and it produces a delayed enhancement of the cold dark matter profile (top right).
The photon and the baryon profiles decouple at recombination (middle left), when the photons leak
away from the baryons. After recombination is complete (middle right), the photons continue to free-
stream away. Gravitational instability now takes over, and the overdensities start to grow (bottom
left). Dark matter pulls baryons towards the central overdensity, while baryons drag dark matter
towards the overdensity at 150 Mpc, that is still visible in the mass profile at late times (bottom
right). From Ref. [87].
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energy density of massive neutrinos, since they behave differently when relativistic or non-relativistic.
The contribution of neutrinos, photons and other relativistic particles can be written as [80]
Ων+r(a) =
C
H20
[
T 4γ + T
4
ν
∑
i
I(mi/kBTν)
]
, (3.2)
where C is a normalization constant, obtained as a combination of fundamental constants, and kB is
the Boltzmann constant. The photon temperature Tγ scales with a
−1, as the neutrino temperature
Tν = Tγ(4/11)
1/3gs. The factor gs = (3.046/3)
1/4 encodes the small reheating of the neutrinos at the
electron decoupling. The integral I is defined as [80]
I(r) =
15
pi4
∫ ∞
0
dx x2
√
x2 + r2
ex + 1
(3.3)
and must be evaluated separately for the different neutrino mass eigenstates. For massless neutrinos
I(0) = 7/8, while for heavy neutrinos (r  1) it tends to I(r) ' 45 ζ(3) r/(2pi4), where ζ is the
Riemann function. In the limit r  1, the integral I(r) scales with a and the energy density scales
correctly with a−3, as for pressureless matter (CDM, baryons).
The BAO scale is set by the radius of the sound horizon at the time of photon decoupling (the end
of the baryon drag), rdrag, that can be written as
rdrag =
∫ ∞
zdrag
cs(z)
H(z)
dz , (3.4)
where zdrag is the redshift of the drag epoch, when photon-baryon decoupling occurred, and the sound
speed cs is defined in Eq. (2.8). The definition in Eq. (3.4) is sufficiently accurate for reasonable
variations of the fiducial model, but it must be evaluated numerically with a full Boltzmann code
computation to obtain very precise BAO measurements.
The robustness of BAO measurements comes from the fact that a sharp feature in the correlation
function cannot be mimicked by any kind of systematics. The BAO scale is determined assuming a
set of fiducial parameters in the cosmological model, to define the redshift-distance relation. In an
isotropic fit, that does not distinguish the directions parallel and perpendicular to the line-of-sight,
the measurement is encoded in the parameter α, that is the ratio of the measured BAO scale divided
by the one predicted by the fiducial model. In an anisotropic fit, instead, the ratios perpendicular
and parallel to the line of sight, α⊥ and α‖, must be considered separately. The errors on α⊥ and α‖
are usually correlated within the same redshift slice in a real survey, but they are uncorrelated across
different redshift slices. Even if the values of α are derived within a fiducial model, the BAO feature
is independent of the choice of the fiducial model, within a reasonable range.
While the various α are determined for a specific fiducial model, the conversion to any other model
is straightforward. In an anisotropic fit, a measurement at redshift z of the parameter α⊥ constrains
the ratio of the comoving angular diameter distance to the sound horizon at the same redshift:
DM (z)
rdrag
= α⊥
DM,fid(z)
rdrag,fid
, (3.5)
while a measurement of the parameter α‖ constrains the Hubble parameter H(z):
DH(z)
rdrag
= α‖
DH,fid(z)
rdrag,fid
, (3.6)
having defined
DH(z) = 1/H(z) . (3.7)
In the isotropic case, instead, the analysis measures a combination of these distances. If the
redshift-space distortions are weak, the constrained quantity is the volume averaged distance DV ,
defined as
DV (z) = [zD
2
M (z)DH(z)]
1/3 . (3.8)
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Name Redshift DV /rdrag DM/rdrag DH/rdrag roff
SDSS (DR7) 0.35 8.88± 0.17
6dFGS 0.106 3.047± 0.137 – – –
MGS 0.15 4.480± 0.168 – – –
BOSS DR9 0.57 13.67± 0.22
BOSS DR11 LOWZ 0.32 8.467± 0.167 – – –
BOSS DR11 CMASS 0.57 – 14.945± 0.210 20.75± 0.73 −0.52
Table 3.1: BAO constraints used in the following Chapters. These values are taken from [89] (SDSS
DR7), [90] (6dFGS), [91] (MGS), [92] (BOSS DR9), [93] (BOSS DR11).
The constraint from the isotropic fit is then:
DV (z)
rdrag
= α
DV,fid
rdrag,fid
. (3.9)
The BAO measurement allows to constrain the cosmological parameters through their impact
on the sound horizon radius rdrag and on the distances DH and DM . For standard cosmological
models, the error on rdrag as obtained from the CMB analyses is small with respect to the errors
on the BAO measurements, so the constraints come mainly from the distances DM and DH (or DV
for the isotropic analyses). We show in Table 3.1 the results in terms of DM/rdrag, DH/rdrag or
DV /rdrag for the different experiments we will consider in the cosmological analyses presented in the
following Chapters. The quoted redshift is usually an effective redshift, determined using the statistical
contributions of each sample to the BAO measurement. Since the anisotropic analyses yields to anti-
correlated errors on DM and DH , the last column of Tab. 3.1 contains the correlation coefficient in
the relevant case.
3.2.3 BAO measurements
The most precise BAO measurements today come from the analysis of the Baryon Oscillation
Spectroscopic Survey (BOSS) DR12 galaxy sample [94,95], that is the final BOSS release. BOSS uses
the same telescope of the original Sloan Digital Sky Survey (SDSS), with improved spectrographs.
The total sample is composed of two distinct subsets of galaxies, selected by different color cuts
and luminosity fluxes: the CMASS sample within 0.43 < z < 0.7, corresponding to an approximately
constant threshold for the galaxy stellar masses, and the LOWZ sample, in the range 0.15 < z < 0.43.
Both the samples are analyzed with reconstruction algorithms in order to partly revert the non-linear
effects and to improve the measurement precision. In part of the analyses presented in the next
Chapters we will use the former BAO data obtained from the BOSS samples as presented in the
DR9 [92, 96] and DR11 [93] releases (Tab. 3.1). In DR9, the CMASS statistics was not sufficient to
perform an anisotropic analysis, as it has been done in DR11 and DR12 instead. Since the LOWZ
sample is smaller, only in the DR12 the anisotropic analysis has been performed on it, while in DR11
the results were firstly reported only for the isotropic fit.
Part of the analyses presented in the next Chapters involves other BAO measurements from the
SDSS, namely the SDSS DR7 isotropic results [89,97,98] and the recent re-analysis of the SDSS main
galaxy sample (MGS) data [91], that uses reconstruction to improve the former BAO measurement.
Further BAO measurements include the results from the Six Degree Field Galaxy Survey (6dFGS)
[90,99], which carries small statistical weight due to the less precise constraints, and the results from
the WiggleZ survey [100, 101], which sample a fraction of sky that partly overlaps with the BOSS
volume. Due to the overlap with the more precise BOSS data, we do not consider the WiggleZ BAO
measurements in our calculations.
We will not discuss, finally, the constraints on the BAO feature at high redshifts, z > 2, which can
be obtained from the auto-correlation of the Lyman-α forest fluctuations in the spectra of high-redshift
quasars. The first detection of the BAO scale from the Lyman-α forest was firstly obtained by BOSS
DR9 [102–104], following the pioneering work [105].
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3.2.4 Redshift-Space Distortions
The growth rate of the cosmic structures is a strong test for discriminating between different
cosmological models. The evolution of these structures takes place in a Universe where all the material
moves within the comoving frame, so that also the galaxies follow this peculiar velocity field. The
observed galaxy redshift depends both on the peculiar velocities of the objects and on the global
recessional velocity induced by the Hubble flow. If only the Hubble flow is considered when converting
from redshifts to distances, the local velocities cause a distortion of the redshift reconstruction. These
distortions are referred to as Redshift-Space Distortions (RSD, see e.g. Ref. [106]). RSD are more
important for near objects, since the velocity caused by the Hubble flow is small and the peculiar
motions can be relevant.
In the context of the standard General Relativity predictions for the growth rate, it is possible
to derive a relation at linear order between the redshift-space galaxy power spectrum P sgg and the
real-space matter power spectrum P smm. This relation includes a dependence on the angle to the line
of sight [107,108]:
P sgg(k, µ) = P
s
mm(k)(bδ + bvfµ
2) , (3.10)
where bδ accounts for a linear deterministic bias between galaxy and matter overdensity fields, bv
allows for a linear bias between galaxy and matter velocity distributions, usually assumed to be one,
f is the logarithmic derivative of the growth factor with respect to the scale factor and µ is the
cosine of the angle to the line of sight. We learn from Equation (3.10) that the component owing to
RSD depends only on cosmological quantities: the growth rate, depending on the redshift, and the
amplitude of matter fluctuations at a given time. It has been shown that the parameter combination
f(z)σ8(z) is a good discriminant between models of modified gravity that can be tested with RSD [109]
The parameter σ8 is the root mean square of the amplitude of matter fluctuations inside a sphere of
8h−1 Mpc radius.
The dominant non-linear contribution to the RSD signal, at small scales, is due to the peculiar
motions of the galaxies inside the DM halos. The peculiar velocities can be large enough that, when
misinterpreted as Hubble velocities, lead to a stretching of the galaxy clusters reconstruction in the real
space along the line-of-sight. The shape of the cluster in the real space after the wrong reconstruction
is referred to as “Fingers of God” (FoG). This effect can be approximated with an additional term in
Eq. (3.10) that reduces the power at small scales. The approximations, however, are not very accurate
and a precise description still requires the higher-order solutions in perturbation theory [110–113].
RSD are related to distance measurements and not to angles, but the distortions may affect also
angles reconstruction. This happens for example when determining projected angular clustering of
galaxies, if the samples are selected using redshift-dependent quantities. In general, clusters and
voids within a sample tend to “push-in” and “push-out” the near galaxies, respectively, so that both
positive and negative overdensities are increased, with a consequent distortion of the reconstructed
power spectrum.
Currently, the most recent constraints on the RSD signal come from the BOSS experiment we
mentioned in the discussion dedicated to BAO. In particular, the last results come from BOSS DR12
[114], but in our analyses we shall use the results given by the analysis of the BOSS DR11 data,
presented in Ref. [115]. Other experiments that presented results on the RSD are 6dFGS [116],
WiggleZ [117], BOSS-CMASS with other different analysis methods [118, 119] and the VIMOS Public
Extragalactic Redshift Survey (VIPERS) [120].
3.3 Hubble parameter
We include in some of our analyses the constraints on the Hubble parameter H0, the expansion
rate of the Universe today, as determined in the local Universe.
The Hubble parameter can be constrained by CMB observations in the context of the ΛCDM model.
The bounds on H0 from CMB are typically lower than the local measurements [44,72]. One must re-
member that H0 constraints from CMB are derived results and they are considerably model dependent,
but they have the advantage of not suffering the existence of systematics in the measurement. The
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most recent Planck result in the ΛCDM model is H0 = 67.3±1.0 Km s−1 Mpc−1, obtained using CMB
temperature autocorrelation and polarization on large scales only [44]. Let us emphasize, however, that
the Planck value of H0 reported above has been obtained assuming the standard ΛCDM cosmological
model. If one extends the ΛCDM model, the results for H0 can change significantly. For example, if
one considers as an additional parameter the effective number of relativistic degrees of freedom Neff
that we will introduce in Chapter 4, the analysis of CMB data lead to1 H0 = 68.0
+2.6
−3.0 km s
−1 Mpc−1.
The cosmological constraint can be compared with the results obtained by local determinations,
that in turn can suffer the existence of unaccounted systematics, but do not depend on a specific
cosmological model. Using the SN Ia detected by HST, with Cepheid-calibrated distances, the authors
of Ref. [121] found H0 = 73.8±2.4 Km s−1 Mpc−1. Using the same SN Ia set with different calibrations
for the distance it is possible to derive some slightly different value: for example, when a new calibration
of the NGC 4258 distance is used to calibrate the HST Cepheid distances, it is possible to obtain
H0 = 72.0 ± 3.0 Km s−1 Mpc−1 [122]. A different reanalysis of the HST SNe leads to H0 = 70.6 ±
3.3 Km s−1 Mpc−1 (using NGC 4258 as a distance anchor) and to H0 = 72.5 ± 2.5 Km s−1 Mpc−1
(averaging over three different distance-calibration methods) [123]. Other calculations show that
H0 = 74.3±2.6 km s−1 Mpc−1, obtained by the Carnegie Hubble Program [124] through a recalibration
of the secondary distance methods used in the HST Key Project, or H0 = 78.7 ± 4.5 km s−1 Mpc−1,
from the strong gravitational lensing time delay measurements of the system RXJ1131-1231, observed
as part of the COSmological MOnitoring of GRAvitational Lenses (COSMOGRAIL) project [125].
The significance of the tension between local and CMB results on H0 depends hence on the cali-
brations of the SN Ia distances. The result H0 = 70.6 ± 3.3 Km s−1 Mpc−1 obtained in Ref. [123] is
consistent with the CMB result within 1σ, but typically other determinations are in tension with the
Planck result at the level of 2 to 3σ. If a reliable determination of H0 from local measurements will
be confirmed in the future, we will have a strong evidence that the ΛCDM model is not complete.
3.4 Supernovae
As we mentioned earlier, Supernovae of the type Ia (SN Ia) are believed to be standard candles,
that means that a SN Ia has always the same luminosity. Under this hypothesis, SN Ia are one
of the best probes to verify the redshift-distance relation, since they provide a direct measurement
of the luminosity distance, independently of the redshift determination. For this reason, SN Ia can
be used to constrain the Universe expansion history. We shall include in the following analyses the
constraints obtained using the Joint Lightcurve Analysis (JLA) compilation [126], which include the
SN Ia observations obtained by the SDSS-II and SNLS collaborations, for a total of 740 SN Ia. The
dataset includes several samples at low-redshift from different experiments (z < 0.1), the observations
from all the seasons of the SDSS-II (0.05 < z < 0.4), and those collected by SNLS in three years
(0.2 < z < 1), plus a number of SN Ia at high redshift (0.8 < z < 1.2) from HST.
3.5 Matter Power Spectrum
The gravitational collapse, that started to act in the initial phases of the Universe evolution,
formed a number of structures that fill the Universe. These structures are observed through the
light they emit when the gas is compressed and heated. The analysis of this light permits to test
our theoretical models of structure formation, starting from the tiny density fluctuations that were
generated during inflation. The increasing precision of the experiments requires a correspondingly
good precision in the predictions from theory, from which we want to obtain the shape of the galaxy
power spectrum (or the correlation function). At the linear level, we can make predictions using
perturbation theory. The problems appear when we want to go beyond the linear theory, since the
relationship between the observed galaxy power spectrum and the prediction for the matter power
spectrum is complicated by the existence of non-linear structure formation, galaxy bias, and redshift
space-distortions. The non-linear structure formation occurs when the density perturbations become
1 See page 185 of the tables with 68% limits available at http://wiki.cosmos.esa.int/planckpla/index.php/File:
Grid_limit68.pdf.
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large and the linear perturbation theory fails to describe them. While the linear theory is sufficient
to describe CMB fluctuations, at low-redshift the matter power spectrum is the consequence of some
non-linear evolution that can be estimated by numerical simulations [112, 127, 128] and then applied
as a correction to the linear prediction using an algorithm as Halofit [129].
Beside the non-linear evolution, there is the problem that observations are affected by redshift-
space distortions, as discussed in the previous Section, and by the problem of the galaxy bias. We
observe the distribution of galaxies, but the theoretical predictions are obtained for the distribution
of the total matter fluctuations, that include also DM. The complex phenomena that involve baryons
in star and galaxy formation cause a slight decoupling between galaxies and matter. The simplest
possibility is to assume the idea of the linear bias [130]: an overall, shape-independent amplitude
that scales from the matter power spectrum to the galaxy power spectrum. The bias parameter is
directly related to the history of galaxy formation of each population, and it is different for different
populations of galaxies. For this reason, we expect that the bias parameter evolves with redshift
and with the environment of each population, so that it is also scale-dependent. Today, numerical
simulations of galaxies allow to predict the bias for each population of galaxies.
After considering all these effects that go beyond the linear regime, the theory is quite robust
at low values of the comoving wavenumber k (large scales), where the large-scale clustering can be
treated as linear. The difference between the different models starts to increase at smaller scales,
approximately for k > 0.2h Mpc−1.
The WiggleZ Dark Energy survey measured the matter power spectrum in four redshift bins and
seven regions on the sky, giving 28 separate power spectra in total [101]. All of these spectra are
publicly available, including the window functions and covariance matrices. We use the measured
matter power spectra in the four redshift bins 0.1 < z < 0.3, 0.3 < z < 0.5, 0.5 < z < 0.7 and
0.7 < z < 0.9. Since the analysis of the matter power spectrum is limited by the poor theoretical
modeling of a number of effects, such as non-linearities, galaxy bias and redshift-space distortions,
the WiggleZ collaboration presented several different methods for modeling the theoretical power
spectrum and tested them against the N-body simulations named “Gigaparsec WiggleZ” (GiggleZ).
The WiggleZ likelihood and published results take into account these analyses.
3.6 Cluster Counts
Another powerful probe to constrain the growth of cosmic structures is the abundance of galaxy
clusters. The reliability of this probe is based on the calibration of the mass-observable relation,
which is currently the largest uncertainty. It is the same problem we discussed for the RSD and the
determination of the matter power spectrum. The cosmological information enclosed in the cluster
abundance is encoded in a constraint on the so-called cluster normalization condition [131–133], that
is the combination
σ8
(
Ωm
α
)β
, (3.11)
where α is a fiducial value adopted in each analysis and β depends on the measured redshift. The
full calculation of the cluster counts requires a hard and time consuming computation, that involves a
geometrical determination of the cosmological volume element and that considers the number of halos
for different redshift and mass bins.
We will use the measurements of the Chandra Project [134, 135], that observes galaxy clusters in
the X-rays constraining σ8(Ωm/0.25)
0.47 = 0.813±0.013 and from the 2013 and 2015 release of Planck
[136, 137], that counts the clusters through the Sunyaev-Zel’dovich effect. The Sunyaev-Zel’dovich
(SZ) effect [49,138] is the result of high energy electrons distorting the CMB spectrum through inverse
Compton scattering, in which the low energy CMB photons receive an average energy boost during
collision with the high energy cluster electrons. Observed distortions of the CMB spectrum are used to
detect the density perturbations of the Universe. The Planck 2013 cluster count result can be written
as σ8(Ωm/0.27)
0.3 = 0.782±0.01, obtained with a fixed mass bias, or as σ8(Ωm/0.27)0.3 = 0.764±0.025,
if the mass bias is free to vary. The Planck collaboration improved the analyses of the cluster counts
in the 2015 release, taking into account with increased accuracy the possible dependence on the bias
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between the galaxy and the matter distribution. In this last case we do not write constraints in
the form of Eq. (3.11), since additional dependencies on the nuisance parameters used to model the
uncertainties have been introduced.
Some of the results from the cluster counts are in tension with the CMB constraints on σ8, that
is higher when obtained from the CMB than when obtained from local measurements. If more mea-
surements of cluster counts are compared, however, it seems that there is not a clear indication that
the cluster count measurements are in tension with the CMB predictions. A comparison between
different methods is proposed for example in Ref. [139], where in Fig. 2 the constraints on σ8 from the
ΛCDM predictions obtained from CMB analyses are compared with the results of several experiment
that probe the cluster counts detected through X-ray, optical and SZ surveys. The fact that some of
the reported results are in good agreement with the CMB predictions may indicate that the anomalous
measurements suffer the presence of unaccounted systematics, that possibly lead to a wrong estimate
of the mass calibration (see also the discussion in Ref. [44]).
The tension between local and cosmological estimations of σ8 may be the indication that our
comprehension of the systematic effects that affect the experimental measurements is rather limited,
but also that the ΛCDM model is incomplete and that some new physics is required. For example,
the free-streaming of a massive neutrino or of a different light particle would reduce the value of σ8 on
small scales and possibly reconcile local and cosmological measurements (see e.g. Refs. [22, 140] and
the discussion in the following Chapters).
3.7 Cosmic Shear
The presence of large scale structures along the line of sight causes a distortion of the shape of
distant galaxies, that can be used to constrain the growth of fluctuations.
Today, the largest weak lensing (WL) survey is the Canada-France-Hawaii Telescope Lensing
Survey (CFHTLenS) [141, 142]. This experiment provides results from 2 types of analysis: from the
analyses of 2D data to estimate the shear correlation functions ξ± from 0.9 to 296.5 arcmin [141],
and from observations of the tomographic blue galaxy sample, that allows to estimate the shear
correlation functions in six redshift bins, in the angular range 1.7 < θ < 37.9 arcmin. [142]. These two
determinations are not independent and we will use only the results of the tomographic survey.
Since the non-linear scales contribute significantly to ξ±, it is important to have a good modeling
of the non-linear evolution to avoid the introduction of systematics in the analysis. The analyses at
the angular scales probed by both the 2D and the tomographic data, however, may be affected by the
poor knowledge of the non-linear evolution and by the consequent incomplete theoretical modeling. To
avoid the uncertainties related to the numerical calculations in the non-linear regime, the CFHTLenS
collaboration proposed a set of “conservative” cuts on the observed data. For the 2D analysis, the
authors of Ref. [141] propose to exclude angular scales θ < 17′ for ξ+ and θ < 54′ for ξ−. For the
tomographic analysis, instead, different cuts are proposed for each redshift bin. In the two lowest
redshift bins, angular scales θ < 3′ are excluded for ξ+ and θ < 30′ are excluded for ξ−. In the two
central redshift bins, the exclusions concern θ < 30′ only for ξ−, while no cuts are applied for ξ+.
Finally, in the highest redshift bins only a cut θ < 16′ is applied to calculate ξ− [142]. The Planck
collaboration argued that these “conservative” cuts may be insufficient if one wants to investigate
extensions of the ΛCDM model [44, 143] and they proposed a set of “ultra-conservative” cuts, that
consists in completely removing the ξ− analysis and restricting to angular scales θ > 17′ for ξ+, both
in the 2D and the tomographic surveys. At the small scales relevant for the CFHTLenS experiment
the effects of baryonic feedback and intrinsic alignment can also be important, but our knowledge and
theoretical description of these effects is quite limited nowadays. More detailed discussions can be
found in Refs. [44, 141,142].
Even if one applies the ultra-conservative cuts, however, in the context of the ΛCDM model the
Planck results are in substantial tension with the CFHTLenS results. According to the author of
Ref. [144], this is a conclusion that cannot be obtained simply by studying the marginalized posterior
probabilities for the cosmological parameters. The tension can be explained invoking the presence of
some unaccounted systematics in the analysis of the experimental data or of an incomplete modeling
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of the theoretical predictions, but can also be the result of the existence of new physics beyond the
standard model. The importance of precise local measurements is therefore high, since local measure-
ments are not dependent on a specific cosmological model and they can help to explore cosmology in
a model-independent way [145].
A recent analysis [146] of the CFHTLenS data that takes into account several astrophysical system-
atics, however, shows that the tension between Planck and the cosmic shear measurements disappears
when the systematics are considered jointly. They find that the two data concordance tests are in
agreement, and that the level of concordance between the two datasets depends on the exact details
of the systematic uncertainties included in the analysis. The results of the concordance tests based
on the Bayesian evidence and on information theory range from decisive discordance to substantial
concordance while the treatment of the systematic uncertainties becomes more conservative. The least
conservative scenario is the one most favored by the cosmic shear data, but it is also the one that
shows the greatest degree of discordance with Planck. A future, robust result from local measure-
ments that will take into account all the possible systematics will either confirm the tension with CMB
estimates of the cosmological quantities, probing that the ΛCDM model is incomplete and possibly
suggesting us where to look for new physics, or confirm that the tension that we observe now is just
due to an incomplete knowledge of some astrophysical phenomenon. These results are confirmed by
an independent analyses by other authors [147].
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Chapter 4
Neutrino Physics
Part of this Chapter is based on Ref. [15].
After the proposal of Pauli in 1930, who conjectured the neutrino to explain the problem of
the β decay spectrum, several years passed before the neutrino was firstly observed in 1956 by
Cowan et al. [148]. B. Pontecorvo was the first to guess that more than a single flavor of neutri-
nos could exist, and also he proposed the possibility that the neutrinos oscillate between the different
flavors. Only 30 years later neutrino oscillations were finally observed in the SuperKamiokande and
in the Sudbury Neutrino Observatory experiments, which was recently awarded with the 2015 Nobel
Prize in Physics. The discovery of neutrino oscillations was the definitive confirmation of the fact that
neutrinos are massive particles, but their masses are much smaller than the masses of all the other
particles in the Standard Model of electroweak interactions.
In this Chapter we will firstly introduce and discuss the most important aspects of the neutrino
theory in particle physics, the short-baseline neutrino oscillation anomaly and its explanation with
a light sterile neutrino, and finally we will show how cosmology can help to constrain the neutrino
absolute mass scale and other properties.
4.1 Neutrino Masses and Oscillations
The electroweak interactions are described by the Standard Model (SM) of particle physics [149–
151], a fantastic theory, based on the SU(2)L×U(1)Y gauge symmetry, which can explain the majority
of terrestrial experimental observations. The SM does not account for neutrino masses, whose existence
have been firmly verified by the measurement of neutrino oscillations in atmospheric, solar and long-
baseline neutrino oscillation experiments (see e.g. Refs. [152–157]). The SM can be extended to
include neutrino masses simply through the introduction of singlet fields for the SU(2)L × U(1)Y
gauge symmetry, which are traditionally called right-handed neutrino fields or sterile neutrino fields.
They are right-handed since they do not transform under the SU(2)L transformations. Assuming that
they have zero hypercharge, they can be called neutrino fields since they are neutral. Finally, they
are sterile, because they do not have SM electroweak interactions. These right-handed sterile neutrino
fields are included in many models which extend the SM (see e.g. Refs. [158–163]). In the following
we consider the general theory of neutrino mixing that includes the three standard active left-handed
flavor neutrino fields νeL, νµL, ντL plus Ns sterile right-handed flavor neutrino fields νs1R, . . . , νNsR.
We can use these fields to write the most general Lagrangian mass term, that is1
Lmass = 1
2
ν
(F)
L
T C†M ν(F)L + h.c. , (4.1)
where C is the unitary charge-conjugation matrix2, such that C γTµ C−1 = −γµ and CT = −C, and
ν
(F)
L =
(
ν
(a)
L
ν
(s)
R
c
)
, ν
(a)
L =
νeLνµL
ντL
 , ν(s)R c =
 ν
c
s1R
...
νcsNsR
 . (4.2)
1In the following we will adopt the convention that the superscript “(F)” indicates the flavor basis, while the
superscript “(M)” indicates the mass basis.
2 We use the notations and conventions in Ref. [152].
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Here we used the superscripts “(a)” and “(s)” to indicate the column matrices of active and sterile
neutrino fields, respectively. For any field ψ the charge-conjugated field ψc is given by ψc = CψT .
Charge conjugation transforms the chirality of a field: for example, ψcR is left-handed. In general,
the mass matrix M is a complex symmetric matrix, which can be diagonalized with the unitary
transformation
ν
(F)
L = U ν(M)L , with ν(M)L =
 ν1L...
νNL
 , (4.3)
where N = 3+Ns is the total number of neutrino fields. The N×N unitary matrix U has the property
that
UTM U = diag(m1, . . . ,mN ) , (4.4)
where m1, . . . ,mN are real and positive masses (see Refs. [152, 164]). Using the definitions we just
presented, the Lagrangian mass term (4.1) becomes
Lmass = −1
2
N∑
k=1
mkνkνk, (4.5)
where νk = νkL+ν
c
kL are massive Majorana neutrino fields, since they satisfy the Majorana constraint
νk = ν
c
k. This means that, in the general case of active-sterile neutrino mixing, the massive neutrinos
are Majorana particles3.
The unitary transformation (4.3) has physical effects connected with the non-invariance of the
weak interaction Lagrangian under a rephasing of the lepton fields. We can write the leptonic charged-
current weak interaction Lagrangian in a matrix form, using the flavor basis where the mass matrix
of the charged leptons, `e ≡ e, `µ ≡ µ, `τ ≡ τ , is diagonal:
LCC = − g√
2
`Lγ
ρν
(a)
L W
†
ρ + h.c. = −
g√
2
`Lγ
ρUν
(M)
L W
†
ρ + h.c. , (4.6)
where we used
`L =
eµ
τ
 , ν(a)L = Uν(M)L and U = U|3×N . (4.7)
The 3 × N rectangular matrix U is formed by the rows of U corresponding to the active neutrinos
and it can be parameterized with a number of mixing parameters smaller than those necessary for
the unitary matrix U . This is a consequence of the fact that weak interactions are not affected by the
arbitrariness of the mixing in the sterile sector. It is possible to show [152] that the mixing matrix U
can be written in terms of 3 + 3Ns mixing angles and 3 + 3Ns physical phases, divided into 1 + 2Ns
Dirac phases and N − 1 Majorana phases. A convenient scheme for this parameterization is
U =
[(
3∏
a=1
N∏
b=4
W ab
)
R23W 13R12
]
3×N
diag
(
1, eiλ21 , . . . , eiλN1
)
. (4.8)
The unitary N × N matrix W ab = W ab(θab, ηab) represents a complex rotation in the a-b plane,
described by a mixing angle θab and a Dirac phase ηab:[
W ab(ϑab, ηab)
]
rs
= δrs + (cab − 1) (δraδsa + δrbδsb) + sab
(
eiηabδraδsb − e−iηabδrbδsa
)
, (4.9)
where cab ≡ cosϑab and sab ≡ sinϑab. The matrix U in Eq. (4.8) is insensitive to the order of the
product of the of W ab matrices. The orthogonal matrix Rab = W ab(θab, 0) represents a real rotation
in the a-b plane. We indicate with the square brackets with subscript 3×N the fact that the enclosed
N × N matrix is truncated to the first three rows. The diagonal matrix on the right of Eq. (4.8)
3However, it is not excluded that the mixing is such that there are pairs of Majorana neutrino fields with exactly
the same mass which form Dirac neutrino fields.
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collects the Majorana phases λ21, . . . λN1, which are physical only if massive neutrinos are Majorana
particles. The product of W ab matrices in Eq. (4.8), finally, contains a number of unphysical phases
among the ηab, which can be eliminated for each value of the index b = 4, . . . , N (see Ref. [152]).
In the limit of vanishing active-sterile mixing, the mixing matrix in the scheme (4.8) reduces to
the three-neutrino (3ν) mixing matrix in the standard parameterization
U (3ν) =
[
R23W 13R12
]
3×3 diag
(
1, eiλ21 , eiλ31
)
=
 c12c13 s12c13 s13e−iη13−s12c23 − c12s23s13eiη13 c12c23 − s12s23s13eiη13 s23c13
s12s23 − c12c23s13eiη13 −c12s23 − s12c23s13eiη13 c23c13
1 0 00 eiλ21 0
0 0 eiλ31
 . (4.10)
We can now study the neutral-current Lagrangian:
LNC = − g
2 cosϑW
ν
(a)
L γ
ρν
(a)
L Zρ = −
g
2 cosϑW
ν
(M)
L γ
ρU †Uν(M)L Zρ . (4.11)
Given that the mixing matrix U is a rectangular 3 ×N matrix formed by the first three rows of the
unitary matrix U , we have
UU † = 13×3 , but U †U 6= 1N×N . (4.12)
Therefore, the GIM mechanism [165] is not operative in neutral-current weak interactions [166] and
it is possible to have neutral-current transitions among different massive neutrinos.
The effective number of active neutrinos contributing to the decay of the Z-boson is not affected,
or is marginally affected by the introduction of sterile neutrinos. This number has been determined
with high precision by the LEP experiments [167]:
N (Z)ν = 2.9840± 0.0082 . (4.13)
In the following we will consider sterile neutrinos with masses around 1 eV, for which N
(Z)
ν is given
by [168,169]
N (Z)ν =
N∑
j,k=1
∣∣∣∣∣ ∑
α=e,µ,τ
U∗αj Uαk
∣∣∣∣∣
2
= 3 . (4.14)
For this reason the high-precision LEP measurement of N
(Z)
ν gives no constraint on the number and
mixing of these light sterile neutrinos.
If we want to study neutrino oscillations in vacuum, we can conveniently use the following general
expression of the probability of
(−)
να →(−)νβ oscillations [170,171]:
P(−)
να→
(−)
νβ
= δαβ − 4
∑
k 6=p
|Uαk|2
(
δαβ − |Uβk|2
)
sin2 ∆kp
+ 8
∑
j>k
j,k 6=p
|UαjUβjUαkUβk| sin ∆kp sin ∆jp cos(∆jk
(+)
− ηαβjk) , (4.15)
where
∆kp =
∆m2kpL
4E
, ∆m2jk = m
2
j −m2k , ηαβjk = arg
[
U∗αjUβjUαkU
∗
βk
]
. (4.16)
Here p is an arbitrary fixed index, which can be chosen in the most convenient way depending on the
case under consideration. The choice of p forces to have only one possibility for j and k such that
j > k. As a consequence, in the case of three-neutrino mixing, there is only one interference term in
Eq. (4.15).
The measurements of neutrino oscillations determined the existence of two squared-mass differ-
ences, which guarantee that at least two neutrino mass eigenstates are massive. The analyses of the
oscillations of neutrinos coming from the Sun lead to the solar squared-mass difference
∆m2SOL ' 7.5× 10−5 eV2 , (4.17)
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parameter massorder
best
fit 1σ range 2σ range 3σ range
∆m2SOL/10
−5 eV2 7.54 7.32 – 7.80 7.15 – 8.00 6.99 – 8.18
sin2 ϑ12/10
−1 3.08 2.91 – 3.25 2.75 – 3.42 2.59 – 3.59
∆m2ATM/10
−3 eV2 NO 2.43 2.37 – 2.49 2.30 – 2.55 2.23 – 2.61
IO 2.38 2.32 – 2.44 2.25 – 2.50 2.19 – 2.56
sin2 ϑ23/10
−1 NO 4.37 4.14 – 4.70 3.93 – 5.52 3.74 – 6.26
IO 4.55 4.24 – 5.94 4.00 – 6.20 3.80 – 6.41
sin2 ϑ13/10
−2 NO 2.34 2.15 – 2.54 1.95 – 2.74 1.76 – 2.95
IO 2.40 2.18 – 2.59 1.98 – 2.79 1.78 – 2.98
Table 4.1: Values of the neutrino mixing parameters obtained in Ref. [174] with a global analysis of
neutrino oscillation data in the framework of three-neutrino mixing with the normal ordering (NO)
and the inverted ordering (IO).
while from oscillations of neutrinos produced during the cosmic rays interactions with the atmosphere
it is possible to determine the atmospheric squared-mass difference
∆m2ATM ' 2.4× 10−3 eV2 . (4.18)
We can conveniently label the masses of the three light neutrinos according to the convention
∆m2SOL = ∆m
2
21  ∆m2ATM =
1
2
∣∣∆m231 + ∆m232∣∣ , (4.19)
although different definitions has been adopted in the literature (see e.g. Ref. [172]). The sign of
∆m2SOL is determined thanks to the matter effect in the neutrino oscillations in the Sun, that give rise
to the Mikheev-Smirnov-Wolfenstein (MSW) effect [9–11] (see also Ref. [152, 173]). On the contrary,
we do not know the sign of ∆m2ATM and the absolute value in Eq. (4.19) is necessary. As a consequence,
there are two possible orderings of the neutrino masses: the normal ordering (NO) with m1 < m2 < m3
and ∆m231, ∆m
2
32 > 0, and the inverted ordering (IO) with m3 < m1 < m2 and ∆m
2
31, ∆m
2
32 < 0.
According to Eq. (4.10), the mixing in the 3ν paradigm can be described with 3 mixing angles,
one Dirac phase and 2 Majorana phases (given that the neutrinos are Majorana particles). We report
in Table 4.1 the results of the determination of the mixing angles and the squared-mass differences
as obtained in Ref. [174] from a global fit of neutrino oscillation data (see also Refs. [175, 176]). The
angle ϑ23 is the more uncertain, since its value is known to be close to maximal (pi/4), but it can
be smaller or larger than pi/4. For the Dirac CP-violating phase η13 we have indications in favor of
η13 ≈ 3pi/2 [4], corresponding to maximal CP violation, but at 3σ all the values of η13 are allowed,
including the CP-conserving values η13 = 0, pi.
We can extend the framework of 3ν mixing with the introduction of non-standard massive neutri-
nos. The requirement, however, is that mixing between active and non-standard neutrinos is small,
since we do not want to spoil the successful 3ν mixing explanation of solar, atmospheric and long-
baseline neutrino oscillation measurements. The non-standard massive neutrinos must be then mostly
sterile and in the following we will always assume the constraint
|Uαk|2  1 (α = e, µ, τ ; k = 4, . . . , N) . (4.20)
Even if more than one sterile neutrino has been considered in the literature, we consider only the
so-called 3+1 scheme, where the “+1” refers to a non-standard massive neutrino, mostly sterile, at
the eV scale. It generates a new squared-mass difference
∆m2SBL ∼ 1 eV2 , (4.21)
that allows to explain the anomalies found in some short-baseline (SBL) neutrino oscillation experi-
ments (see Section 4.2). We assume that the three standard massive neutrinos are much lighter than
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the eV scale. A different possibility would concern an inverted sterile ordering, where the additional
neutrino has a mass much smaller than the active neutrinos, which have then almost degenerate masses
at the eV scale in order to generate the same ∆m2SBL ∼ 1 eV2. This possibility is strongly disfavored
by cosmological measurements [44] and by the experimental bounds on neutrinoless double-β decay,
assuming that massive neutrinos are Majorana particles (see Ref. [5]). In any case, the 3+1 scheme
must be considered an effective mixing scheme, since possible additional non-standard massive neu-
trinos beyond the first one are allowed, if their mixing with the three active neutrinos is sufficiently
small to be negligible in the analysis of the data of current experiments.
We want now to consider Eq. (4.15) to obtain the effective oscillation probabilities in short-baseline
experiments, for which ∆21  ∆31  1. Consider the general 3+Ns case in which ∆m2k1 ≈ ∆m2SBL
and ∆k1 ≈ 1 for k ≥ 4. Choosing p = 1 in Eq. (4.15), we obtain
P
(SBL)
(−)
να→
(−)
νβ
' δαβ − 4
N∑
k=4
|Uαk|2
(
δαβ − |Uβk|2
)
sin2 ∆k1
+ 8
N∑
k=4
N∑
j=k+1
|UαjUβjUαkUβk| sin ∆k1 sin ∆j1 cos(∆jk
(+)
− ηαβjk) . (4.22)
Let us consider the survival probabilities of active neutrinos: we can define the effective amplitudes
sin2 2ϑ(k)αα = 4|Uαk|2
(
1− |Uαk|2
) ' 4|Uαk|2 (α = e, µ, τ ; k ≥ 4) , (4.23)
where we have taken into account the constraint in Eq. (4.20). The quadratically suppressed terms
can be dropped in the survival probabilities, and we obtain
P
(SBL)
(−)
να→
(−)
να
' 1−
N∑
k=4
sin2 2ϑ(k)αα sin
2 ∆k1 (α = e, µ, τ) . (4.24)
Each effective mixing angle ϑ
(k)
αα parameterizes the disappearance of
(−)
να due to its mixing with
(−)
νk.
We can now consider the probabilities of short-baseline
(−)
να →(−)νβ transitions between two different
active neutrinos or an active and a sterile neutrino. The transition amplitudes are defined as
sin2 2ϑ
(k)
αβ = 4|Uαk|2|Uβk|2 (α 6= β; k ≥ 4) , (4.25)
which allow us to write the transition probabilities as
P
(SBL)
(−)
να→
(−)
νβ
'
N∑
k=4
sin2 2ϑ
(k)
αβ sin
2 ∆k1
+ 2
N∑
k=4
N∑
j=k+1
sin 2ϑ
(k)
αβ sin 2ϑ
(j)
αβ sin ∆k1 sin ∆j1 cos(∆jk
(+)
− ηαβjk) . (4.26)
We can see from the first line that each effective mixing angle ϑ
(k)
αβ parameterizes the amount of
(−)
να → (−)νβ transitions due to the mixing of (−)να and (−)νβ with (−)νk. The second line in Eq. (4.26), instead,
is the interference between the contributions of
(−)
νk and
(−)
νj , depending on the same effective mixing
angles.
From Eqs. (4.23) and (4.25) we can see that for each value of k ≥ 4 the transition amplitude
sin 2ϑ
(k)
αβ and the disappearance amplitudes sin 2ϑ
(k)
αα and sin 2ϑ
(k)
ββ depend only on the elements in k
th
column of the mixing matrix U and are related by4
sin2 2ϑ
(k)
αβ '
1
4
sin2 2ϑ(k)αα sin
2 2ϑ
(k)
ββ (α = e, µ, τ) . (4.27)
4 This relation was derived in the case of 3+1 mixing (see Eq. (4.30)) in Refs. [177,178].
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The importance of this relation is crucial for the acceptance or rejection of the 3+Ns mixing schemes
with sterile neutrinos through their test against the experimental results, because it constrains the
oscillation signals that can be observed in short-baseline experiments, both in the appearance and
disappearance channels. In particular, the amplitudes of the short-baseline transition probabilities
between active neutrinos are quadratically suppressed since both sin2 2ϑ
(k)
αα and sin
2 2ϑ
(k)
ββ are small for
α, β = e, µ, τ .
In the case of 3+1 neutrino mixing [177–180], we have ∆m241 = ∆m
2
SBL and ∆41 ∼ 1 in short-
baseline experiments. The transition and survival probabilities become
P
(SBL)
(−)
να→
(−)
νβ
' sin2 2ϑαβ sin2 ∆41 (α 6= β), P (SBL)(−)
να→
(−)
να
' 1− sin2 2ϑαα sin2 ∆41 , (4.28)
where the transition and survival amplitudes are
sin2 2ϑαβ = 4|Uα4|2|Uβ4|2 (α 6= β), sin2 2ϑαα = 4|Uα4|2
(
1− |Uα4|2
)
. (4.29)
The appearance-disappearance constraint is [177,178]
sin2 2ϑαβ ' 1
4
sin2 2ϑαα sin
2 2ϑββ (α = e, µ, τ) . (4.30)
In Eq. (4.28), the transition and survival probabilities depend only on the largest squared-mass
difference, that in the 3+1 scheme is ∆m241 = ∆m
2
SBL, and on the absolute values of the elements in
the fourth column of the mixing matrix. There is no difference between the transition probabilities
of neutrinos and antineutrinos, since the absolute values of the elements Uα4 do not depend on the
CP-violating phases. Even in the presence of CP-violating phases in the mixing matrix, signals of CP
violation cannot be measured in short-baseline experiments, but it must be searched for in experiments
sensitive to the oscillations generated by the smaller squared-mass differences ∆m2ATM [181–183] or
∆m2SOL [184].
4.2 Short-baseline Anomalies and Constraints
The measurements obtained in short-baseline neutrino oscillation experiments require the existence
of at least one additional squared-mass difference, ∆m2SBL, which is much larger than ∆m
2
SOL and
∆m2ATM. Three types of experiments give indications in favor of ∆m
2
SBL: the reactor antineutrino
anomaly, the Gallium neutrino anomaly, and the LSND anomaly.
4.2.1 The reactor Antineutrino Anomaly
In the literature, one can find a discrepancy between the rate of ν¯e observed in several short-
baseline reactor neutrino experiments and the value expected from the calculation of the reactor
neutrino fluxes [162,185,186], which predict more events than those observed. Many authors studied
this discrepancy [162,187–199], that is referred to as the reactor antineutrino anomaly.
The significance of the reactor anomaly depends on the uncertainties of the reactor antineutrino
flux, that is calculated from the available database information on nuclear decays and from the electron
spectra associated with the fission of 235U, 239Pu, and 241Pu measured at ILL in the 80’s [200–203].
These determinations of the values and uncertainties of the reactor antineutrino fluxes have been
presented in Refs. [162, 185, 186]. There have been, however, some debate [204–211], especially after
the discovery of an excess at about 5 MeV in the reactor antineutrino spectrum measured by the
RENO [212], Double Chooz [213] and Daya Bay [214] experiments.
The main process involved for neutrino detection in reactor experiments is the inverse neutron
decay process
ν¯e + p→ n+ e+ (4.31)
that occurs in liquid-scintillator detectors. This detection process has a cross section σν¯ep(Ee) ∝ Eepe
(see Refs. [152,215,216]), where Ee and pe indicate the positron energy and momentum, respectively.
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The recoil energy of the neutron is small and it can be neglected. The neutrino energy E can be
calculated from the kinetic energy Te of the positron, that can be measured, through the relation
E ' Te +me +mn −mp ' Te + 1.8 MeV , (4.32)
where mp and mn are the proton and neutron masses, respectively. As a consequence, the threshold
for the detection process is about 1.8 MeV for the neutrino energy.
The anomaly is usually parameterized using the ratio R ≡ Nexp/Ncal of the measured (Nexp) and
calculated (Ncal) number of electron antineutrino events in reactor experiments at different distances
L. The average ratio of the values R obtained in several different experiments [217–228] is R =
0.933± 0.021, indicating a deficit with a statistical significance of about 3.1σ (see also Ref. [15]).
One possible explanation of the reactor antineutrino anomaly is the existence of neutrino oscilla-
tions with an oscillation length shorter than about 20 m. From the relation between the squared-mass
difference ∆m2 and the corresponding oscillation length Losc, that is
Losc =
4piE
∆m2
' 2.5 E [MeV]
∆m2 [eV2]
m , (4.33)
given that the average energy of the antineutrinos detected in a reactor experiment is about 4 MeV,
these oscillations require a squared-mass difference
∆m2SBL & 0.5 eV2 . (4.34)
4.2.2 The Gallium Neutrino Anomaly
The second anomaly we present is the Gallium neutrino anomaly [194, 229–234], a disappearance
of νe measured in the short-baseline Gallium radioactive source experiments GALLEX [235–237] and
SAGE [229, 238–240]. The detectors of the GALLEX and SAGE solar neutrino experiments have
been tested with intense artificial 51Cr and 37Ar radioactive sources, which produce electron neutrinos
through the electron captures
e− + 51Cr→ 51V + νe, e− + 37Ar→ 37Cl + νe . (4.35)
The radioactive source was placed near the center of the detector of each experiment, which detected
electron neutrinos with the reaction
νe +
71Ga→ 71Ge + e−. (4.36)
The total detection cross section of this reaction is given by
σ = σgs
(
1 + ξ175
BGT175
BGTgs
+ ξ500
BGT500
BGTgs
)
, (4.37)
where σgs indicates the cross sections of the transitions from the ground state of
71Ga to the ground
state of 71Ge, BGTgs is the corresponding Gamow-Teller strength, and BGT175 and BGT500 are the
Gamow-Teller strengths of the transitions from the ground state of 71Ga to the two excited states
of 71Ge at about 175 keV and 500 keV (see e.g. Ref. [15]). The coefficients of BGT175/BGTgs and
BGT500/BGTgs are determined by phase space: ξ175(
51Cr) = 0.669, ξ500(
51Cr) = 0.220, ξ175(
37Ar) =
0.695, ξ500(
37Ar) = 0.263 [241].
Bahcall [241] calculated accurately the cross sections of the transitions from the ground state of
71Ga to the ground state of 71Ge:
σgs(
51Cr) = 55.3× 10−46 cm2, σgs(37Ar) = 66.2× 10−46 cm2, (4.38)
and [194,242]
BGTgs = 0.0871± 0.0004 . (4.39)
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The Gamow-Teller strengths BGT175 and BGT500 have been measured in 1985 in the (p, n) experiment
of Krofcheck et al. [243,244] and in 2011 in the (3He, 3H) experiment of Frekers et al. [245] with higher
precision.
In analogy with the reactor anomaly, the results for the Gallium anomaly are usually reported in
terms of the ratio R ≡ Nexp/Ncal of the measured number of electron neutrino events (Nexp) and the
one calculated (Ncal) with the Frekers et al. Gamow-Teller strengths. The average ratio calculated
with the results obtained in the GALLEX and SAGE radioactive source experiments is R = 0.84±0.05,
indicating a deficit with a statistical significance of about 2.9σ.
The average neutrino travels distances in the GALLEX and SAGE radioactive source experiments
equal to 〈L〉GALLEX = 1.9 m and 〈L〉SAGE = 0.6 m. The produced neutrinos may have different
energies, depending on the electron-capture channel. The largest branching ratios are for the E =
747 keV neutrino for 51Cr and for the E = 811 keV neutrino for 37Ar, while the complete list of neutrino
energies and the corresponding branching ratios can be found for example in Tab. 2 of Ref. [15]. From
Eq. (4.33) we can estimate that the Gallium neutrino anomaly can be explained by neutrino oscillations
if they are generated by a squared-mass difference
∆m2SBL & 1 eV2 . (4.40)
4.2.3 The LSND Anomaly
Finally, the LSND experiment [246, 247] observed an excess of electron antineutrino events in a
beam of muon antineutrinos produced by µ+ decay at rest,
µ+ → e+ + νe + ν¯µ . (4.41)
The energy spectrum of the muon antineutrinos is φν¯µ(E) ∝ E2 (3− 4E/mµ) (see Ref. [216]) for
neutrino energies E smaller than Emax = (mµ −me)/2 ' 52.6 MeV. The experiment used a detector
filled with liquid scintillator to detect electron antineutrino events at a distance L ' 30 m through the
inverse neutron decay process (4.31). The energy range is 20 . Ee . 60 MeV for the energy Ee of the
detected positron.
From Eq. (4.33) and for the energy range of LSND, we can estimate that the ν¯e appearance signal
can be explained by ν¯µ → ν¯e oscillations generated by a squared-mass difference
∆m2SBL & 0.1 eV2. (4.42)
The statistical significance of the electron antineutrino appearance signal at LSND is of about
3.8σ. We must note, however, that the similar KARMEN experiment [248, 249] did not measure any
excess of ν¯e events over the background at a distance L ' 18 m. Another experiment, MiniBooNE,
was designed to check the LSND signal with about one order of magnitude larger distance and energy,
but with the same order of magnitude for the ratio L/E. Unfortunately, the results of the MiniBooNE
experiment are ambiguous, since the LSND signal was not seen in the neutrino mode (νµ → νe) [250],
while the ν¯µ → ν¯e signal observed in 2010 [251] with the first half of the antineutrino data was not
observed in the second half of the antineutrino data [252]. Moreover, in the MiniBooNE data, both
for the neutrino and antineutrino modes, an excess in the low-energy bins appears. This is widely
considered an anomalous effects, since it cannot be explained with neutrino oscillations [191,192].
4.3 Global Fits of short-baseline Data
Since the discovery of the LSND anomaly, many analyses of short-baseline neutrino oscillation data
have been done [177–179,254–271]. The interest for joint fits of neutrino oscillation data increased after
the discoveries of the Gallium neutrino anomaly [194, 231–234, 272–276] and the reactor antineutrino
anomaly [187,189–192,194,195,277–283]. The most recent global fit of SBL neutrino oscillation data
was presented in Ref. [15] and it is an update of the analysis of Ref. [199]. These analyses include
• (−)νµ →(−)νe appearance data from several experiments [247,249,252,284–287];
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GLO PrGLO noMB noLSND
χ2min 306.0 276.3 251.2 291.3
NDF 268 262 230 264
GoF 5% 26% 16% 12%
(χ2min)APP 98.9 77.0 50.9 91.8
(χ2min)DIS 194.4 194.4 194.4 194.4
∆χ2PG 13.0 5.3 6.2 5.3
NDFPG 2 2 2 2
GoFPG 0.1% 7% 5% 7%
∆χ2NO 49.2 47.7 48.1 11.4
NDFNO 3 3 3 3
nσNO 6.4σ 6.3σ 6.4σ 2.6σ
Table 4.2: Results of the fit of short-baseline data in the 3+1 scheme. The four different possibilities
take into account different dataset combinations: all MiniBooNE data (GLO), only the MiniBooNE
data above 475 MeV (PrGLO), without MiniBooNE data (noMB) and without LSND data (noLSND).
In the first three lines the minimum χ2 (χ2min), the number of degrees of freedom (NDF) and the
goodness-of-fit (GoF) are listed. The five lines in the middle give the quantities relevant for the
appearance-disappearance (APP-DIS) parameter goodness-of-fit (PG) [253]. In the last three lines
we list the difference between the χ2 without short-baseline oscillations (NO) and χ2min (∆χ
2
NO), the
corresponding difference of number of degrees of freedom (NDFNO) and the resulting number of σ’s
(nσNO) for which the absence of oscillations is disfavored. Adapted from [15].
CL ∆m241[eV
2] sin2 2ϑeµ sin
2 2ϑee sin
2 2ϑµµ
68.27% 1.57− 1.72 0.0011− 0.0018 0.085− 0.13 0.039− 0.066
90.00% 1.53− 1.78 0.00098− 0.0020 0.071− 0.15 0.032− 0.078
95.45% 1.50− 1.84 0.00089− 0.0021 0.063− 0.16 0.030− 0.085
99.00% 1.24− 1.95 0.00074− 0.0023 0.054− 0.18 0.025− 0.095
99.73% 0.87− 2.04 0.00065− 0.0026 0.046− 0.19 0.021− 0.12
Table 4.3: Marginal allowed intervals of the oscillation parameters obtained in the global 3+1-PrGLO
fit of short-baseline neutrino oscillation data. From [15].
• (−)νe disappearance data from several reactor neutrino experiments [217–228] (see Section 4.2.1),
from the Gallium radioactive source experiments GALLEX [235–237] and SAGE [229,238–240]
(see Section 4.2.2), from the solar neutrino constraint on sin2 2ϑee [194, 288–291] and from the
νe +
12C→ 12Ng.s. + e− scattering data [278] of KARMEN [292,293] and LSND [294], with the
method discussed in Ref. [192].
• (−)νµ disappearance obtained from the data of the CDHSW experiment [295], from the analysis
[266] of the data of atmospheric neutrino oscillation experiments, from the analysis [191, 296]
of the MINOS neutral-current data [297] and from the analysis of the SciBooNE-MiniBooNE
neutrino [298] and antineutrino [299] data.
The statistical results obtained from the global fits of the data listed above are summarized in
Table 4.2. The global (GLO) fit takes into account all the MiniBooNE data, including the anomalous
low-energy bins, which are omitted in the pragmatic global (PrGLO) fit [199]. The last two columns
concern the results for a fit without the MiniBooNE data (noMB) and one without the LSND data
(noLSND).
From Tab. 4.2, we can see that the absence of short-baseline oscillations is nominally disfavored
at about 6σ in all of the fits which include the LSND data, because the improvement of the χ2 with
short-baseline oscillations is much larger than the number of oscillation parameters. On the other
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Figure 4.1: Allowed regions in the sin2 2ϑeµ–∆m
2
41, sin
2 2ϑee–∆m
2
41 and sin
2 2ϑµµ–∆m
2
41 planes
obtained in the pragmatic 3+1-PrGLO global fit of short-baseline neutrino oscillation data. These are
compared with the 3σ allowed regions obtained from
(−)
νµ →(−)νe short-baseline appearance data (APP),
the 3σ constraints obtained from
(−)
νe short-baseline disappearance data (νe DIS) and
(−)
νµ short-baseline
disappearance data (νµ DIS), and the combined short-baseline disappearance data (DIS). The best-fit
points of the PrGLO and APP fits are indicated by crosses. From Ref. [15].
hand, when the LSND data are not considered (noLSND fit), the nominal exclusion of the case of
no-oscillations drops dramatically to 2.6σ. Therefore, the LSND experiment is clearly still crucial for
the indication in favor of short-baseline ν¯µ → ν¯e.
In the GLO analysis, the goodness-of-fit is significantly worse than that in the PrGLO analysis and
the same applies for the appearance-disappearance parameter goodness-of-fit. This result confirms the
fact that the MiniBooNE low-energy anomaly is not compatible with neutrino oscillations, requiring
a small value of ∆m241 and a large value of sin
2 2ϑeµ [191, 192], which are excluded by the oscillation
data of other experiments (further details are discussed in Ref. [199]). Therefore, it is very likely
that the MiniBooNE low-energy anomaly must be explained with some mechanism different from
neutrino oscillations. It is interesting to investigate what is the impact of the MiniBooNE experiment
on the global analysis of short-baseline neutrino oscillation data. With this aim, we consider also the
noMB fit without MiniBooNE data. From Tab. 4.2 we can see that the results of the noMB fit are
similar to those of the PrGLO fit and the nominal exclusion of the case of no-oscillations remains at
the level of 6σ. Therefore, it is clear that the MiniBooNE experiment has been rather inconclusive.
The MicroBooNE experiment at Fermilab [300,301], a large Liquid Argon Time Projection Chamber
(LArTPC) in which electrons and photons can be distinguished, is going to investigate the cause of
the MiniBooNE low-energy excess of νe-like events and to check the LSND signal (see the review in
Ref. [302]). Since the low-energy anomaly of MiniBooNE is under discussion, in the following we adopt
the “pragmatic approach” advocated in Ref. [199]. The PrGLO fit, that does not take into account
the anomalous MiniBooNE low-energy bins, is more reliable than the GLO fit, which includes all the
MiniBooNE data.
The allowed regions in the sin2 2ϑeµ–∆m
2
41, sin
2 2ϑee–∆m
2
41 and sin
2 2ϑµµ–∆m
2
41 planes as obtained
in the PrGLO fit are shown in Fig. 4.1. These regions are relevant, respectively, for
(−)
νµ →(−)νe appear-
ance,
(−)
νe disappearance and
(−)
νµ disappearance searches. The corresponding marginal allowed intervals
of the oscillation parameters are given in Tab. 4.3. Figure 4.1 shows also the region allowed by
(−)
νµ →(−)νe
appearance data and the constraints from
(−)
νe disappearance and
(−)
νµ disappearance data. We can see
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that the combined disappearance constraint in the sin2 2ϑeµ–∆m
2
41 plane excludes a large part of the
region allowed by
(−)
νµ → (−)νe appearance data, leading to the well-known appearance-disappearance
tension [189–192,197,282,283,303], quantified by the parameter goodness-of-fit in Tab. 4.2.
4.4 Neutrino and Cosmology
This Section is devoted to extend the treatment presented in the previous Chapters, where we
ignored the presence of the neutrino perturbations in the Universe evolution. We will briefly review
the impact of the neutrinos on the various cosmological observables we mentioned earlier, with a
particular focus on the impact of a light sterile neutrino with a mass at the eV scale. A more detailed
discussion is presented, for example, in Ref. [51].
When considering the additional neutrino, which is mostly sterile as explained in Section 4.1, we
will denote its mass with the symbol ms. In this section we use this notation, keeping in mind that
its real meaning in the 3+1 mixing scheme is ms = m4. Moreover, in the discussion of the combined
analysis of cosmological data and short-baseline oscillation data we consider m1,m2,m3  m4, so
that ms = m4 '
√
∆m241 =
√
∆m2SBL.
This Section is organized as it follows: in Subsection 4.4.1 we introduce the parameterization of the
neutrino energy density, in Subsection 4.4.2 we discuss the definitions of the neutrino perturbations,
in Subsection 4.4.3 we present the neutrino free-streaming, in Subsection 4.4.4 we briefly review the
effects of neutrinos which are relativistic in the early Universe on observables such as the Cosmic
Microwave Background (CMB) and the nuclear abundances produced by Big Bang Nucleosynthesis
(BBN). In Subsection 4.4.5 we discuss the effects of massive neutrinos, which are important only after
the sterile neutrinos became non-relativistic. All these effects can be used to derive constraints on the
neutrino properties from the various cosmological data we presented in the previous Chapter. The
constraints on the sterile neutrino properties will be discussed in Chapter 5.
4.4.1 Neutrino Parameterization
The neutrino contribution to the radiation content in the early Universe can be conveniently
parameterized in terms of the effective number of degrees of freedom Neff . This is defined so that the
total energy density of relativistic species ρr is given by
ρr =
[
1 +
7
8
(
4
11
)4/3
Neff
]
ργ = [1 + 0.2271Neff ] ργ , (4.43)
where ργ is the energy density of photons. Neff = 1 corresponds to the contribution of one single
family of active neutrinos which were in equilibrium in the early Universe and passed through an
instantaneous decoupling at a temperature of about 1 MeV. The factor 7/8 is for fermionic degrees
of freedom, while the factor T idν /Tγ = (4/11)
4/3 is the consequence of the fact that after neutrino
decoupling there is an entropy transfer between electrons and photons, caused by e± annihilations. The
superscript “id” indicates that this is the temperature obtained in the instantaneous decoupling limit.
This entropy transfer enhances the photon temperature, that becomes higher than the temperature of
the decoupled neutrinos. In the real history the neutrinos did not decouple instantaneously and part
of them were not completely decoupled from the electron-photon plasma when the e± annihilation
occurred. For this reason, the effective number of active neutrinos is slightly larger than three: it
is NSMeff = 3.046 [304, 305]. Assuming that the active neutrino follows the usual thermal history and
that the non-standard contribution to the effective number of relativistic species comes only from
additional sterile neutrinos, the sterile neutrino contributes to the total radiation energy density with
∆Neff = Neff − 3.046. This can be calculated as [306]
∆Neff ≡ ρ
rel
s
ρν
=
[
7
8
pi2
15
T idν
4
]−1
1
pi2
∫
dp p3fs(p) , (4.44)
where ρν is the energy density for one active neutrino species, ρ
rel
s is the energy density of the rela-
tivistic sterile neutrinos, p is the neutrino momentum and fs(p) is the momentum distribution. The
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same formula gives the corresponding contribution of one single active neutrino if the momentum
distribution function fν(p) is used instead of fs(p).
After their non-relativistic transition, neutrinos contribute to the matter energy density of the
Universe. The contribution of one single neutrino with mass mν is given by [306]
ων = Ωνh
2 =
ρν
ρc
h2 =
h2
ρc
mν
pi2
∫
dp p2fν(p) , (4.45)
where ρν is the energy density of a non-relativistic neutrino, fν(p) is the momentum distribution, ρc
is the critical density and h is the reduced Hubble parameter. The sterile neutrino contribution can
then be parameterized in terms of the dimensionless number [306]
ωs = Ωsh
2 =
ρs
ρc
h2 =
h2
ρc
ms
pi2
∫
dp p2fs(p) , (4.46)
where ρs is the energy density of a non-relativistic sterile neutrino. Alternatively, ωs can be converted
in the effective sterile neutrino mass [72]
meffs ≡ 94.1ωs eV . (4.47)
All the quantities that we introduced depend on the neutrino momentum distribution fν(p) or
fs(p). We focus now on the sterile neutrino with mass of about 1 eV. If the light sterile neutrino
decouples from the rest of the plasma when it is still relativistic, fs(p) does not depend on ms, but
it depends only on the production mechanism. The simplest possibility is that one species of light
sterile neutrinos is generated by active-sterile oscillations in the early Universe [307–312] and they
share the same temperature of the active neutrinos. In this case we have simply ∆Neff = 1 and
ωs ' ms/(94.1 eV).
If for some reasons the light sterile neutrino thermalizes at a temperature Ts = αTν , its momentum
distribution is given by the standard Fermi-Dirac distribution
fs(p) =
1
ep/Ts + 1
. (4.48)
We name this case the thermal scenario (TH), and from Eqs. (4.44) and (4.46) we obtain
∆Neff = α
4 , ωs = α
3 ms
94.1 eV
, meffs = α
3ms = ∆N
3/4
eff ms . (4.49)
There are several possible mechanisms that give a non-thermal sterile neutrino production. A pop-
ular one is the non-resonant production scenario, also called Dodelson-Widrow scenario (DW) [313],
which is motivated by early active-sterile neutrino oscillations in the limit of zero lepton asymmetry
and small mixing angle. It is possible to calculate the neutrino momentum distribution for the DW
scenario:
fs(p) =
β
ep/Tν + 1
, (4.50)
where β is a normalization factor. This momentum distribution leads to
∆Neff = β , ωs = β
ms
94.1 eV
, meffs = βms = ∆Neffms . (4.51)
We can see from Eqs. (4.49) and (4.51) that the DW and the TH models have an exact degeneracy,
since they are related by α = β1/4 and mTHs = m
DW
s β
1/4 [314,315].
4.4.2 Neutrino Perturbations
We want now to extend the treatment of the perturbation theory presented in Chapter 1 with
the introduction of the neutrino perturbations. Neutrinos behave differently when relativistic or non-
relativistic, and the full treatment must take into account the two possibilities. The treatment of the
massless neutrino perturbations can be used to describe any collisionless particle that is still relativistic
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today, i.e. any particle with mass m . 10−4 eV. Only one out of the three standard neutrinos can
be still in this state, given that its mass is sufficiently small. The squared-mass differences obtained
from the analyses of the neutrino oscillation data, in fact, tell us that the other two neutrino mass
eigenstates are non-relativistic today.
In this Section we will show how it is possible to deal with neutrino perturbations in the evolution
equations of the Universe, but we will not show how to find the solutions in the numerical calculation.
The interested reader can see Ref. [51] for a detailed treatment.
Massless Neutrinos
Details of neutrino decoupling would only impact perturbations that were inside the Hubble horizon
at the time of neutrino decoupling. These scales are not observable today, since they are suppressed
because of diffusion damping, and anyway they are contaminated by foreground emission in real
dataset. They are not observable neither in the spectrum of large scale structures, since the non-linear
evolution has strong effects that deleted the memory of the previous linear evolution.
Neglecting the non-thermal distortions due to electron-positron annihilation, that are very small,
we can consider the neutrino distribution function to be a simple Fermi-Dirac distribution. As a
consequence, the neutrino perturbations can be calculated in the same way of the photon perturbations,
apart for the sign in the Fermi-Dirac distribution with respect to the Bose-Einstein one. The main
difference for the neutrinos, clearly, is the absence of interaction terms with the baryons in all the
relevant differential equations.
Using N to denote the neutrino perturbations, in analogy with Θ for the photons, we can write
the differential equation for the evolution of the neutrino perturbations in the Fourier space:
N˙ + ikµN = −Φ˙− ikµΨ . (4.52)
The neutrino perturbation N can be treated as the photon perturbation Θ, being the only difference
in the equations is that for the neutrinos the limit σT → 0 applies.
This is not the most general treatment that can be developed. To describe the neutrino pertur-
bations when the distribution function is not of the standard Fermi-Dirac type one should generalize
the discussion as shown for example in Ref. [51]. The extended treatment can be used if the neutrino
has a chemical potential or relevant non-thermal distortions, but also for other decoupled relativistic
relics.
Massive Neutrinos
To describe massive neutrinos we have to find a set of equations that interpolate from the CDM
equations (in the large mass limit) to the massless neutrinos equations (in the small mass limit).
The simplest assumption is that neutrinos are decoupled and still relativistic at the time of imposing
the initial conditions, so that they have a Fermi-Dirac momentum distribution fν,0. For the active
neutrinos, this would be enough. Since we want to deal with sterile neutrinos, we assume that fν,0
has a generic form, but we require that it is time-independent after neutrino decoupling.
For massive neutrinos, the mass enters the expression for the energy and some of the simplifications
we assumed in Section 1.8 are no more valid. The reason is that the gravitational interactions induce
a relative momentum shift that depends on the momentum itself. We can still simplify the Boltzmann
equations with the introduction of the relative fluctuations of the phase-space distribution, that we
denote with Υ:
Υ(η, ~x, p, nˆ) ≡ fν(η, ~x, p, nˆ)
fν(η, p)
− 1 , (4.53)
at the first order in perturbations. In the general case, in the relativistic limit we have:
Υ(η, ~x, p, nˆ) = −1
4
N (η, ~x, p, nˆ)d ln fν,0(y)
d ln y
, (4.54)
where y = ap. This expression is valid only when neutrinos are relativistic, since when each neu-
trino becomes non-relativistic the non-thermal distortions induced by gravity modify the distribution
function.
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If we write the Boltzmann equation for massive neutrinos and we replicate the calculations devel-
oped for photons and massless neutrinos, we obtain the equation of motion for Υ in the real space:
Υ˙ +
y

nˆ · ~∇Υ = d ln fν,0
d ln y
(
Φ˙ +

y
nˆ · ~∇Ψ
)
, (4.55)
where  is the neutrino energy. In the relativistic limit, y/→ 1 and we can use Eq. (4.54) to recover
Eq. (4.52).
In analogy with the treatment of the photon perturbations, it is possible to expand Υ in Legendre
momenta to obtain an infinite hierarchy of Υl. From Eq. (4.55), using the axial symmetry around nˆ
and going to the Fourier space, the equations for the Υl are
Υ˙0 = −yk

Υ1 + Φ˙
d ln fν,0
d ln y
(4.56)
Υ˙1 =
yk
3
(Υ0 − 2Υ2)− k
3y
d ln fν,0
d ln y
Ψ (4.57)
Υ˙l =
yk
(2l + 1)
[lΥl−1 − (l + 1)Υl+1] , ∀l ≥ 2 . (4.58)
Given that y/→ 0 in the deeply non-relativistic limit, one could show that the neutrino pertur-
bations evolve exactly as those of CDM after each neutrino becomes non-relativistic. This ca ne seen
using the definitions in Eqs. (1.20), (1.89) and (1.90) for massive neutrinos, with the expression of fν
at the first order in perturbations.
Adiabatic initial Conditions in Presence of Neutrinos
In presence of neutrinos, the relation Φ + Ψ = 0 is no more valid in the early Universe, as a
consequence of the neutrino anisotropic stress in Eq. (1.109). The presence of neutrinos induce a
constant offset between the metric perturbations Φ and Ψ. The growing adiabatic solution becomes
Φ = −Ψ
(
1 +
2
5
Rν
)
, (4.59)
where we defined the neutrino ratio Rν as
Rν ≡ ρ
(0)
ν
ρ
(0)
γ + ρ
(0)
ν
=
7
8
(
4
11
)4/3
Neff
1 + 78
(
4
11
)4/3
Neff
, (4.60)
assuming that all the neutrinos are relativistic at the time of applying the initial conditions. It is
possible to show that the updated version of Eqs. (1.117) and (1.118) reads
Θ0(k, ηi) = N0(k, ηi) = δ
3
=
δb
3
= −Ψ
2
, (4.61)
where Ψ can be substituted with Φ using the relation (4.59).
Equation (4.59) may give the wrong impression that the initial conditions depend on the neutrino
anisotropic stress. The shift between Φ and Ψ is explicit in the conformal Newtonian gauge, but
it disappears in other gauges, so that it is clear that Rν has no observable consequences. Without
changing gauge, this can be seen from the fact that the equations contain the metric perturbations in
the Φ˙ and kΨ terms. The contribution of Rν does not affect Φ˙ and the leading term of kΨ is of order
(kη). As a consequence, the equations for the evolution are affected by the presence of neutrinos only
at the next-to-leading order in a (kη) expansion.
4.4.3 Neutrino Free-streaming
After decoupling, neutrinos evolve as freely falling particles. Neutrino free-streaming does not affect
all the scales, since the Universe expands. The characteristic quantities that describe the distances
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related to neutrino free-streaming are the free-streaming scale λFS, indicating the scales at which free-
streaming can be ignored, and the free-streaming horizon dFS, corresponding to the average distance
traveled by neutrinos before a given time.
The free-streaming scale λFS, or the corresponding wavenumber kFS in comoving Fourier space,
can be defined as the product of the neutrino velocity cν by the Hubble time tH = 1/H, normalized
in analogy with the Jeans length:
λFS(η) = a(η)
2pi
kFS
≡ 2pi
√
2
3
cν(η)
H(η)
. (4.62)
This is the scale below which the free-streaming particle cannot be confined inside a gravitational
potential well.
The free-streaming horizon, instead, is defined as the integral
dFS(η) = a(η) rFS(η) ≡ a(η)
∫ η
ηin
cν(η)dη , (4.63)
which is independent of ηin if ηin  η is chosen after the end of inflation.
While a neutrino is relativistic, its speed is cν = c = 1 and we have simply
λFS = 2pi
√
2
3
1
H
, dFS = aη . (4.64)
These quantities are very close to each other, since aη = H−1 during radiation domination and
aη = 2H−1 during matter domination.
The story is more complicated for neutrinos that become non-relativistic during the Universe
evolution. Quantitatively, neutrinos become non-relativistic when their mean momentum 〈p〉 becomes
smaller than their mass mν . If neutrinos follow a relativistic Fermi-Dirac distribution with negligible
chemical potential, the average momentum can be calculated and it is 〈p〉 = 3.15Tν . Using the relation
between the photon and neutrino temperatures, it is possible to show that a neutrino becomes non-
relativistic during matter domination if its mass is
5.28× 10−4 eV ≤ mν . 1.5 eV . (4.65)
Since we are interested in neutrinos below 1.5 eV, we will firstly discuss the free-streaming quantities
during matter domination. After the non-relativistic transition, the thermal velocity cν scales with
a−1 or η−2, since
cν =
〈p〉
mν
= 158(1 + z)
(
Tν
T idν
)(
1 eV
mν
)
Km s−1 . (4.66)
This means that the free-streaming length increases with η and the comoving free-streaming length
decreases with η−1. At the time of the non-relativistic transition, the comoving free-streaming length
passes through a maximum that corresponds to the wavenumber kNR. This can be approximated as
kNR ≡ kFS(ηNR) ' 0.0178 Ω1/2M
(
T idν
Tν
)1/2 ( mν
1 eV
)1/2
hMpc−1 , (4.67)
valid only if the transition occurs during matter domination. The comoving free-streaming horizon,
instead, becomes
rFS(η > ηNR) '
√
3
2
4
kNR
(
1− 1
2
[
1 + z
1 + zNR
]1/2)
. (4.68)
Also in this case the expression is valid during matter domination only.
For heavier neutrinos that becomes non-relativistic during radiation domination, the things are
slightly different. The free-streaming length still increases as η, but the comoving free-streaming
length is constant, since in this case the relation between a and η during radiation domination must
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be considered. Since the comoving free-streaming length starts to decrease after matter-radiation
equality, it encounters its maximum between ηNR and ηeq. The minimum value of kFS is then
kNR ≡ kFS(ηNR) ' 0.776 Ω1/2R
(
T idν
Tν
)1/2 ( mν
1 eV
)1/2
hMpc−1 . (4.69)
If we approximate
cν =

1 for η ≤ ηNR
ηNR/η for ηNR < η ≤ ηeq
ηNRηeq/η
2 for η > ηeq
, (4.70)
the comoving free-streaming horizon after matter-radiation equality becomes
rFS(η > ηeq) '
√
3
2
2
ηNR
[
1 +
1
2
log
(
1 + zNR
1 + zeq
)
− 1
2
(
1 + z
1 + zeq
)2]
. (4.71)
The last term is usually negligible, but the logarithm may be large for heavy particles becoming
non-relativistic at high redshift.
In the next Subsections we will use all the defined quantities to describe the neutrino effects on the
main cosmological observables. We will try to separate the background from the perturbation effects,
both for massless and massive neutrinos.
4.4.4 Physical Effects as Radiation in the early Universe
Before discussing the impact of neutrinos on the CMB spectrum, we recall that it is complex to
single out the effects of a specific quantity, since it is connected with the other quantities. It is often
difficult (or impossible) to separate the contributions of each parameter, but we will do our best to
isolate the effects of neutrinos from those of all the others parameters.
The contribution of neutrinos as relativistic particles can be described simply through the param-
eter Neff we have already defined. As relativistic components, additional neutrino degrees of freedom
change the time of matter-radiation equality (effect (C3) in Section 2.5), whose redshift zeq is given
by
1 + zeq =
ρm
ρr
=
ωm
ωr
=
ωm
ωγ
1
1 + 0.2271Neff
, (4.72)
where we used Eq. (4.43). To shorten the notation, we define conveniently
α ≡ 1 + 0.2271Neff . (4.73)
A shift in the matter-radiation equality affects the position (effect (C1)) and the shape (effect (C4))
of the acoustic peaks of the CMB (see Ref. [316]). At recombination, the extra radiation component
enhances the expansion rate H. This increase of H generates a decrease of the comoving sound
horizon rs ∝ H−1 [317] and a reduction of the angular scale of the acoustic peaks θs = rs/DA, leading
to a shift of the CMB peaks towards higher multipoles (see Fig. 2(a) of Ref. [316]). In addition, if
matter-radiation equality is delayed, the amplitude of the first CMB peak at ` ' 200 is increased by
the early ISW effect, since decoupling occurs when matter domination is at an earlier stage and the
subdominant radiation component causes a slow decrease of the gravitational potential (see Figs. 2(a)
and 2(b) of Ref. [316]).
These effects of additional relativistic neutrinos can be partially compensated if other cosmological
parameters are simultaneously varied. For example, if the total matter density ωm is also increased by
a factor α without altering the baryon density ωb, so that the ratio between odd and even CMB peaks
is not altered, according to Eq. (4.72) zeq can be kept fixed and the two effects discussed above do
not appear. After having restored the matter radiation equality, we should consider the coincidence
time (effect (C7)) that is altered by the increase of ωm. We can increase also the cosmological
constant energy density ΩΛ and all the important redshifts at which the Universe change its evolution
domination are preserved. However, we cannot obtain exactly the same CMB spectrum as in the
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Figure 4.2: Comparison of the CMB spectrum obtained for different values of the effective number
of relativistic species Neff and for different values of ωm and ωΛ, rescaled to fix the matter-radiation
equality and the coincidence times. The upper panel shows the spectrum Dl = l(l + 1)C
TT
l /(2pi),
while the lower panel shows the relative difference with respect to the model with a standard neutrino
content. From Ref. [320].
standard case, because the additional relativistic neutrinos increase the Silk damping effect at high
multipoles [317–319]. The damping depends on the ratio rd/rs, where rd ∝ H−1/2 is the photon
diffusion length at recombination [317]. Since at fixed zeq we have H
2 ∝ ρr = αργ , an increase of Neff
corresponds to an increase of H and to an increase of rd/rs ∝ α1/4, which enhances the Silk damping
at high-multipoles [317].
The effects of Neff are summarized in Fig. 4.2 from Ref. [320], where we compare the CMB spectrum
predicted by a model with ∆Neff = 0 (black line) with the spectrum obtained varying Neff alone (red
line with ∆Neff = 2), the one with changed Neff and ωm (blue line, same ∆Neff , ωm rescaled by α)
and the last one with rescaled Neff , ωm and ΩΛ (green line, same ∆Neff and ωm, ΩΛ rescaled by α).
It is easy to see that the change in the matter-radiation equality has an effect on the amplitude, the
position and the envelope of the peaks, that is partially restored changing the total matter density. A
residual effect is still present because of the different time of matter-Λ equality. Once also the second
equality is restored to the initial value, the only remaining background effect is the enhanced diffusion
damping at high multipoles, well visible comparing the black and green curves in the lower panel.
The effect of altering Neff is not limited to the background evolution of the Universe, however. At
the level of perturbations, neutrino effects can be important when a mode crosses the sound horizon
and acoustic oscillations are driven by metric fluctuations. The presence of neutrinos varies the size
of metric fluctuations inside the free-streaming scale, below which neutrino cannot cluster. During
radiation domination, neutrinos are a large fraction of the total content of the Universe and they
significantly reduce the metric fluctuations at distances smaller than their free-streaming scale. We
have seen that temperature fluctuations are boosted by time variations of the metric fluctuations: the
presence of neutrinos has hence the result of reducing this boost during the driven oscillation stage.
The temperature fluctuations for the modes that enter the sound horizon before decoupling, especially
during radiation domination, are then smaller. An analytic approximation of the impact of neutrinos
71
4. Neutrino Physics
on the driven oscillations has been derived in Ref. [321]. The oscillation amplitude inside the sound
horizon is reduced by a factor (1+4/15Rν)
−1. With respect to the neutrinoless model the CMB peaks
are reduced by the square of:
∆Cl
Cl
=
(
1 +
4
15
α− 1
α
)−2
. (4.74)
For small variations of Neff around three, the above expression can be approximated with
∆Cl
Cl
= −0.072 ∆Neff , (4.75)
valid in the region of acoustic oscillations. A more detailed calculation [319] reported a different
formula:
∆Cl
Cl
=
(
1− 0.2683Rν +O(R2ν)
)2
, (4.76)
in good agreement with Eq. (4.74). The authors of Ref. [319] report also that relativistic neutrinos
tend to pull temperature perturbations out of gravitational potential wells, since neutrinos moves
faster than the temperature perturbations (traveling at a speed cs ' c/
√
3). This neutrino drag effect
causes a shift in the phase of the acoustic oscillations, so that the peaks are shifted at smaller l. The
analytic approximation gives:
∆lpeak = − rs(ηLS)
rA(ηLS)
(
0.1912Rν +O(R2ν)
)
. (4.77)
Finally, the effective number of relativistic species is connected with BBN: the number of relativistic
degrees of freedom fixes the expansion rate during BBN, that in turn fixes the abundances of light
elements. BBN can thus give strong constraints on Neff through the observations of the primordial
abundances of light elements [322–325]. According to Ref. [326], BBN limits the effective number of
additional relativistic species to ∆Neff < 1 at 95% C.L., regardless of the inclusion of CMB constraints
on the baryon density Ωbh
2. More recently, the authors of Ref. [327] obtained ∆Neff < 0.2 at 95%
C.L. considering the BBN and CMB data.
4.4.5 Physical Effects as massive Component
The parameterization of massive particles as neutrinos is a not trivial step of the description of
the cosmological theory. While a single parameter is enough to describe massless particles, the energy
density ων plays an important role in describing massive neutrinos, but it may not catch all the effects
that they induce on cosmology. If one wants to go beyond the minimal picture, for example, the mass
of each neutrino mass eigenstate plays a role, as well any modification of the phase-space distribution
function due to the presence of chemical potentials or non-thermal distortions. We will assume for
simplicity that the three active neutrinos share the same mass, being the effects of the single neutrino
masses extremely small to be detected. The effects of different neutrino masses would be easier to
detect in the power spectrum of large scale structures, for which the suppression due to neutrino
free-streaming is larger. Also the small non-thermal distortions due to electron-positron annihilation
after a non-instantaneous neutrino decoupling, that would alter differently the distribution functions
of νe, νµ and ντ , have a very small imprint on the observable quantities.
As we are assuming masses below 1.5 eV, neutrinos are still relativistic at matter-radiation equality.
The redshift of equality, defined in Eq. (4.72), must be calculated with the neutrinos as relativistic
components. The comparison between different masses can be performed at fixed ωm = ωb + ωc, or
better at fixed ratio ωb/ωc. The matter energy density today, however, is ωm = ωb + ωc + ων , since
neutrinos became non-relativistic. The difference between the model with
∑
mν = 0 and the one with∑
mν > 0 appears only after the neutrino non-relativistic transition, that occurs at zNR ∝ mν . The
neutrino mass has then an impact only at redshift z . zNR on the comoving angular diameter distance
to recombination and on the redshift of the dark matter-dark energy equality. For neutrinos that are
non-relativistic at photon decoupling (mν ≥ 0.6 eV), there is an additional impact on the comoving
sound horizon rs(ηLS) and on the damping scale rd(ηLS) at recombination.
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One between dA(ηLS) and zΛ can be fixed changing h or ΩΛ, but not both simultaneously. Since
dA(ηLS) is related to the scale of the peaks, it is more interesting to fix it and to let zΛ change. Most
of the effects (C1)–(C8) are unchanged for variations of these quantities, with only two exceptions. If
dA(ηLS) is maintained fixed, the shift in zΛ induces a change in the late ISW effect (C7) that alters the
spectrum of CMB anisotropies at the largest scales. Moreover, only for neutrinos heavier than 0.6 eV,
the additional impact on rd(ηLS) causes a variation in the diffusion damping (C4). This concludes
what we can say about the modifications of the background evolution, but additional effects appear
at the perturbation level.
Neutrino masses can cause perturbation effects through the evolution of the metric perturbations
after decoupling (early ISW effect) or through the gravitational driving of photon-baryon oscillations
before decoupling, as already discussed for the massless neutrinos. The former effect gives the larger
contribution in the multipoles range 20 . l . 500. The depletion of the spectrum in this range can
be roughly approximated with [51,328]
∆Cl
Cl
' −
( mν
10 eV
)
% , (4.78)
but the multipoles range that it affects depends on the neutrino free-streaming. Since massive neutrinos
can cluster at scales k < kNR, while massless neutrinos free-streams at the same scales, the metric
perturbations experience less decay in presence of neutrino masses. For this reason, the early ISW
effect is smaller for k < kNR, which is visible above a given angle on the CMB spectra.
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Chapter 5
Light Sterile Neutrino in Cosmology
This Chapter is based on Refs. [22–24].
In the previous Chapters we introduced the main ingredients of the analyses we are going to
present: the Cosmic Microwave Background (CMB) radiation physics and observations, the other
cosmological observations, the physics of neutrino and their effects in cosmology, with a particular
attention to the light sterile neutrino (LSν) with mass of around 1 eV motivated by short-baseline
(SBL) neutrino oscillations. In this Chapter we study the constraints on the LSν that can be obtained
from the analysis of CMB data and we show how other cosmological measurements can influence these
constraints.
5.1 Light Sterile Neutrino Constraints with Planck 2013 Results
After the Planck collaboration published the 2013 release of data and codes [20, 72], a lively
discussions started to grow [140, 324, 329–338] on the value of the effective number of relativistic
degrees of freedom Neff before photon decoupling (see [51, 152, 339]), which gives the energy density
of radiation ρr through the relation presented in Eq. (4.43). Since the value of Neff in the Standard
Model (SM) is NSMeff = 3.046 [304, 305], a positive measurement of ∆Neff may be a signal that the
radiation content of the Universe was due not only to photons and SM neutrinos, but also to some
additional light particle called generically “dark radiation”.
In this Chapter we consider the possibility that the dark radiation is made of the light sterile
neutrinos (see Chapter 4) whose existence is indicated by the results of SBL neutrino oscillation
experiments (see Section 4.2). Here we consider the simplest possibility of the 3+1 scheme presented
in Section 4.1, in which the three active flavor neutrinos νe, νµ, ντ , are mainly composed of three very
light neutrinos ν1, ν2, ν3, with masses much smaller than 1 eV, and there is a sterile neutrino νs which
is mainly composed of a new massive neutrino ν4 with mass m4 ∼ 1 eV.
The problem of the determination of Neff from cosmological data is related to that of the Hubble
constant H0, because these two quantities are positively correlated in the analysis of the data (see
Subsection 4.4.4 and Refs. [15, 22, 23, 316, 317]). Since dedicated local astrophysical experiments ob-
tained values of H0 which are larger than that obtained by the Planck collaboration from the analysis
of cosmological data alone [72] (see Section 3.3), there is an indication that Neff may be larger than
3.046, as a consequence of the correlation between Neff and H0. Here, we will consider the local
measurement on H0 from HST [121] as a prior in the cosmological analyses.
Since the neutrino oscillation explanation of SBL data requires the existence of a massive neutrino
at the eV scale, we discuss also the cosmological bounds on the effective sterile neutrino mass meffs
defined in Eq. (4.47). For the distribution function of the LSν, we consider the two cases discussed in
the previous Chapter and by the Planck collaboration [72] (see also [306]): the Thermal (TH) model,
for which meffs = (∆Neff)
3/4ms (see Eq. (4.49)) and the Dodelson-Widrow (DW) model [313], for
which meffs = ∆Neff ms (see Eq. (4.51)). The thermal and the Dodelson-Widrow models are discussed
in Subsection 4.4.1.
A further important problem is the compatibility of the cosmological bounds on Neff and m
eff
s with
the active-sterile neutrino mixing required to fit SBL oscillation data. The stringent bounds on Neff
and meffs presented in Ref. [44,72] by the Planck collaboration imply [311] that the production of sterile
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data Hgbf0 H
mbf
0 ± 1σ 2σ
no
SBL
prior
CMB+H0 73.6 72.7
+1.9
−1.7 69.0÷ 76.3
CMB+H0+BAO 71.1 71.5
+1.4
−1.4 68.7÷ 74.4
CMB+H0+BAO+LGC 71.1 70.4
+1.5
−1.3 68.1÷ 73.5
TH
SBL
prior
CMB 66.8 66.6+1.1−1.2 64.3÷ 68.9
CMB+H0 68.7 68.7
+1.0
−1.1 66.5÷ 70.7
CMB+H0+BAO 68.7 68.8
+0.8
−0.7 67.3÷ 70.4
CMB+H0+BAO+LGC 69.1 69.3
+0.6
−0.6 68.1÷ 70.6
DW
SBL
prior
CMB 66.5 66.9+1.2−1.3 64.6÷ 69.4
CMB+H0 68.1 68.9
+1.1
−1.0 66.9÷ 71.0
CMB+H0+BAO 69.3 69.1
+0.8
−0.8 67.6÷ 70.6
CMB+H0+BAO+LGC 69.5 69.7
+0.7
−0.5 68.6÷ 71.0
Table 5.1: Global best-fit value Hgbf0 , marginal best-fit H
mbf
0 ± 1σ (68.27%) and 2σ (95.45%) limits
for H0 obtained from the analysis of the indicated data sets. From Ref. [22].
data Ngbfeff N
mbf
eff ± 1σ 2σ
no
SBL
prior
CMB+H0 3.84 3.76
+0.25
−0.23 3.29÷ 4.26
CMB+H0+BAO 3.59 3.71
+0.23
−0.27 3.17÷ 4.18
CMB+H0+BAO+LGC 3.57 3.51
+0.29
−0.29 3.05÷ 4.01
TH
SBL
prior
CMB 3.29 3.26+0.21−0.10 3.05÷ 3.67
CMB+H0 3.23 3.23
+0.19
−0.12 3.05÷ 3.66
CMB+H0+BAO 3.11 3.23
+0.15
−0.11 3.05÷ 3.55
CMB+H0+BAO+LGC 3.36 3.32
+0.12
−0.09 3.15÷ 3.57
DW
SBL
prior
CMB 3.43 3.35+0.16−0.15 3.09÷ 3.73
CMB+H0 3.19 3.31
+0.18
−0.13 3.08÷ 3.70
CMB+H0+BAO 3.29 3.30
+0.13
−0.13 3.08÷ 3.60
CMB+H0+BAO+LGC 3.30 3.42
+0.11
−0.11 3.22÷ 3.67
Table 5.2: As Tab. 5.1, but for Neff . From Ref. [22].
neutrinos in the early Universe, that should occur given the mixing angles relevant for active-sterile
oscillations, is suppressed by some non-standard mechanism. Here we adopt a phenomenological
approach similar to the one in Refs. [282, 303, 340]: we use the results of the fit of SBL neutrino
oscillation data [199] as a prior for the analysis of cosmological data. In this way, in Subsection 5.1.3
we derive the combined constraints on Neff and m
eff
s and the related constraints on H0 and ms.
5.1.1 Cosmological Data and Local H0 Measurements
For our cosmological analysis we used a modified version of the publicly available software CosmoMC1
[341], a Monte Carlo Markov Chain (MCMC) software which computes the theoretical predictions
using CAMB2 [58]. All the datasets we will use for the analyses have been described extensively in
Chapter 3 and we indicate here only the ones we are going to consider, that are:
Planck – The full 2013 Planck data [20];
1http://cosmologist.info/cosmomc/
2http://camb.info/
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data meffs,gbf m
eff
s,mbf 1σ 2σ m
gbf
s mmbfs 1σ 2σ
no
SBL
prior
CMB+H0 0 0 < 0.10 < 0.27 0 0
< 0.13
< 0.14
< 0.38
< 0.44
(TH)
(DW)
CMB+H0+BAO 0 0 < 0.13 < 0.32 0 0
< 0.18
< 0.21
< 0.51
< 0.65
(TH)
(DW)
CMB+H0+BAO+LGC 0.41 0.42 0.28÷ 0.56 0.15÷ 0.70 0.67
0.79
0.62
0.92
0.21÷ 1.14
0.00÷ 1.11
0.00÷ 2.68
0.00÷ 4.81
(TH)
(DW)
TH
SBL
prior
CMB 0.45 0.42 0.26÷ 0.67 0.11÷ 0.89 1.30 1.28 1.09÷ 1.36 0.96÷ 1.42
CMB+H0 0.35 0.38 0.20÷ 0.61 0.05÷ 0.86 1.28 1.28 1.08÷ 1.35 0.95÷ 1.40
CMB+H0+BAO 0.17 0.37 0.20÷ 0.54 0.08÷ 0.75 1.29 1.27 1.08÷ 1.35 0.95÷ 1.39
CMB+H0+BAO+LGC 0.47 0.48 0.35÷ 0.60 0.25÷ 0.74 1.12 1.27 1.08÷ 1.35 0.95÷ 1.40
DW
SBL
prior
CMB 0.44 0.36 0.19÷ 0.57 0.06÷ 0.83 1.13 1.28 1.08÷ 1.35 0.96÷ 1.42
CMB+H0 0.16 0.35 0.16÷ 0.53 0.04÷ 0.77 1.13 1.28 1.07÷ 1.35 0.94÷ 1.39
CMB+H0+BAO 0.32 0.28 0.16÷ 0.46 0.06÷ 0.64 1.28 1.27 1.07÷ 1.34 0.95÷ 1.39
CMB+H0+BAO+LGC 0.32 0.45 0.33÷ 0.58 0.22÷ 0.72 1.27 1.28 1.08÷ 1.35 0.95÷ 1.40
SBL [199] 1.27 1.27 1.10÷ 1.36 0.97÷ 1.42
Table 5.3: As Tab. 5.1, but for meffs . We give also the corresponding values for ms, see Eqs. (4.49)
and (4.51). From Ref. [22].
WP – The nine-year large-scale E-polarization WMAP data [19];
HighL – CMB spectra at high multipoles from Atacama Cosmology Telescope (ACT) [65] and South
Pole Telescope (SPT) [67,69]. We will indicate the Planck+WP+highL dataset with CMB;
BAO – Baryon Acoustic Oscillations (BAO) data from the Sloan Digital Sky Survey (SDSS) Data
Release 7 (DR7) [89, 97, 98], the SDSS Baryon Oscillation Spectroscopic Survey (BOSS) Data
Release 9 (DR9) [92,96], and the 6dF Galaxy Survey (6dFGS) [90,99];
LGC – Local Galaxy Cluster data from the Chandra Cluster Cosmology Project [134,135];
H0 – the local determination of the Hubble parameter by the Hubble Space Telescope (HST) obser-
vations, H0 = 73.8± 2.4 Km s−1 Mpc−1 [121], used as a prior in the cosmological analyses.
5.1.2 Results from Cosmology
Since we are interested in studying the effects on the analyses of cosmological data of a sterile
neutrino with a mass motivated by SBL oscillation anomalies, we consider an extension of the standard
cosmological model in which both Neff and m
eff
s are free parameters to be determined by the data.
The model we adopt is then an extension of the ΛCDM model (described in Section 2.5) that includes
Neff and m
eff
s , for a total of eight free parameters.
Figure 5.1 and the first parts of Tabs. 5.1, 5.2 and 5.3 shows the results for H0, Neff and m
eff
s
obtained from the fits of CMB, CMB+H0, CMB+H0+BAO and CMB+H0+BAO+LGC data. In
Tab. 5.3 we give also the corresponding results for ms ' m4, which depend on the statistical distri-
bution of sterile neutrinos. Therefore, we distinguish the results for ms obtained in the thermal (TH)
and Dodelson-Widrow (DW) models using, respectively, Eqs. (4.49) and (4.51). In Figs. 5.2, 5.3 and
5.4 we compare graphically the allowed ranges of Neff , m
eff
s and ms obtained in the different fits.
From the bottom-left panel in Fig. 5.1, one can see that the fit of CMB data alone restricts meffs to
small values only for Neff & 3.2, whereas there is a tail of allowed large values of meffs for smaller Neff .
This is in agreement with Fig. 28-right of Ref. [72], where the tail at small Neff has been explained as
corresponding to the case in which the sterile neutrino behaves as warm dark matter, because its mass
is large and it becomes non-relativistic well before recombination. This happens in both the thermal
and Dodelson-Widrow models, as one can infer from Eqs. (4.49) and (4.51). The presence of this tail
of the posterior distribution of meffs implies that the posterior distributions of the fitted parameters
depend on the arbitrary upper value chosen for meffs in the CosmoMC runs (we chose m
eff
s < 5 eV,
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Figure 5.1: Results of the analysis of cosmological data alone. The regions in the 2D plots show,
respectively, the 1σ and 2σ marginalized posterior probability regions obtained from the analysis of
the indicated data sets. The four lower intervals of H0 in the upper-right panel correspond to the
measurements from Planck+WP+highL in the ΛCDM model [72], Cepheids+SNe Ia [121], COSMO-
GRAIL [125], and a local average obtained combining the two previous measurements (see Ref. [22]).
In the bottom-left panel ms is constant, with the indicated value in eV, along the dashed lines in the
thermal model and along the solid lines in the Dodelson-Widrow model. From Ref. [22].
whereas the Planck Collaboration chose meffs < 3 eV). Hence, we do not present in the tables the
numerical results of the fit of CMB data alone, which suffer from this arbitrariness.
The addition of the local H0 prior leads to an increase of Neff which evicts the large-m
eff
s and
small-Neff region in which the sterile neutrino behaves as warm dark matter. This can be seen from
the CMB+H0 allowed regions in Fig. 5.1, the corresponding upper limits for m
eff
s (ms) in Figs. 5.3
(5.4) and in Tab. 5.3. The further addition of BAO data slightly lowers the best-fit values and the
allowed ranges of H0 and Neff (see Figs. 5.1, 5.2 and Tabs. 5.1, 5.2). Hence, the upper limits for m
eff
s
and ms (see Figs. 5.3, 5.4 and Tab. 5.3) are slightly larger, but still rather stringent, of the order of
meffs . 0.3 eV and ms . 0.6 eV at 2σ.
Comparing the CMB+H0 and CMB+H0+BAO allowed intervals of ms in Tab. 5.3 and Fig. 5.4
with those obtained from the analysis of SBL data in the framework of 3+1 mixing [199], it is clear that
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Figure 5.2: Comparison of the allowed intervals of Neff obtained from the fits of CMB, CMB+H0,
CMB+H0+BAO and CMB+H0+BAO+LGC data without (black) and with the SBL prior in the
thermal (blue) and Dodelson-Widrow (red) models. The segments in each bar correspond to 1σ, 2σ
and 3σ probability. The dotted vertical line corresponds to ∆Neff = 1. From Ref. [22].
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Figure 5.3: As in Fig. 5.2, but for meffs . From Ref. [22].
there is a tension3: about 5.0σ, 4.6σ, 4.1σ, 3.5σ, respectively, in the CMB+H0(TH), CMB+H0(DW),
CMB+H0+BAO(TH) CMB+H0+BAO(DW) fits. The tensions are smaller in the Dodelson-Widrow
model and this could be an indication in favor of this case, if SBL oscillations will be confirmed by
future experiments (see Refs. [162,345–351]).
Let us now consider the inclusion of the LGC data set in the cosmological fit. As discussed
in Section 3.6 and in Ref. [337], the measured amount of clustering of galaxies [134, 135] is smaller
than that obtained by evolving the primordial density fluctuations with the relatively large matter
density at recombination measured precisely by Planck [72]. The correlation of a relatively large
matter density and the clustering of galaxies can be quantified through the approximate relation
3 Possible ways of solving this tension have been discussed before the Planck 2013 data release in Refs. [342–344].
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Figure 5.4: As in Fig. 5.2, but for ms. The value indicated with “SBL” is obtained from the 3+1
analysis of SBL data [199]. The out-of-bounds upper limits obtained in the CMB+H0+BAO+LGC
analysis are: 7.4 eV (3σ, TH), 4.8 eV (2σ, DW), 17.1 eV (3σ, DW). From Ref. [22].
σ8 ∝ Ω0.563m [352, 353] which relates the rms amplitude of linear fluctuations today at a scale of
8h−1 Mpc, σ8, with the present matter density Ωm. The value of σ8 and the amount of clustering
of galaxies can be lowered by adding hot dark matter in the form of sterile neutrinos with eV-scale
masses4 to the ΛCDM cosmological model. The free-streaming of these sterile neutrinos suppresses
the growth of structures at distances smaller than the free-streaming length, leading to a suppression
of σ8 with respect to the ΛCDM approximate relation σ8 ∝ Ω0.563m . In this way, the relatively large
Planck value of Ωm can be reconciled with the relatively small amount of local galaxy clustering in
the LGC data set.
Hence, the inclusion of LGC data in the cosmological fits favors the existence of a sterile neutrino
with a mass of the order of that required by SBL data, which is at least partially thermalized in the
early Universe [337]. The results of our CMB+H0+BAO+LGC fit given in Figs. 5.1, 5.2, 5.3, 5.4
and Tabs. 5.1, 5.2, 5.3 confirm this expectation. In particular, from the allowed intervals of ms in
Tab. 5.3 and Fig. 5.4 one can see that the tension between cosmological data and SBL 3+1 oscillations
disappears with the inclusion of LGC data.
In the following Subsection we analyze the cosmological data using as a prior distribution for ms
the posterior distribution obtained from the analysis of SBL data. This is perfectly consistent in the
case of CMB+H0+BAO+LGC cosmological data. However, we present also the results obtained with
the CMB, CMB+H0 and CMB+H0+BAO cosmological data, in spite of the tension with SBL data
discussed above, because we think that one cannot dismiss the results of laboratory experiments on
the basis of cosmological observations, which are indirect probes of the neutrino masses and whose
interpretation has larger uncertainties.
5.1.3 Results with the SBL Prior
The experimental data that motivate the existence of the LSν and from which the SBL prior we
use here [199] is calculated were presented in the previous Chapter. Following Refs. [282, 303, 340],
we use the posterior distribution of ms ' m4 '
√
∆m241 obtained from the analysis of SBL data
as a prior in the CosmoMC analysis of cosmological data. The range of ms allowed by the analysis
of SBL data [199] is shown in Fig. 5.4 and Tab. 5.3. Note that the SBL prior on ms has different
4 Let us note that there was already a tension between LGC data and pre-Planck CMB data and the sterile neutrino
solution was proposed in Refs. [135,354]
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Figure 5.5: As Fig. 5.1, but with the inclusion of the SBL prior for a light sterile neutrino in the
thermal model. From Ref. [22].
cosmological implications in the thermal and Dodelson-Widrow models, because the ∆Neff dependence
of the effective mass meffs is different (see Eqs. (4.49) and (4.51)).
Figure 5.5 shows the results of the analysis of various combinations of datasets (CMB, CMB+H0,
CMB+H0+BAO and CMB+H0+BAO+LGC), with the SBL prior in the thermal model. For conve-
nience, the effect of the SBL prior on the allowed regions in the meffs –Neff plane is illustrated clearly
in Fig. 5.7, where each panel shows the change of the allowed regions due to the inclusion of the SBL
prior in the analysis of the indicated data set. One can see that in all the four analyses the SBL prior
forces the allowed region to lie near the dashed line which corresponds to ms = 1 eV. In order to keep
ms at the eV scale without increasing too much m
eff
s , which is forbidden by the cosmological data,
Neff is forced towards low values.
In the case of the CMB+H0+BAO+LGC cosmological data set, after the addition of the SBL
prior the allowed range of meffs (see Fig. 5.3 and Tab. 5.3) is approximately confirmed, but a lower Neff
is required (see Fig. 5.2 and Tab. 5.2), being Neff . 3.7 with 3σ probability. As discussed in Ref. [311],
in the standard cosmological scenario active-sterile neutrino oscillations generated by values of the
mixing parameters allowed by the fit of SBL data imply ∆Neff = 1. Therefore, it is likely that the
compatibility of the neutrino oscillation explanation of the SBL anomalies with cosmological data
requires that active-sterile neutrino oscillations in the early Universe are somewhat suppressed by a
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Figure 5.6: As Fig. 5.1, but with the inclusion of the SBL prior for a light sterile neutrino in the
Dodelson-Widrow model. From Ref. [22].
non-standard mechanism, as, for example, a large lepton asymmetry [310,355–357].
As one can see from Figs. 5.2, 5.3, 5.6 and 5.7 and from Tabs. 5.2 and 5.3, similar conclusions
are reached in the Dodelson-Widrow model. One can note, however, that in this case slightly larger
values of Neff are allowed with respect to the thermal case, and there is a slightly better compatibility
of cosmological and SBL data. This happens because for a given value of ms arising mainly by SBL
data and an upper bound on meffs given by cosmological data slightly larger values of ∆Neff ≤ 1 are
allowed by Eq. (4.51) in the Dodelson-Widrow model than by Eq. (4.49) in the thermal model.
5.1.4 Discussion
In this section we have analyzed different cosmological data, including those of the Planck exper-
iment [20, 72], taking into account the possible existence of a sterile neutrino with a mass ms at the
eV scale, which could have the effect of dark radiation in the early Universe. We investigated three
effects: 1) the contribution of local measurements of the Hubble constant H0; 2) the effect of the
measurements of the mass distribution of local galaxy clusters [337]; 3) the assumption of a prior dis-
tribution for ms obtained from the analysis of short-baseline oscillation data in the framework of 3+1
mixing, which requires a sterile neutrino mass between about 0.9 and 1.5 eV [199]. For the statistical
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Figure 5.7: Illustrations of the effect of the SBL prior on the results of the fits of CMB, CMB+H0,
CMB+H0+BAO and CMB+H0+BAO+LGC data. The value of ms is constant, equal to the indicated
value in eV, along the dashed (solid) lines in the thermal (Dodelson-Widrow) model. From Ref. [22].
distribution of the sterile neutrinos we considered the two most studied cases: the thermal model and
the Dodelson-Widrow model [313].
We have shown that the local measurements of the Hubble constant H0 induce an increase of
the value of the effective number of relativistic degrees of freedom Neff above the Standard Model
value. This is an indication in favor of the existence of sterile neutrinos and their contribution to dark
radiation. However, we obtained that the sterile neutrino mass has a 2σ upper bound of about 0.5
eV in the thermal model and about 0.6 eV in the Dodelson-Widrow model. Hence, there is a tension
between cosmological and SBL data. The Dodelson-Widrow model is slightly more compatible with
SBL data and it may turn out that it is favorite if SBL oscillations will be confirmed by future
experiments (see Refs. [162,345–351]).
The tension between cosmological and SBL data disappears if we consider also the measurements
of the local galaxy cluster mass distribution, which favor the existence of sterile neutrinos with eV-
scale masses which can suppress the small-scale clustering of galaxies through free-streaming [337]. In
this case we obtained a cosmologically allowed range for the sterile neutrino mass which at 2σ can be
as large as about 2.7 eV in the thermal model and 4.8 eV in the Dodelson-Widrow model.
In the combined fit of cosmological and SBL data the sterile neutrino mass is restricted around
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1 eV by the SBL prior and the cosmological limits on the effective sterile neutrino mass meffs imply
that the contribution of the sterile neutrino to the effective number of relativistic degrees of freedom
Neff is likely to be smaller than one. In this case, the production of sterile neutrinos in the early
Universe must be somewhat suppressed by a non-standard mechanism, as, for example, a large lepton
asymmetry [310, 355–357]. The slightly smaller suppression required by the Dodelson-Widrow model
and the slightly better compatibility of cosmological and SBL data in this model may be indications
in its favor, with respect to the thermal model.
5.2 Degeneracies between Neutrinos and Tensor Modes
Some months after the 2013 release of Planck data, the publication of the new data from the
BICEP2 experiment [71] has indicated a high tensor-to-scalar ratio corresponding to the existence
of primordial tensor perturbations, that may be significantly correlated with the neutrino-related
parameters. We want to investigate how the constraints on eV mass sterile neutrinos are influenced by
the BICEP2 claim. We will demonstrate that eV mass sterile neutrinos are not significantly constrained
by current cosmological data, given that they contribute with a small amount of relativistic degrees of
freedom ∆Neff . These analyses can be considered a conceptual exercise and not a new set of physical
bounds on the LSν, since we know today that the BICEP2 signal did not concern primordial tensor
modes, but it was significantly contaminated by polarized dust emission (see Subsection 3.1.3 and
Refs. [73–76]).
This Section is structured in this way: Subsection 5.2.1 contains a discussion of the cosmological
parameter estimation, including the cosmological model and the experimental data, in Subsection
5.2.2 (5.2.3) we present the results of the cosmological (joint) analysis and finally Subsection 5.2.4
contains a thorough discussion of these results.
5.2.1 The cosmological analysis
As we probed in Section 5.1 that the TH and the DW scenarios give very similar results, we
restrict our calculations to the thermal case only. The setup under investigation here is then a model
in which the neutrino sector is described by 3 massless or almost massless active species, as well as
one additional sterile species characterized by a temperature Ts. Since we want to describe only the
phenomenology of a TH LSν, here we decided to use the physical mass ms as a free parameter, instead
of the effective mass meffs .
Our cosmological model is a flat ΛCDM+r0.002+νs model with a total of nine parameters
θ = {ωc, ωb, θs, τ, ln(1010As), ns, r0.002,ms,∆Neff}. (5.1)
We recall that ωc ≡ Ωch2 and ωb ≡ Ωbh2 are respectively the present-day CDM and baryon energy
densities, θs is the angular the sound horizon, τ is the optical depth to reionization, and ln(10
10As)
and ns denote respectively the amplitude and spectral index of the initial scalar fluctuations. The last
parameter is r0.002 (also indicated with r), the tensor-to-scalar ratio at the pivot scale of 0.002 Mpc
−1.
We assume a flat prior on all of the cosmological parameters, with the exception of ms. For the
physical mass of the additional sterile neutrino we shall consider a flat prior only when the SBL data
are not included. To perform the joint analysis of SBL and cosmological data, in turn, we shall use
the posterior obtained in the analysis of SBL neutrino oscillations (see Sec. 4.2) as a prior on ms.
In this Section we consider SBL and cosmological data. The latter consist of CMB data, Large
Scale Structure (LSS), Hubble constant H0, σ8 measurements from the CFHTLenS and the Planck
Sunyaev Zel’Dovich (SZ) cluster counts. We briefly resume here the considered datasets, that are
extensively described in Chapter 3:
CMB – The CMB dataset is based on the one adopted in the previous Section. We additionally
include the B-modes autocorrelation power spectrum of the BICEP2 experiment, either using
all of the nine channels (20 < ` < 340), or only the first five data points (` < 200), as in the
BICEP2 paper [71].
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Figure 5.8: 1σ and 2σ marginalized contours for different combinations of CMB data sets. From
Ref. [23].
LSS – The information on the matter power spectrum from the WiggleZ Dark Energy Survey [101].
H0 – the same measurement we used in the previous Section, H0 = 73.8± 2.4 Km s−1 Mpc−1 [121].
CFHTLenS – The weak gravitational lensing signal extracted from the Canada-France Hawaii Tele-
scope Lensing Survey (CFHTLenS) [141,142], that constrains a combination of the total matter
density Ωm and the standard deviation of the amplitude of the matter density fluctuations on
a sphere of radius 8h−1Mpc, σ8. This result is included in our analysis as a Gaussian prior
σ8(Ωm/0.27)
0.46 = 0.774± 0.040.
PSZ – The number counts of clusters from the Planck Sunyaev Zel’Dovich catalogue [136], incorpo-
rated in our analysis as a Gaussian prior σ8(Ωm/0.27)
0.3 = 0.782± 0.010.
In addition, we consider the SBL neutrino oscillation data as a prior on the physical mass of the
LSν, as we did in the previous Section. Further details on the parameterization of neutrino oscillations
and on the SBL constraints are reported in Chapter 4.
5.2.2 Cosmological Results
An interesting question is how the addition of an eventual detection of an high tensor-to-scalar
ratio from inflation changes the preferred region in (ms,∆Neff) (see Fig. 5.9) space. Therefore, we
first look at CMB data only, with and without BICEP2 data included. The result of this analysis
can be seen in Fig. 5.8 and in Tab. 5.4. As can be seen in Fig. 5.8, ms and r are anti-correlated.
This happens because r adds power on large scales whereas ms subtracts power on intermediate and
small scales. The inclusion of BICEP2 data therefore tends to strengthen the bound on ms in order
to keep constant the ratio between the small and large scales. Conversely, the addition of the BICEP2
data allows for higher values of Neff , because Neff is strongly correlated with ns and the addition of
tensors shifts the allowed values for ns up. For the case of CMB data only, the addition of BICEP2
data therefore strengthens the bound on ms slightly while allowing for a much higher Neff . This is
consistent with the analysis presented in Ref. [358].
We want now to be more precise. The fact that the BICEP2 data lead to an enhancement of Neff
is due to the correlation between Neff and the spectral index ns of the scalar PPS in Eq. (1.144).
Keeping fixed the amplitude As at k ∼ k0, which is constrained by the high-precision Planck data, the
scalar contribution to the large-scale temperature fluctuations with k  k0 measured by WMAP and
Planck can be decreased by an increase5 of the spectral index ns. In this way, the WMAP and Planck
5 One could think to alleviate the tension between BICEP2 and WMAP-Planck by decreasing ns, if the value of r
measured by BICEP2 refers to a wavenumber k1 larger than than the wavenumber k2 = 0.002 Mpc
−1 corresponding to
the WMAP and Planck upper bounds [359, 360]. Since rk2 ' rk1 (k1/k2)ns−1−nt , where nt is the tensor spectral index,
for k2 < k1 and ns − 1− nt < 0 we have rk2 < rk1 and the ratio rk2/rk1 decreases by decreasing ns. However, one must
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Parameters Planck+WP+high-` Planck+WP+high-` Planck+WP+high-` Planck+WP
+BICEP2(9bins) +BICEP2(5bins) +BICEP2(9bins)
Ωbh
2 0.02231+0.00032−0.00040
+0.00078
−0.00072 0.02251
+0.00039
−0.00046
+0.00087
−0.00078 0.02249
+0.00035
−0.00045
+0.00084
−0.00078 0.02259
+0.00040
−0.00050
+0.00094
−0.00082
Ωch
2 0.125+0.005−0.007
+0.011
−0.010 0.129
+0.006
−0.007
+0.013
−0.012 0.128
+0.005
−0.008
+0.013
−0.012 0.132
+0.007
−0.008
+0.015
−0.014
θs 1.0404
+0.0009
−0.0008
+0.0016
−0.0017 1.0399
+0.0009
−0.0009
+0.0017
−0.0017 1.0401
+0.0009
−0.0009
+0.0018
−0.0017 1.0395
+0.0009
−0.0009
+0.0019
−0.0018
τ 0.094+0.013−0.016
+0.031
−0.027 0.097
+0.013
−0.016
+0.031
−0.027 0.096
+0.013
−0.016
+0.030
−0.029 0.098
+0.014
−0.017
+0.031
−0.031
ns 0.970
+0.011
−0.018
+0.033
−0.027 0.986
+0.016
−0.020
+0.035
−0.033 0.983
+0.014
−0.020
+0.034
−0.031 0.995
+0.017
−0.021
+0.038
−0.036
log(1010As) 3.106
+0.029
−0.036
+0.068
−0.062 3.120
+0.030
−0.037
+0.071
−0.061 3.167
+0.047
−0.040
+0.080
−0.089 3.145
+0.052
−0.046
+0.090
−0.098
r < 0.145 0.177+0.036−0.050
+0.093
−0.086 0.172
+0.035
−0.048
+0.088
−0.082 0.192
+0.040
−0.055
+0.101
−0.092
∆Neff < 1.18 0.82
+0.40
−0.57; < 1.66 0.73
+0.31
−0.59; < 1.56 1.08
+0.49
−0.61; < 2.03
ms[eV] < 2.17 < 0.85 < 1.15 < 0.81
Table 5.4: Marginalized 1σ and 2σ confidence level limits for the cosmological parameters, given with
respect to the mean value. Upper limits are given at 2σ. From Ref. [23].
data leave more space for the tensor contribution [361] and the corresponding bounds on r are relaxed.
However, the increase of ns induces an increase of small scale fluctuations with k  k0, which would
spoil the fit of high-` CMB data if the increase is not compensated by an effect beyond the standard
cosmological ΛCDM model. An increase of Neff above the standard value N
SM
eff = 3.046 [305] has just
the desired effect of decreasing the small scale fluctuations (see Subsection 4.4.4). In fact, from the fit
of CMB data without BICEP2 we obtain ns = 0.970
+0.011
−0.018 (1σ) and ∆Neff < 1.18 (2σ), and adding
BICEP2 data we find ns = 0.986
+0.016
−0.020 (1σ) and ∆Neff = 0.82
+0.40
−0.57 (1σ) as reported in Tab. 5.4.
When the inclusion of the BICEP2 data is restricted to the first five bins, the results concerning the
basic cosmological parameters remain unchanged within 1σ, whereas the bound on the mass becomes
slightly weaker and the constraints on ∆Neff are tighter. If we remove the high multipole CMB data
the bound on the mass remains almost unchanged, while ∆Neff moves towards one additional fully
thermalized sterile neutrino.
Having established how the constraints change from CMB data only we now proceed to study the
influence of the auxiliary cosmological data. From now on, we will consider only the full CMB dataset
that includes the BICEP2 data for all the nine bins.
In Tab. 5.5 we report the mean values and the 1σ and 2σ errors on the cosmological parameters
and on the neutrino parameters in the different combinations of data sets illustrated above, when the
SBL data are not included.
As seen above, the Planck CMB data provide a fairly stringent upper limit on the sterile neutrino
mass, except for very low values of Neff , corresponding to the warm dark matter limit. Conversely
the preferred value of Neff is higher than 3, with 4 only being slightly disfavored. The inclusion of
BICEP2 data pushes the preferred Neff up, as it was pointed out by several authors [358, 362, 363].
However, since ms and Neff are anti-correlated this actually results in a tighter bound on the sterile
neutrino mass from CMB only.
When we include LSS or H0 data the picture remains qualitatively unchanged although, since ms
and H0 are anti-correlated, the addition of the HST H0 data strengthens the upper bound on the
sterile neutrino mass. In Fig. 5.11 and Fig. 5.10 we can see how the error bars change for ms and
∆Neff respectively, with various dataset combinations.
The picture changes with the inclusion of weak lensing and cluster data, that leads to an important
qualitative change for the preferred range of ms. Both these data sets give a preference for a low value
of σ8. Given that the amplitude of the fluctuations is fixed on large scales by the CMB measurements,
take into account that WMAP and Planck did not measure directly the tensor fluctuations as BICEP2, but measured
the temperature fluctuations, in which the scalar and tensor contributions are indistinguishable. Hence, decreasing ns
increases the scalar contribution to the temperature fluctuations measured by WMAP and Planck at k2 < k1 and there
is less room for a tensor contribution. Therefore the WMAP and Planck upper bounds on rk2 tighten by about the same
amount of the decrease of the BICEP2 value of rk2 , maintaining the tension.
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Figure 5.9: 1σ and 2σ marginalized contours in the plane (ms,∆Neff). The banana shaped regions
allowed by cosmology indicate a sub-eV mass and an excess in Neff , while the inclusion of SBL data
forces the mass to be around 1 eV, moving the contours towards the warm dark matter limit, which
implies a lower value of ∆Neff because of the strong correlation between the two parameters. From
Ref. [23].
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Figure 5.10: 1σ, 2σ and 3σ confidence level limits for ∆Neff , for different dataset combinations. The
circles indicate the mean value. From Ref. [23].
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Figure 5.11: As in Fig. 5.10, but for ms. From Ref. [23].
Planck+WP+high-` Planck+WP+high-` Planck+WP+high-` Planck+WP+high-` Planck+WP+high-`
Parameters +BICEP2 +BICEP2 +BICEP2 +BICEP2 +BICEP2
+LSS +H0 +LSS+H0 +LSS+H0+CFHTLenS+PSZ
Ωbh
2 0.02251+0.00039−0.00046
+0.00087
−0.00078 0.02232
+0.00033
−0.00039
+0.00073
−0.00069 0.02257
+0.00029
−0.00030
+0.00059
−0.00057 0.02248
+0.00029
−0.00029
+0.00057
−0.00056 0.02267
+0.00027
−0.00028
+0.00055
−0.00053
Ωch
2 0.129+0.006−0.007
+0.013
−0.012 0.128
+0.005
−0.006
+0.011
−0.010 0.130
+0.006
−0.006
+0.011
−0.011 0.129
+0.005
−0.005
+0.011
−0.011 0.127
+0.006
−0.006
+0.011
−0.011
θs 1.0399
+0.0009
−0.0009
+0.0017
−0.0017 1.0401
+0.0009
−0.0008
+0.0017
−0.0017 1.0398
+0.0008
−0.0008
+0.0018
−0.0016 1.0399
+0.0008
−0.0008
+0.0017
−0.0016 1.0400
+0.0009
−0.0009
+0.0018
−0.0017
τ 0.097+0.013−0.016
+0.031
−0.027 0.093
+0.013
−0.014
+0.027
−0.027 0.099
+0.013
−0.015
+0.029
−0.026 0.095
+0.013
−0.014
+0.028
−0.027 0.091
+0.013
−0.015
+0.028
−0.027
ns 0.986
+0.016
−0.020
+0.035
−0.033 0.977
+0.012
−0.016
+0.028
−0.027 0.989
+0.011
−0.011
+0.021
−0.022 0.985
+0.011
−0.010
+0.020
−0.022 0.993
+0.010
−0.011
+0.021
−0.021
log(1010As) 3.120
+0.030
−0.037
+0.071
−0.061 3.182
+0.042
−0.038
+0.073
−0.078 3.124
+0.030
−0.031
+0.060
−0.058 3.116
+0.029
−0.030
+0.060
−0.055 3.124
+0.031
−0.031
+0.063
−0.061
r 0.177+0.036−0.050
+0.093
−0.086 0.168
+0.034
−0.046
+0.085
−0.078 0.181
+0.037
−0.047
+0.087
−0.081 0.175
+0.035
−0.045
+0.083
−0.077 0.206
+0.041
−0.051
+0.094
−0.090
∆Neff 0.82
+0.40
−0.57; < 1.66 0.61
+0.25
−0.52; < 1.30 0.88
+0.32
−0.32
+0.64
−0.67 0.81
+0.32
−0.32; < 1.35 0.89
+0.34
−0.37
+0.70
−0.69
ms[eV] < 0.85 < 0.82 < 0.50 < 0.48 0.44
+0.11
−0.16
+0.33
−0.32
Table 5.5: Marginalized 1σ and 2σ confidence level limits for the cosmological parameters, given with
respect to the mean value, from the analyses of cosmological data only. Upper limits are given at 2σ.
From Ref. [23].
a low value of σ8 can be caused by a non-zero neutrino mass which specifically reduces the power on
small scales thanks to its free-streaming, while leaving the large scale power unchanged with respect
to the standard ΛCDM prediction. The addition of the CFHTLenS and PSZ data sets yields then a
preferred mass for the sterile neutrino of around 0.5 eV, with ∆Neff = 1 allowed.
5.2.3 Results with the SBL prior
At this point we can try to understand if the cosmological and SBL data are really compatible.
When we use cosmological data without weak lensing and cluster data we find a relatively stringent
upper bound on ms. This is relaxed when ∆Neff is low, simply because the suppression of structure
formation scales with the total density in neutrinos at late times, i.e. as ∆N
3/4
eff ms. However, since
CMB data prefers a high ∆Neff this possibility is disfavored, and the conclusion is that CMB and LSS
90
5.2. Degeneracies between Neutrinos and Tensor Modes
SBL+Planck+WP SBL+Planck+WP SBL+Planck+WP SBL+Planck+WP SBL+Planck+WP
Parameters +high-`+BICEP2 +high-`+BICEP2 +high-`+BICEP2 +high-`+BICEP2 +high-`+BICEP2
+LSS +H0 +LSS+H0 +LSS+H0+CFHTLenS+PSZ
Ωbh
2 0.02214+0.00029−0.00029
+0.00058
−0.00058 0.02200
+0.00026
−0.00025
+0.00051
−0.00052 0.02230
+0.00027
−0.00027
+0.00060
−0.00054 0.02214
+0.00025
−0.00025
+0.00049
−0.00051 0.02236
+0.00023
−0.00023
+0.00047
−0.00047
Ωch
2 0.121+0.003−0.004
+0.008
−0.007 0.121
+0.002
−0.003
+0.006
−0.005 0.118
+0.003
−0.004
+0.007
−0.006 0.118
+0.002
−0.002
+0.005
−0.005 0.117
+0.002
−0.003
+0.006
−0.006
θs 1.0408
+0.0008
−0.0007
+0.0015
−0.0014 1.0409
+0.0006
−0.0006
+0.0012
−0.0013 1.0413
+0.0007
−0.0006
+0.0013
−0.0015 1.0413
+0.0006
−0.0006
+0.0012
−0.0012 1.0413
+0.0006
−0.0006
+0.0013
−0.0014
τ 0.092+0.012−0.014
+0.026
−0.025 0.088
+0.012
−0.014
+0.027
−0.024 0.094
+0.012
−0.015
+0.028
−0.027 0.091
+0.012
−0.014
+0.026
−0.024 0.086
+0.012
−0.014
+0.026
−0.024
ns 0.962
+0.008
−0.008
+0.016
−0.015 0.958
+0.006
−0.006
+0.013
−0.013 0.967
+0.007
−0.008
+0.015
−0.014 0.962
+0.006
−0.006
+0.012
−0.012 0.970
+0.005
−0.005
+0.011
−0.011
log(1010As) 3.213
+0.031
−0.031
+0.063
−0.063 3.220
+0.030
−0.030
+0.059
−0.059 3.091
+0.026
−0.030
+0.057
−0.051 3.085
+0.025
−0.027
+0.052
−0.048 3.169
+0.027
−0.026
+0.053
−0.052
r 0.160+0.034−0.042
+0.078
−0.075 0.150
+0.032
−0.039
+0.071
−0.067 0.164
+0.032
−0.043
+0.079
−0.073 0.158
+0.032
−0.042
+0.075
−0.070 0.179
+0.034
−0.043
+0.082
−0.076
∆Neff < 0.63 < 0.28 < 0.59 < 0.22 0.19
+0.07
−0.15; < 0.42
ms[eV] 1.21
+0.14
−0.13
+0.19
−0.25 1.22
+0.13
−0.13
+0.20
−0.25 1.20
+0.14
−0.12
+0.19
−0.25 1.21
+0.14
−0.13
+0.19
−0.26 1.19
+0.15
−0.12
+0.19
−0.25
Table 5.6: As in Tab. 5.5, but from the joint analyses of cosmological and SBL data. From Ref. [23].
data require the sterile mass to be low. The bound can easily be relaxed in models where additional
dark radiation is provided by other particles. When we add weak lensing and cluster data the sterile
mass comes out to be around 0.5 eV and fully thermalized sterile neutrinos are allowed.
In Tab. 5.6 we report the marginalized mean values and the 1σ and 2σ errors on the cosmological
parameters and on the neutrino parameters in the different combinations of data sets illustrated above,
when SBL data are included. As we stated before, it is easy to see that the anti-correlation between
ms and ∆Neff , together with the strong bounds on ms from the SBL data, leaves a very small space
to a fully thermalized sterile neutrino. When adding SBL data, the constraints on ms come only by
the oscillation experiments, with very small dependence on the cosmological data. On the other hand,
cosmology provides a strong limit on ∆Neff that is compatible with 0 within 2σ in all the cases, as we
can see in Fig. 5.10. When LSS data are included, the value of ∆Neff is even more constrained. Only
when CFHTLenS and PSZ are included there is a little evidence that ∆Neff > 0 at more than 1σ:
even in this case, however, a fully thermalized sterile neutrino with ∆Neff = 1 is strongly disfavored.
This tension between cosmological and SBL data, has been studied also in past works (see e.g.
Ref. [311]): the mass values preferred by SBL data lay above the hot dark matter limit and therefore
they are disfavored by cosmology, even if there is only one partially (or fully, ∆Neff = 1) thermalized
sterile neutrino. Quantitatively speaking, a model with one fully thermalized sterile neutrino and
with a mass fixed at the SBL best-fit has a ∆χ2 ' 18 compared to the cosmological best-fit model,
if Planck+WP+high-` data are considered. If also BICEP2 data are considered, the value lowers to
∆χ2 ' 12: this is possible since the inclusion of the BICEP2 data strengthens the limit on ms, but it
weakens the limit on ∆Neff .
If a partial thermalization is taken into account and ∆Neff is free to vary moving towards lower
values, the ∆χ2 differences are smaller. For a ms = 1.27 eV neutrino with small ∆Neff we have
∆χ2 ' 1 from Planck+WP+high-` and ∆χ2 ' 6 from Planck+WP+high-`+BICEP2.
We can conclude that a fully thermalized sterile neutrino with a mass fixed at the SBL best-fit is
less disfavored by cosmology if the BICEP2 data are included. On the contrary, if the sterile neutrino
is not fully thermalized the inclusion of BICEP2 data worsens the consistency of the presence of a
1 eV mass sterile neutrino in cosmology.
5.2.4 Discussion
We have performed an analysis of light sterile neutrinos in the context of both cosmology and short
baseline neutrino oscillation experiments. Previous analyses have shown that while SBL data points
to the existence of a mainly sterile mass state around 1 eV, this is not compatible with cosmologi-
cal data unless the additional state is somehow prevented from being fully thermalized in the early
Universe [282].
If the BICEP2 data were related to primordial tensor modes, they would favor a higher dark
radiation content, but this actually would tighten the cosmological bounds on the mass of the sterile
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neutrino, because ms and ∆Neff are strongly anti-correlated. Cosmological data from the CFHTLenS
survey and the Planck SZ cluster counts actually favor a non-zero mass of the sterile neutrino, because
it alleviates the tension between the value of σ8 inferred from the CMB measurements in the context
of the minimal ΛCDM model and the lower values indicated by data CFHTLenS and PSZ data.
The inclusion of these two data sets points towards a sterile neutrino mass around 0.5 eV, but with
relatively a low ∆Neff .
The SBL data strongly constrains ms, but not ∆Neff , and indicates a LSν mass not much lower
than 1 eV. At the same time the mixing angle is large enough that the additional state should be
almost fully thermalized [310, 311, 364]. However, this scenario is highly disfavored by cosmological
data (with a ∆χ2 > 10), which requires ∆Neff to be small if the mass is around 1 eV. Indeed, a model
with a mass of 1 eV and a low ∆Neff is compatible with cosmology within roughly 2σ confidence level.
The conclusion is that light sterile neutrinos as indicated by SBL data are close to being ruled out by
cosmological data, unless they are somehow prevented from thermalizing in the early Universe.
A possible way out of this problem is that sterile neutrinos have new interactions which induce a
non-standard matter potential and block thermalization [355,356,365–368]. In this case there may be
1 eV sterile neutrinos and an Neff not much beyond 3, so that the model would be compatible with
all existing data. While this scenario certainly works well and can possibly also explain some of the
astrophysical anomalies related to cold dark matter, there are without a doubt other possible ways
of making eV sterile neutrino compatible with both SBL and cosmological data. For example, some
models with low temperature reheating or non-standard expansion rate of the Universe at the MeV
scale where the new state is thermalized can also prevent thermalization [369] (see also Section 5.4).
In the next Section we will present a model that involves an invisible decay of the sterile neutrino,
occurring in cosmological time-scales. This model has the advantage of allowing to reconcile the
presence of a massive sterile neutrino with the CMB data, provided that ∆Neff = 1 is allowed for
massless species.
5.3 Decaying Sterile Neutrino
5.3.1 Motivations and Theoretical Model
In the previous Sections we discussed how a light sterile neutrino could help to reconcile the
cosmological and the local determinations of H0 and the observed matter fluctuations at small scale
with the value estimated from cosmology. The mass scale of 1 eV that can explain the SBL neutrino
oscillations, however, is not the same that emerges from the solution of the σ8 problem, that requires
masses around 0.5 eV. It turns out that the cosmological and SBL data on the neutrino mass are
compatible only if one assumes that the LSν with a mass of 1 eV is not fully thermalized in the early
Universe (∆Neff = 0.19
+0.07
−0.15 at 1σ). The case of a fully thermalized sterile neutrino is disfavored by
∆χ2 > 10 [23], even if the (wrong) BICEP2 results would favor an higher ∆Neff . Similar conclusions
have been presented also before the BICEP2 results (see e.g. Refs. [22,303,311], which take into account
the 2013 Planck data [72]) and after the 2015 release of the Planck data [44], that strongly disfavors
any departures from Neff = 3.046. These results motivated the study of mechanisms which can
suppress the thermalization of sterile neutrinos in the early Universe due to active-sterile oscillations
before neutrino decoupling [307,308,310,370]. Examples are a large lepton asymmetry [310,355–357],
an enhanced background potential due to new interactions in the sterile sector [365–368, 371–373], a
larger cosmic expansion rate at the time of sterile neutrino production [369], and MeV dark matter
annihilation [344].
In this Section we propose to solve the problem of the thermalization of the sterile neutrino with
an eV-scale mass by introducing an invisible decay of the sterile neutrino. The decay must be invisible
in order not to generate unobserved signals. We assume that the decay products are very light (or
massless) particles belonging to the sterile sector. For example, the eV-scale sterile neutrino νs could
decay into a lighter sterile neutrino νs′ and a very light invisible (pseudo)scalar boson
6 φ. The lighter
6 The new invisible light (pseudo)scalar boson is assumed to interact only with the sterile neutrinos, without the
interactions with the active neutrinos studied in Refs. [374,375] and references therein.
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Figure 5.12: 1σ and 2σ marginalized allowed regions obtained with CMB data (Planck+WP+high-
`+BICEP2(9bins); see Ref. [23]), without and with the inclusion of SBL data. The gray and red
regions are those obtained in Ref. [23] without and with the SBL prior. The blue regions are obtained
by adding the possibility of invisible decays for a sterile neutrino that explains the SBL oscillations.
sterile neutrino νs′ must have very small mixing with the active neutrinos, in order to forbid its
thermalization in the early Universe and to preserve the effectiveness of the standard three-neutrino
mixing paradigm for the explanation of solar and atmospheric neutrino oscillations. Also the very light
invisible boson φ has a negligible thermal distribution before the decay, because it belongs to the sterile
sector which may have been in equilibrium at very early times, but has decoupled from the thermal
plasma at a very high temperature. In this way the densities of all the particles belonging to the
sterile sector have been washed out in the following phase transitions and heavy particle-antiparticle
annihilations (see, for example, Ref. [376]). Another possible decay which does not need the presence
of a light boson is νs → νs′ ν¯s′νs′ , which needs an effective four-fermion interaction of sterile neutrinos.
In the invisible decay scenario, the eV-scale sterile neutrino can be fully thermalized in the early
Universe through active-sterile oscillations [307, 308, 310, 370] and generates ∆Neff = 1. In the first
radiation-dominated part of the evolution of the Universe the mass of the sterile neutrino is not
important, because it is relativistic and it contributes only as radiation. The mass effect is important
in the following matter-dominated evolution of the Universe, which leads to the formation of Large
Scale Structures (LSS) and the current matter density. The sterile neutrinos which decay into invisible
relativistic particles before becoming non-relativistic do not contribute to the matter budget. In
this way the eV-scale mass of the sterile neutrino indicated by short-baseline oscillation experiments
becomes compatible with a full thermalization of the sterile neutrino in the early Universe.
We analyzed the same cosmological data considered in the previous Section (see Ref. [23]) and we
modified the Boltzmann solver CAMB [58] in order to take into account the invisible decay of the sterile
neutrino. For simplicity7, we neglected the energy dependence of the sterile neutrino lifetime and we
considered a sterile neutrino with a Fermi-Dirac distribution multiplied by
Ns(t) = ∆Neff e
−t/τs , (5.2)
where t is the cosmic time and τs is the effective lifetime of the sterile neutrino. We neglect also the
energy distributions of the very light or massless invisible decay products (which depend on the specific
decay model) and we parameterize their effect with an effective increase of the amount of radiation
7 A precise calculation requires the solution of the coupled Boltzmann equations describing the evolution of the
distributions of the sterile neutrino and the decay products. This is beyond the scope of this calculation.
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Parameters CMB+SBL
CMB+SBL
+LSS+H0
+CFHTLenS+PSZ
Ωbh
2 0.02276 +0.00043−0.00041
+0.00084
−0.00088 0.02256
+0.00046
−0.00042
+0.00070
−0.00088
Ωch
2 0.132 +0.007−0.008
+0.014
−0.014 0.116
+0.003
−0.003
+0.006
−0.005
θs 1.0405
+0.0007
−0.0007
+0.0014
−0.0015 1.0416
+0.0006
−0.0006
+0.0013
−0.0012
τ 0.101 +0.015−0.016
+0.034
−0.027 0.080
+0.012
−0.012
+0.024
−0.023
ns 1.006
+0.018
−0.019
+0.037
−0.035 0.988
+0.011
−0.011
+0.021
−0.021
log(1010As) 3.123
+0.045
−0.045
+0.086
−0.094 3.094
+0.033
−0.038
+0.084
−0.068
r 0.193 +0.045−0.053
+0.111
−0.091 0.202
+0.043
−0.048
+0.099
−0.087
∆Neff 1.06
+0.46
−0.45
+0.88
−0.91 0.30
+0.16
−0.23; < 0.69
ms[eV] 1.27
+0.11
−0.15
+0.17
−0.23 1.26
+0.10
−0.16
+0.17
−0.27
Table 5.7: Marginalized 1σ and 2σ confidence level limits for the cosmological parameters obtained
with the invisible sterile neutrino decays. See Fig. 5.15 for the constraints on the decay lifetime τs.
by ∆Neff
(
1− e−t/τs). Following the analyses of the previous Section, we take into account the SBL
constraint on ms through a prior given by the posterior of the global analysis of SBL oscillation data
presented in Ref. [199].
Here we present the same analyses performed in Ref. [24], but with different results for the complete
dataset. In fact, we improved the numerical calculations and we fixed an error in the code that affected
only the analyses including the CFHTLenS and PSZ datasets. Since the most recent cosmological data
disfavor ∆Neff = 1, however, the final conclusions will be the same.
5.3.2 Results
Figure 5.12 shows the 1σ and 2σ marginalized allowed regions in the planes (ms–∆Neff) and (H0–
∆Neff) obtained by fitting the CMB data (Planck+WP+high-`+BICEP2(9bins); see Ref. [23]) with
the SBL prior in a model with free ∆Neff and a massive sterile neutrino which decays invisibly. The
corresponding numerical values of the cosmological parameters are listed in Tab. 5.7.
In Fig. 5.12 we compared the allowed regions obtained with the invisible decay of the sterile
neutrino with the corresponding regions shown in Fig. 5.10 for a stable sterile neutrino, without and
with the SBL prior. One can see that the invisible decay of the sterile neutrino allows ∆Neff = 1,
which corresponds to the full initial thermalization of the sterile neutrino, even if the SBL prior forces
the sterile neutrino mass to assume values around 1.2 eV. In practice, the invisible decay of the sterile
neutrino allows us to relax the upper bound of about 0.6 for ∆Neff presented in Tab. 5.6 with the SBL
prior and bring the allowed range of ∆Neff at a level which is similar to that presented in Tab. 5.5
without the SBL prior (see also [358, 362, 363, 377]). This can also be seen in the upper panel of
Fig. 5.13, which shows the marginalized allowed interval of ∆Neff .
Figure 5.12 shows also that by allowing the sterile neutrino to decay one can recover a correlation
between ∆Neff and H0 which is similar to that obtained in the analysis of CMB data without the
SBL prior. Hence, we obtain that large values of ∆Neff are correlated to large values of the Hubble
constant H0, which are in agreement with the local measurements of H0 (see e.g. Refs. [22, 72]).
Figure 5.14 shows the 1σ and 2σ marginalized allowed regions corresponding to those of Fig. 5.12
and obtained by adding the same cosmological data considered in the previous Section: Large Scale
Structures (LSS), local H0 measurements, cosmic shear (CFHTLenS) and Sunyaev-Zel’dovich cluster
counts from Planck (PSZ). One can see that this wide data set allows more freedom for ∆Neff , but
the value ∆Neff = 1 is still excluded by the 3σ limits (see also Fig. 5.13). This is a consequence of
the fact that the CFHTLenS and PSZ datasets require that the massive neutrino free-streams at late
times to explain the smaller matter fluctuations that has been observed in the local Universe. Clearly,
this restricts the possibilities for the neutrino decay. As we can see in Fig. 5.12, ∆Neff and H0 are
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Figure 5.13: 1σ, 2σ and 3σ marginalized error bars for ∆Neff and H0 obtained in the different fits of
the cosmological data considered in Figs. 5.12 and 5.14. The circles indicate the marginalized best fit
values. The black and red intervals are taken from the results in Section 5.2. The blue intervals are
obtained by adding the invisible sterile neutrino decay.
partially correlated, indicating relatively large values of H0 for ∆Neff & 0.5, which are in agreement
with the local measurements of H0.
The bounds on the decay lifetime τs are not shown in Tab. 5.7. The reason is that the marginalized
posterior distribution of τs is rather complicated and it is not simple to define a constraint or an
upper limit in this case. The marginalized posterior distributions obtained for τs with the two data
combinations are plotted in Fig. 5.15. Let we start discussing the one obtained from the CMB data
only. We can see that the curve presents a peak corresponding to log10 τs ' −6. Since we measure
τs in units of the age of the Universe T0, this means that the most likely value for the decay lifetime
is τs ' 10−6T0, or approximately 104 years: it corresponds to a massive sterile neutrino that decays
approximately at the time of its transition to the non-relativistic regime. As a consequence, its mass
has an impact on the Universe evolution only for a brief period. All the values log10 τs . −7 are
equally feasible, since if the sterile neutrino decays when it is completely relativistic its mass never
affects the evolution, and it gives the same contribution of a massless neutrino. For this reason, a
marginalized constraint on τs would depend on the lower limit adopted for the prior on τs. As a
conclusion, the CMB data requires that the sterile neutrino mass affects only a short phase of the
Universe evolution, approximately at the time of the sterile neutrino transition to the non-relativistic
regime.
As we already mentioned, the situation is different if the complete dataset is considered, because
the CFHTLenS and the PSZ data would prefer a massive sterile neutrino at late times, in order to
have the suppression in the matter fluctuations that would reconcile the cosmological and the local
estimates of σ8. If the sterile neutrino decays in the early Universe, it cannot free-stream at late times
and the matter fluctuations are not suppressed. This is a reason for which we see a sort of bimodal
distribution in the posterior of τs obtained from the analysis of the complete dataset (red curve in
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Figure 5.14: As in Fig. 5.12, but for the complete dataset (the same CMB data, plus
LSS+H0+CFHTLenS+PSZ).
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Figure 5.15: Marginalized posterior distributions for log10 τs. The decay lifetime τs is given in units
of the age of the Universe T0.
Fig. 5.15): the shape for log10 τs . −3 is similar to the one obtained from the CMB only dataset,
with a small shift towards higher values of τs, but the posterior is enhanced for log10 τs & −2 by the
phenomenology related to the CFHTLenS and PSZ datasets. We can conclude that the bounds for the
decaying sterile neutrino are affected by the tension between the cosmological and local observations,
and a clear result cannot be obtained.
5.4 Conclusions and Perspectives
In conclusion, we have shown that the cosmological and the SBL data are compatible only if the
light sterile neutrino is not fully thermalized. Even if the BICEP2 results about the primordial tensor
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modes were correct, a fully thermalized sterile neutrino with mass of about 1 eV as indicated by
short-baseline neutrino oscillation data would not be compatible with cosmology. Since the mixing
parameters obtained from oscillation experiments would allow a full thermalization of the sterile
neutrino in the early Universe [307–312], some new mechanism should be found.
The possibility that the sterile neutrino is not stable and decays in cosmological times [24] is not a
good solution for two reasons. Firstly, as we pointed out in the previous Section, such a decaying sterile
neutrino would not help to solve the tension between CMB data, that would prefer a rapid decay, and
the local determinations of the matter fluctuations from CFHTLenS and PSZ, that can be explained
only with the free-streaming of relic particle that becomes non-relativistic during the evolution of the
structures. Secondly, even if one neglects the local measurements and considers only the CMB data,
the decay of the sterile neutrino works well only if ∆Neff is allowed to be compatible with 1. The new
analyses of the B-mode polarization data showed that the signal measured by BICEP2 does not come
from the presence of significant primordial tensor modes [76], but mainly from dust emission. Since
the correlation between r and the effective number of relativistic species was responsible of increasing
Neff in the analyses we presented, this is a point against the robustness of the solution we proposed.
Moreover, the latest Planck data, in particular about the small scale polarization, strongly disfavor
Neff > 3.046 [15,44]. As a consequence, the decay solution cannot work, since the decay of the sterile
neutrino could explain only the full thermalization of a massive neutrino given that ∆Neff = 1 is
allowed for massless species. If ∆Neff = 1 for massless species is disfavored by cosmology, the decay
would not solve the problems and a new solution must be found.
In the past several authors proposed new mechanisms that can relieve the tension: among the
others, we list a large lepton asymmetry [310, 355–357, 370, 378–384], new neutrino interactions [365–
368,371, 385–389], entropy production after neutrino decoupling [344], a very low reheating tempera-
ture [390,391], time varying dark energy components [342], a larger cosmic expansion rate at the time
of sterile neutrino production [369].
In the next Chapters we will present two different mechanisms that could alleviate the tensions
we discussed. In Chapter 6 we discuss the possibility that the effects on the cosmological observables
due to the presence of a sterile neutrino with mass around 1 eV are compensated by an additional
freedom in the Primordial Power Spectrum (PPS) of scalar perturbations generated during inflation.
If the PPS can have a shape more complicated than a power-law (Eq. (1.144)), a local modification of
the initial amplitude of the scalar fluctuations may cancel the Silk damping effect driven by the high
Neff given by the 3+1 neutrino states (see Section 4.4).
A completely different possibility that could give an explanation to the H0 and the σ8 tensions is
discussed in Chapter 9. We present a model for a phenomenological coupling between Dark Matter
(DM) and Dark Energy (DE). If there is an energy transfer from DE to DM, the prediction from
the cosmological model gives a smaller σ8 and an higher H0, so that local and CMB estimates for
these parameters are reconciled. This model, however, does not improve the compatibility between
cosmological and SBL data on the presence of a massive sterile neutrino, whose presence is still
disfavored.
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Chapter 6
Inflationary Freedom and Neutrino
Properties
This Chapter is based on Refs. [25, 26].
In this Chapter we discuss how the constraints on the neutrino properties obtained using the CMB
data and several other cosmological data can be biased by the assumption on the Primordial Power
Spectrum (PPS) of scalar perturbations. If the PPS presents deviations with respect to the standard
power-law (PL), as some inflationary models predict, it is possible to obtain misleading results from
the cosmological analyses.
6.1 Motivations for Inflationary Freedom
We discussed in Chapter 1 that Inflation is one of the most successful theories that explains the
“horizon problem” and the “flatness problem”. Moreover, inflation gives origin to the primordial
density perturbations that evolved to form the structures we observe today, that we calculated in
Subsection 1.9. The standard inflationary paradigm predicts a simple shape for the PPS of scalar
perturbations: in this context, the PPS is scale independent and it can be described by the power-law
expression in Eq. (1.144). Different models that give an inflationary phase in the early Universe,
however, can originate more complicated PPS shapes, with possible features or different behaviors at
different scales (see e.g. Refs. [392, 393] or the reviews [394, 395]). It is currently impossible to test
directly the physics at the scale of cosmological inflation and consequently it is impossible to check
the correctness of the simplest inflationary models. If the theoretical models are wrong or incomplete,
any cosmological analysis performed assuming a power-law PPS can lead to biased constraints. The
only possibility we have to test the inflationary predictions for the PPS is to reconstruct an unknown
PPS starting from the physical observables that we can measure, for example the CMB spectrum.
If one tries to constrain the PPS under the assumption of the ΛCDM model a non-standard be-
havior can be found. Firstly, it is necessary to assume a model for the evolution of the Universe
and to calculate the transfer function. The physics of the transfer function, introduced in the pre-
vious Chapters, is well understood. We mentioned also that the CMB anisotropies can be described
very well with a small number of parameters, that are robustly determined from the analyses of the
latest experimental data from Planck [21]. Few cosmological parameters that are very well known,
indeed, are sufficient to calculate the transfer function. This can be used to calculate the theoretical
predictions for the CMB spectra using a completely unknown PPS, and then a comparison with the
measured power spectra allows to put constraints on the unknown PPS. This process can be deployed
using several methods that were developed in the past: for example we can find regularization methods
like Richardson-Lucy iteration [396–399], truncated singular value decomposition [400] and Tikhonov
regularization [401,402], or methods like the maximum entropy deconvolution [403] or the “cosmic in-
version” methods [404–408]. In the 2015 release of scientific results, the Planck collaboration presented
a wide discussion about inflation and the constraints on the PPS, in Ref. [409]. All these analyses sug-
gest that the PPS may deviate from the expected power-law behavior, especially in the region at small
wavemodes: the statistical significances of the deviations are small in some cases, but it is interesting
to note that both the CMB power spectra as measured by WMAP [19] and by Planck [20, 21] show
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similar results. The main source of the difference between the reconstructed PPS and the power-law
is in the region at low multipoles, where the cosmic variance is larger. These deviations could be the
result of simple statistical fluctuations or be the result of a non-standard inflationary mechanism.
The effects that considering a non-standard PPS has on cosmological parameter estimation have
been studied by several authors. for example, the power-law PPS has been simply modified with the
introduction of a running in the tilt of the power-law [410–413], a running of the running [414], or
a sharp cut-off in the power-law [413]. Our main goal is to study how the freedom of the form of
the PPS can affect the existing bounds on different neutrino properties in the early Universe, such as
those on the sum of the active neutrino masses Σmν , on the effective number of relativistic species
Neff and on the properties of a light sterile neutrino.
Previous analyses of the cosmological data with a standard power-law PPS have found that a fully
thermalized sterile neutrino is quite disfavored (see Chapter 5 and Refs. [22,23,303,311,332]). These
results motivated the study of mechanisms which can suppress the thermalization of sterile neutrinos in
the early Universe, that would be due to active-sterile oscillations before neutrino decoupling [307,308].
Examples are a large lepton asymmetry [310, 355–357, 370], an enhanced background potential due
to new interactions in the sterile sector [365–368, 371, 386, 387], a larger cosmic expansion rate at the
time of sterile neutrino production [369], and MeV dark matter annihilation [344]. We will show in
this Chapter that a further possibility consists in the fact that a free PPS can partially compensate
the effects of a light sterile neutrino on the cosmological observables.
Besides our main objective, which is to study the robustness of neutrino constraints when the PPS
of scalar perturbations is free to vary, we are also interested in obtaining information on the form of
the PPS. With these aims, we considered a general form of the PPS that allows the presence of features
without forcing a particular shape. In the literature several model-independent parameterizations have
been used: for example, a free PPS can be described with wavelets [415–418], principal components
[419], top-hat bins without interpolation [420], power-law bins [421,422], linear interpolation [412,423–
429], broken power-law [422, 430], and interpolating spline functions [413, 431–437]. We decided to
follow part of the prescriptions of the interpolating spline form presented in Refs. [434,436], improving
the parametrization by using a “piecewise cubic Hermite interpolating polynomial” (PCHIP), which
is described in Section 6.2. This method allows to avoid the spurious oscillating behavior that can
appear between the nodes of the interpolating splines.
6.2 Primordial Power Spectrum Parameterization
We adopt a non-parametric description for the PPS of scalar perturbations: we describe the
function Ps(k) as the interpolation among a series of nodes at fixed wavemodes k. We consider twelve
nodes kj (j ∈ [1, 12]) that cover a wide range of values of k:
k1 = 5× 10−6 Mpc−1,
k2 = 10
−3 Mpc−1,
kj = k2(k11/k2)
(j−2)/9 for j ∈ [3, 10],
k11 = 0.35 Mpc
−1,
k12 = 10 Mpc
−1. (6.1)
The most interesting range is located between k2 = 0.001 Mpc
−1 and k11 = 0.35 Mpc−1, that is
approximately the range of wavemodes probed by CMB experiments. In this range we use equally
spaced nodes in log k. Additionally, we consider k1 = 5× 10−6 Mpc−1 and k12 = 10 Mpc−1 in order to
be sure that all the PPS evaluations are inside the covered range: we expect that the nodes at these
extreme wavemodes are less constrained by the data.
Having fixed the position of all the nodes, the free parameters that enter our MCMC analyses
are the values of the PPS at each node, Ps,j = Ps(kj)/P0, where P0 is the overall normalization. We
use P0 = 2.36 × 10−9 [438] in Section 6.3 and P0 = 2.2 × 10−9 [44] in the following Sections. Each
parameter Ps,j , whose expected value should be close to 1, is free to vary in the interval [0.01, 10], on
which we adopt a flat prior.
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The complete Ps(k) at all k is then described as the interpolation among the points Ps,j :
Ps(k) = P0 × PCHIP(k;Ps,1, . . . , Ps,12) , (6.2)
where PCHIP stands for “piecewise cubic Hermite interpolating polynomial” [439, 440]. This function
is similar to the natural cubic spline, but it has the advantage of avoiding the introduction of spurious
oscillations in the interpolation: this is obtained with a condition on the first derivative in the nodes,
that is null if there is a change in the monotonicity of the point series. If the monotonicity does not
change in the node Ps,j , the derivative is instead fixed using the secants between Ps,j−1, Ps,j and
Ps,j+1. The price to pay to preserve the original monotonicity of the nodes series is on the second
derivative, that becomes discontinue in the nodes, differently from what happens for the natural cubic
spline. A more detailed discussion on the PCHIP PPS description can be found in Appendix A.
When presenting our results, we will compare the constraints obtained in the context of the stan-
dard ΛCDM model with a standard power-law PPS and those obtained with the free PCHIP PPS. In
the former case the cosmological model is described by the six parameters described in Section 2.5
(Ωbh
2, Ωch
2, θ, τ , As, ns), while in the latter case we substitute As and ns with the parameters used
to describe the PCHIP PPS, Ps,j (j ∈ [1, 12]) and we have a model with 16 free parameters (Ωbh2,
Ωch
2, θ, τ , Ps,1, . . . , Ps,12). These models will be extended to study the properties of neutrinos or
other aspects of the cosmological model.
When comparing the PL and the PCHIP PPS scenarios, it is convenient to write the values of the
PCHIP nodes that correspond to the values of the PL PPS at the corresponding wavemodes, given the
reference values nrefs and A
ref
s . These can be converted into reference values to compare the node Ps,i
with:
P refs,i ≡
Arefs
P0
(
ki
k∗
)nrefs −1
with i ∈ [1, . . . , 12] . (6.3)
6.3 An example: Inflationary Freedom and Light Sterile Neutrinos
6.3.1 Parameterization and Data
Before studying separately the degeneracies of the various cosmological parameters with the free
PPS, we show that significant variations in the results are allowed if the shape of the PPS is changed.
We will follow Ref. [25], where it is shown that the constraints on the properties of a light sterile neu-
trino change significantly when one analyzes the same set of cosmological data relaxing the hypothesis
of a power-law PPS for the scalar perturbations.
To do this, we adopt the same parameterization for the light sterile neutrino and for the cosmologi-
cal model that we used in Sections 5.2 and 5.3: we use an extended flat ΛCDM model to accommodate
the presence of a sterile neutrino and we consider a scenario involving inflationary freedom in the pro-
duction of the primordial power spectra. In the analysis with a power-law (PL) PPS we have then a
cosmological model with a total of eight parameters:
θ = {ωc, ωb, θ, τ, ln(1010As), ns,ms,∆Neff}. (6.4)
In contrast with previous analyses (see Chapter 5 and Refs. [22–24]), we limit the allowed range of
∆Neff in the interval 0 ≤ ∆Neff ≤ 1, assuming that the additional sterile neutrino cannot contribute
to the relativistic energy density more than a standard active neutrino. This is what should happen if
sterile neutrinos are produced in the early Universe by neutrino oscillations before neutrino decoupling
[307,308].
We assume a flat prior for all the parameters in Eq. (6.4), except ms, for which we use a flat
prior for 0 ≤ ms/ eV ≤ 3 only in the analyses which do not take into account the constraints from
short-baseline neutrino oscillation data. In the analyses which take into account these constraints we
use as prior for ms the posterior obtained from the analysis of SBL data presented in Chapter 4. As in
the previous Chapter, we neglect the masses of the three light neutrinos ν1, ν2, ν3, which are assumed
to be much smaller than 1 eV.
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Parameters COSMO COSMO+SBL
100ωb 2.263
+0.026
−0.027
+0.052
−0.053
+0.078
−0.080 2.251
+0.023
−0.025
+0.049
−0.045
+0.075
−0.067
ωc 0.120
+0.004
−0.005 ± 0.008 +0.011−0.009 0.117+0.002−0.003 +0.006−0.005 +0.010−0.006
θ 1.0412± 0.0007± 0.0014 +0.0020−0.0021 1.0416± 0.0006± 0.0012 +0.0018−0.0019
τ 0.087+0.013−0.014
+0.028
−0.026
+0.045
−0.037 0.087± 0.013 +0.026−0.025 +0.040−0.035
∆Neff 0.38
+0.18
−0.33; No limit; No limit 0.19
+0.09
−0.12; < 0.41; < 0.60
ms[eV] 0.61
+0.31
−0.42; < 2.03; No limit 1.25
+0.11
−0.16
+0.17
−0.29
+0.22
−0.35
ns 0.979
+0.011
−0.010 ± 0.020 +0.030−0.025 0.969± 0.005± 0.011 +0.017−0.016
log(1010As) 3.152
+0.031
−0.032
+0.064
−0.058
+0.094
−0.087 3.178
+0.024
−0.025
+0.048
−0.051
+0.072
−0.075
Table 6.1: Marginalized 1σ, 2σ and 3σ confidence level limits for the cosmological parameters obtained
with the power-law parametrization for the PPS.
In order to parameterize the free PPS we follow the prescriptions presented in Section 6.2 with
P0 = 2.36× 10−9 [438]. In the PCHIP PPS analysis we consider a flat ΛCDM+νs cosmological model
with a total of 18 parameters:
θ = {ωc, ωb, θ, τ,ms,∆Neff , Ps,1, . . . , Ps,12}, (6.5)
where ωc, ωb, θ, τ , ms and ∆Neff are the same as in the set (6.4).
In this Section we use the same datasets as in Sections 5.2, 5.3 and Refs. [23, 24], apart from
the controversial BICEP2 data on the B-mode polarization of the CMB [71] that we neglect. In the
following we will denote the analyses of all the cosmological data alone (Planck 2013 + ACT/SPT
+ WMAP polarization + LSS + H0 + PSZ + CFHTLenS, see Subsection 5.2.1) as “COSMO” and
those which include also the prior on the sterile neutrino mass from short-baseline neutrino oscillation
as “COSMO+SBL”.
6.3.2 Results
The results of our COSMO and COSMO+SBL analyses are presented in Tab. 6.1 for the standard
case of a power-law PPS and in Tab. 6.2 for the free PPS with the PCHIP parameterization. In the
upper part of the tables we listed the common parameters of the ΛCDM model, in the central part
we listed the neutrino parameters ∆Neff and ms, while the lower part concerns the parameters used
to parameterize the PPS: ns and log(10
10As) for the power-law PPS and the Ps,j nodes for the PCHIP
PPS. We do not discuss here the constraints on the PPS parameters, that will be presented in the
final Section of this Chapter. Here we discuss firstly the results relative to the parameters in the upper
part of the Tables 6.1 and 6.2 (ωb, ωc, θ and τ) and then the results relative to the parameters in the
central part of the tables, ∆Neff and ms.
The bounds on the parameters of the ΛCDM model change slightly when more freedom is admitted
for the PPS. Comparing Tabs. 6.1 and 6.2, one can see that the limits on the parameters of the ΛCDM
model are slightly weakened in the PCHIP PPS case and for some parameters there is also a small shift
in the marginalized best-fit value. In all the cases in which this happens, the marginalized best-fit
values move inside the 1σ uncertainties. The freedom of the form of the PPS affects the COSMO
results more than the COSMO+SBL results: in the former case the ωc and θ best values change
by about 1σ, while a smaller shift is obtained for 100ωb. On the other hand, in the COSMO+SBL
analysis all the shifts are much smaller than the 1σ uncertainties, since the degeneracies between ms
and the other parameters are less significant, because the allowed range for ms is smaller.
The upper points in Figure 6.1 show the marginalized 1σ, 2σ and 3σ allowed intervals for ∆Neff
and ms that we obtained in the COSMO(PL) and COSMO(PCHIP) analyses, without the SBL prior.
Figure 6.2 shows the corresponding marginalized 1σ, 2σ and 3σ allowed regions in the ms–∆Neff plane.
We can notice some major changes in the allowed values of both ∆Neff and ms in the PCHIP PPS case
with respect to the power-law PPS case. With a power-law PPS the best-fit value of ∆Neff is around
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Parameters COSMO COSMO+SBL
100ωb 2.251
+0.036
−0.036
+0.073
−0.072
+0.111
−0.106 2.247
+0.036
−0.038
+0.072
−0.078
+0.111
−0.117
ωc 0.125
+0.005
−0.004
+0.007
−0.012
+0.008
−0.015 0.118
+0.004
−0.005
+0.011
−0.007
+0.016
−0.008
θ 1.0406+0.0007−0.0008
+0.0016
−0.0014
+0.0026
−0.0019 1.0413
+0.0008
−0.0007
+0.0014
−0.0016
+0.0020
−0.0024
τ 0.086+0.014−0.015
+0.031
−0.028
+0.052
−0.036 0.090
+0.014
−0.016
+0.033
−0.029
+0.051
−0.039
∆Neff > 0.51; No limit; No limit 0.25
+0.13
−0.22; < 0.75; No limit
ms[eV] 0.63
+0.23
−0.28
+1.11
−0.59; No limit 1.22
+0.13
−0.15
+0.17
−0.28
+0.24
−0.33
Ps,1 < 2.51; < 7.97; No limit < 2.75; < 8.30; No limit
Ps,2 1.06
+0.19
−0.22
+0.44
−0.35
+0.70
−0.44 1.05
+0.18
−0.22
+0.44
−0.35
+0.75
−0.44
Ps,3 0.65
+0.20
−0.19
+0.38
−0.37
+0.57
−0.54 0.67
+0.20
−0.19
+0.39
−0.36
+0.61
−0.52
Ps,4 1.14
+0.12
−0.11
+0.23
−0.22
+0.36
−0.31 1.13
+0.11
−0.11
+0.23
−0.21
+0.34
−0.31
Ps,5 0.97
+0.05
−0.06
+0.11
−0.10
+0.18
−0.16 0.98
+0.05
−0.06
+0.11
−0.10
+0.17
−0.15
Ps,6 0.96± 0.03 +0.07−0.06 +0.10−0.08 0.98± 0.03 +0.07−0.06 +0.11−0.08
Ps,7 0.94± 0.03 +0.06−0.05 +0.10−0.08 0.94± 0.03± 0.06 +0.10−0.07
Ps,8 0.93± 0.03 +0.06−0.05 +0.10−0.07 0.93± 0.03± 0.06 +0.10−0.07
Ps,9 0.93± 0.03 +0.07−0.06 +0.11−0.08 0.91± 0.03 +0.07−0.06 +0.10−0.07
Ps,10 0.91± 0.04± 0.08 +0.12−0.11 0.88+0.03−0.04 +0.08−0.07 +0.14−0.08
Ps,11 1.13
+0.17
−0.16
+0.28
−0.32
+0.40
−0.39 1.00
+0.13
−0.17
+0.35
−0.24
+0.52
−0.28
Ps,12 < 0.69; < 1.18; < 1.55 < 0.49; < 1.01; < 1.33
Table 6.2: Marginalized 1σ, 2σ and 3σ confidence level limits for the cosmological parameters obtained
with the PCHIP parametrization for the PPS. From Ref. [25].
0.4, whereas with the PCHIP PPS it is at ∆Neff = 1, that is the upper limit for ∆Neff assumed in the
analysis. The reason of this behavior is that the effects of the presence of the additional relativistic
energy in the primordial Universe can be compensated by an increase of the PCHIP PPS at large k
(see Section 6.6). As a result, the marginalized posterior for ∆Neff is increased in the region towards
∆Neff = 1, together with the higher values in the PCHIP PPS for k > 0.35 Mpc
−1. In the next Sections
we will discuss more in details the reasons that drive to the loosened constraints on the neutrino
parameters when a free PPS is assumed.
Without the SBL constraint on ms, the different preferences for the value of ∆Neff in the power-
law and PCHIP PPS analyses correspond to different allowed intervals for ms. As shown in Fig. 6.1,
although in both cases the best-fit value of ms is near 0.6 eV, the intermediate preferred region for
∆Neff in the power-law PPS analysis gives for ms an upper limit of about 2 eV at 2σ, whereas the
large preferred values for ∆Neff in the PCHIP PPS analysis gives a tighter upper limit of about 1.5 eV
at 2σ, since the volume of the posterior distribution is shifted towards lower values of ms.
The SBL prior on the sterile neutrino mass ms puts a constraint so strong that in practice the
value of this parameter does not depend on the inclusion or not of the freedom of the PPS. In fact, the
ms limits in Tabs. 6.1 and 6.2 are similar in the power-law PPS and PCHIP PPS analyses. This can be
seen also from the marginalized allowed intervals of ms in Fig. 6.1, comparing the COSMO+SBL(PL)
and COSMO+SBL(PCHIP) allowed intervals.
A major difference appears, instead, in the limits for ∆Neff , because the effects of the presence
of additional relativistic energy in the primordial Universe can be compensated by an increase in the
PCHIP PPS at large k, as in the case without the SBL constraint on ms. As shown in Fig. 6.1, the best-
fit and upper limits on ∆Neff in the COSMO+SBL(PL) and COSMO+SBL(PCHIP) are different. In
particular, in the COSMO+SBL(PCHIP) the 3σ upper limit on ∆Neff allows the presence of a fully
thermalized sterile neutrino compatible with the SBL constraint on ms.
Figure 6.3 shows the contour plots of the marginalized 1σ, 2σ and 3σ regions in the ms–∆Neff
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Figure 6.1: 1σ, 2σ and 3σ marginalized intervals for ∆Neff and ms obtained in the different analyses
discussed in the text (considering 0 ≤ ∆Neff ≤ 1 and 0 ≤ ms/ eV ≤ 3). From Ref. [25].
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Figure 6.2: 1σ, 2σ and 3σ marginalized contours in the (ms −∆Neff) plane in the fits without the
SBL prior. The left and right panels correspond, respectively, to the standard power-law PPS and the
PCHIP PPS analyses. From Ref. [25].
plane that we obtained in the COSMO+SBL(PL) and COSMO+SBL(PCHIP) analyses. The allowed
regions in the left panel are similar1 to those obtained in Ref. [23] with a standard power-law PPS.
One can see that in this case a fully thermalized sterile neutrino is quite disfavored. On the other
hand, from the right panel one can see that in the PCHIP PPS analysis a fully thermalized sterile
neutrino with a mass just below 1 eV and with ∆Neff = 1 is even inside the 2σ region. This means
that a fully thermalized sterile neutrino can be accommodated in the cosmological model if the PPS
is not forced to be described by a power-law.
At this point we know that the freedom in the inflationary paradigm can have a significant im-
pact on the constraints derived from cosmology. We will study now separately how the PCHIP PPS
assumption influences the constraints on the base parameters of the ΛCDM model (Section 6.5) and
on the neutrino properties. We will consider separately the effective number of relativistic degrees of
freedom in Section 6.6 and the sum of the neutrino masses in Section 6.7. The following results are
based on the Planck 2015 data and they have been presented in Ref. [26].
1 The only difference is that the analysis in Ref. [23] took into account also the BICEP2 data on the B-mode
polarization of the CMB [71].
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Figure 6.3: As in Fig. 6.2, but with the inclusion of the SBL prior on ms. From Ref. [25].
6.4 Base Model and Cosmological Data
The common underlying model that we will extend to study various dark radiation properties is
the ΛCDM model already introduced. From the fundamental cosmological parameters of the ΛCDM
model we will compute other derived quantities, such as the Hubble parameter today H0 and the
clustering parameter σ8, defined as the mean matter fluctuations inside a sphere of 8h
−1 Mpc radius.
We base our following analyses on the latest data released by the Planck Collaboration [21],
of which we consider the full temperature power spectrum at multipoles 2 ≤ ` ≤ 2500 (Planck TT
hereafter) and the polarization power spectra in the range 2 ≤ ` ≤ 29 (lowP). We shall also include the
polarization data at 30 ≤ ` ≤ 2500 (TE, EE) [62]. Since the polarization spectra at high multipoles are
still under discussion and some residual systematics were detected by the Planck Collaboration [44,62],
we shall use as baseline dataset the combination Planck TT+lowP and the impact of polarization
measurements will be separately studied in the dataset Planck TT,TE,EE+lowP.
Additionally, we will consider the two CMB datasets above in combination with these additional
cosmological measurements (see Chapter 3):
BAO – Baryon Acoustic Oscillations data as obtained by 6dFGS [90], by the SDSS Main Galaxy
Sample (MGS) [91] and by the BOSS experiment in the DR11 release [93];
MPkW – the matter power spectrum as measured by the WiggleZ Dark Energy Survey [101];
lensing – the reconstruction of the lensing potential obtained by the Planck collaboration with the
CMB trispectrum analysis [64].
6.5 Constraints in the ΛCDM Model
In this Section we shall only consider a limited number of data combinations, mostly focusing on the
variations driven by the inclusion of the PCHIP PPS in the analyses. We add to the Planck TT+lowP
measurements only the datasets that can improve the constraints on the PCHIP PPS at small scales,
which are the Planck polarization measurements at high-` and the MPkW constraints on the matter
power spectrum.
The results we obtain for the ΛCDM model are reported in Tab. 6.3. For each dataset, we list
the constraints on the different parameters obtained using both the standard power-law PPS and the
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Parameter Planck TT+lowP Planck TT,TE,EE+lowP Planck TT+lowP Planck TT,TE,EE+lowP
+MPkW +MPkW
100Ωbh
2 2.222 +0.045−0.043 2.175
+0.077
−0.076 2.225
+0.032
−0.030 2.215
+0.038
−0.037 2.221
+0.044
−0.045 2.190
+0.072
−0.070 2.223± 0.031 2.214 +0.035−0.036
Ωch
2 0.1197 +0.0043−0.0042 0.1231
+0.0061
−0.0059 0.1198± 0.0029 0.1209 +0.0035−0.0034 0.1198± 0.0039 0.1223 +0.0056−0.0053 0.1200 +0.0028−0.0027 0.1210± 0.0033
100θ 1.041± 0.001 1.040± 0.001 1.0408± 0.0006 1.0407± 0.0006 1.041± 0.001 1.041± 0.001 1.0408± 0.0006 1.0407± 0.0006
τ 0.078 +0.038−0.036 0.073
+0.044
−0.042 0.079± 0.034 0.082± 0.040 0.075 +0.038−0.039 0.076 +0.048−0.046 0.076 +0.034−0.033 0.083 +0.038−0.037
nS 0.966± 0.012 – 0.964± 0.010 – 0.965± 0.011 – 0.964± 0.009 –
ln[1010As] 3.089
+0.072
−0.069 – 3.094± 0.066 – 3.084 +0.073−0.074 – 3.087 +0.066−0.065 –
H0 [km s
−1 Mpc−1] 67.3 +1.9−1.8 65.7± 2.7 67.3± 1.3 66.8± 1.5 67.3 +1.7−1.8 66.1± 2.5 67.2± 1.2 66.7 +1.5−1.4
σ8 0.83± 0.03 0.87± 0.06 0.83± 0.03 0.88 +0.05−0.06 0.83± 0.03 0.84 +0.04−0.03 0.83± 0.03 0.83± 0.03
Ps,1 ≡ 1.365 < 7.93 ≡ 1.397 < 7.69 ≡ 1.371 < 7.90 ≡ 1.388 < 7.68
Ps,2 ≡ 1.140 1.15 +0.38−0.35 ≡ 1.155 1.14 +0.39−0.36 ≡ 1.139 1.14 +0.39−0.36 ≡ 1.147 1.14 +0.38−0.36
Ps,3 ≡ 1.115 0.73 +0.39−0.37 ≡ 1.128 0.71 +0.38−0.35 ≡ 1.113 0.73 +0.39−0.38 ≡ 1.120 0.72 +0.38−0.37
Ps,4 ≡ 1.091 1.19 +0.26−0.25 ≡ 1.102 1.22 +0.23−0.22 ≡ 1.088 1.19± 0.25 ≡ 1.094 1.22± 0.22
Ps,5 ≡ 1.067 1.07± 0.11 ≡ 1.076 1.08 +0.11−0.10 ≡ 1.063 1.07 +0.12−0.11 ≡ 1.069 1.08± 0.10
Ps,6 ≡ 1.043 1.06 +0.09−0.08 ≡ 1.051 1.07 +0.08−0.08 ≡ 1.040 1.06± 0.09 ≡ 1.044 1.07 +0.08−0.07
Ps,7 ≡ 1.021 1.04 +0.09−0.08 ≡ 1.027 1.04± 0.08 ≡ 1.016 1.03± 0.09 ≡ 1.020 1.04 +0.08−0.07
Ps,8 ≡ 0.998 0.99 +0.09−0.08 ≡ 1.003 1.01± 0.08 ≡ 0.993 1.00± 0.09 ≡ 0.996 1.01 +0.08−0.07
Ps,9 ≡ 0.976 0.97 +0.09−0.08 ≡ 0.980 0.99 +0.08−0.07 ≡ 0.971 0.98± 0.09 ≡ 0.973 0.99 +0.08−0.07
Ps,10 ≡ 0.955 0.97 +0.10−0.09 ≡ 0.957 0.98± 0.09 ≡ 0.949 0.95± 0.09 ≡ 0.951 0.96± 0.08
Ps,11 ≡ 0.934 < 4.03 ≡ 0.935 2.44 +2.00−2.37 ≡ 0.928 0.82 +0.45−0.38 ≡ 0.929 0.81 +0.45−0.38
Ps,12 ≡ 0.833 nb ≡ 0.829 nb ≡ 0.825 < 3.93 ≡ 0.823 < 3.44
Table 6.3: Constraints on the cosmological parameters from the Planck TT+lowP and Planck
TT,TE,EE+lowP datasets, and also in combination with the matter power spectrum shape measure-
ments from WiggleZ (MPkW), in the ΛCDM model (nb stands for no bound). For each combination,
we report the limits obtained for the two parameterizations of the primordial power spectrum, namely
the power-law model (first column) and the polynomial expansion (second column of each data combi-
nation). Limits are at 95% CL around the mean value of the posterior distribution. For each dataset,
in the case of the power-law model, the values of Ps,i are computed according to Eq. (6.3). From
Ref. [26].
model independent approach (PCHIP) for the PPS. In the absence of high multipole polarization or
large scale structure data, the errors are generically enlarged for all the parameters: those showing
a larger difference between their values in the PCHIP PPS case and in the power-law PPS case are
Ωbh
2, Ωch
2, H0 and σ8, with deviations of the order of 1σ in the PCHIP PPS case with respect to the
power-law PPS case. This is a consequence of the numerous degeneracies, and we illustrate an example
in Fig. 6.4, which depicts the constraints in the (Ωch
2, H0) plane for different data combinations, in
the ΛCDM model, assuming the PCHIP PPS description. Simultaneous variations of the parameters
can produce effects on the CMB spectrum that can be compensated by the freedom in the PPS.
The differences between the PCHIP and the power-law PPS parameterizations are much smaller for
the “Planck TT,TE,EE+lowP+MPkW” dataset, and the two descriptions of the PPS give bounds for
the ΛCDM parameters that are in full agreement.
The addition of the high multipole polarization spectra has a profound impact in our analyses.
Figure 6.5 depicts the CMB spectra measured by Planck [21], together with the theoretical spectra
obtained from the best-fit values arising from our analyses. More concretely, we use the marginalized
best-fit values reported in Tab. 6.3 for the ΛCDM model with a power-law PPS obtained from the
analyses of the Planck TT+lowP (in black) and Planck TT,TE,EE+lowP (in blue) datasets, plus
the best-fit values in the ΛCDM model with a PCHIP PPS, from the Planck TT+lowP (red) and
Planck TT,TE,EE+lowP (green) datasets. We plot theD` = `(`+1)C`/(2pi) spectra of the TT and TE
anisotropies as well as the relative (absolute for the TE spectra) difference between each spectrum and
the one obtained from the Planck TT+lowP data in the ΛCDM model with the power-law PPS. Notice
that in the case of TT, the best-fit spectra are in good agreement with the observational data, even if
there are variations among the ΛCDM parameters, as they can be compensated by the freedom in the
PPS. However, for the TE cross-correlation spectrum, such a compensation is no longer possible and
the existing degeneracies are broken. Consequently, the inclusion of the TE spectrum in the analyses
has a strong impact on the derived bounds. In particular, in the region between 600 ≤ ` ≤ 1200
in the TE cross-correlation spectra (see the lower panel of Fig. 6.5) it is possible to notice that the
line representing the results obtained in the PCHIP PPS approach without polarization data deviates
significantly from the observational data points. The addition of high multipole polarization data
results in a good agreement with the predictions obtained using the power-law PPS.
106
6.6. Massless Neutrinos
0.117 0.120 0.123 0.126 0.129 0.132
Ωch
2
62
64
66
68
70
H
0
Planck TT+lowP
Planck TT+lowP+MPkW
Planck TT,TE,EE+lowP
Planck TT,TE,EE+lowP+MPkW
Figure 6.4: 2D constraints at 68% and 95% CL in the (Ωch
2, H0) plane, obtained in the ΛCDM
model considering the PCHIP PPS description, for different data combinations. From Ref. [26].
The bounds on the nodes of the PCHIP PPS parameterization are also reported in Tab. 6.3. The
most significant deviations from the power-law PPS appear at the extreme wavemodes. At small k,
the deviations appear because the PCHIP PPS can reproduce the fluctuations in the CMB temperature
spectrum (see the red and green curves in the upper panel of Fig. 6.5), while at high k the data have
smaller precision and therefore the PCHIP nodes are less constrained. We will describe the bounds
on the PCHIP nodes and on the form of the reconstructed PPS in Sec. 6.8, underlying the common
aspects and the differences that appear in the various extensions of the ΛCDM model.
6.6 Massless Neutrinos
6.6.1 Parameterization
We already said that massless species account as radiation during all the evolution of the Universe.
The contribution of the relativistic particles to the total energy density can be written using the
effective number of degrees of freedom Neff , as in Eq. (4.43). The standard value is Neff = 3.046 [305]
for the three active neutrino standard scenario. Deviations of Neff from its standard value may indicate
that the thermal history of the active neutrino is different from what we expect, or that additional
relativistic particles are present in the Universe, as additional sterile neutrinos or thermal axions (see
Chapter 7 for this last possibility).
We recall that a non-standard value of Neff affects the Big Bang Nucleosynthesis era, and also
the matter-radiation equality. A shift in the matter-radiation equality would cause a change in the
expansion rate at decoupling, affecting the sound horizon and the angular scale of the peaks of the
CMB spectrum, as well as in the contribution of the early Integrated Sachs Wolfe (ISW) effect (see
Section 4.4.4). To avoid such a shift and its consequences, it is possible to change simultaneously
the energy densities of matter and dark energy, in order to keep fixed all the relevant scales in the
Universe. In this case, the CMB spectrum is affected only by an increased Silk damping at small
scales (see Fig. 4.2).
Considering the ΛCDM + Neff model, we will now present the constraints on the effective number
of relativistic species obtained both in the power-law and the PCHIP PPS scenarios.
6.6.2 Results
The constraints on Neff are summarized in Fig. 6.6, where we plot the 68% and 95% CL constraints
on Neff obtained with different datasets and PPS combinations for the ΛCDM + Neff model.
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Figure 6.5: Comparison of the Planck 2015 data [21] with the TT and TE spectra ob-
tained using the marginalized best-fit values from the analyses of Planck TT+lowP (black) and
Planck TT,TE,EE+lowP (blue) in the ΛCDM model with the power-law (PL) PPS, and from the
analyses of Planck TT+lowP (red) and Planck TT,TE,EE+lowP (green) in the ΛCDM model with
the PCHIP PPS. The adopted values for each spectrum are reported in Tab. 6.3. We plot the
D` = `(`+ 1)C`/(2pi) spectra and the relative (absolute for the TE spectra) difference between each
spectrum and the one obtained in the ΛCDM (power-law PPS) model from the Planck TT+lowP data
(black line). From Ref. [26].
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Figure 6.6: 68% and 95% CL constraints on Neff , obtained in the ΛCDM + Neff model. Different
colors indicate Planck TT+lowP with PL PPS (black), Planck TT+lowP with PCHIP PPS (red),
Planck TT,TE,EE+lowP with PL PPS (blue) and Planck TT,TE,EE+lowP with PCHIP PPS (green).
For each color we plot 4 different datasets: from top to bottom, we have CMB only, CMB+MPkW,
CMB+BAO and CMB+lensing. From Ref. [26].
Parameter Planck TT+lowP Planck TT+lowP+MPkW Planck TT+lowP+BAO Planck TT+lowP+lensing
Ωbh
2 2.230 +0.075−0.071 2.189
+0.107
−0.105 2.221
+0.066
−0.063 2.186
+0.081
−0.082 2.233± 0.047 2.205 +0.060−0.057 2.232 +0.074−0.069 2.198 +0.093−0.091
Ωch
2 0.1205 +0.0081−0.0077 0.1272
+0.0189
−0.0182 0.1198
+0.0077
−0.0073 0.1226
+0.0148
−0.0141 0.1207
+0.0077
−0.0074 0.1294
+0.0153
−0.0146 0.1195
+0.0079
−0.0073 0.1287
+0.0169
−0.0161
100θ 1.041± 0.001 1.040± 0.002 1.041± 0.001 1.041± 0.002 1.041± 0.001 1.0400 +0.0015−0.0014 1.041± 0.001 1.0401 +0.0017−0.0015
τ 0.080 +0.044−0.042 0.076
+0.050
−0.047 0.075
+0.040
−0.039 0.075
+0.048
−0.043 0.082
+0.035
−0.036 0.079
+0.046
−0.041 0.069
+0.040
−0.038 0.066
+0.042
−0.038
Neff 3.13
+0.64
−0.63 3.40
+1.50
−1.43 3.05
+0.58
−0.54 3.06
+1.04
−1.00 3.15
+0.47
−0.44 3.63
+0.91
−0.80 3.13
+0.62
−0.61 3.62
+1.31
−1.19
nS 0.969
+0.032
−0.030 – 0.965
+0.027
−0.026 – 0.971
+0.018
−0.017 – 0.971
+0.030
−0.028 –
ln[1010As] 3.096
+0.095
−0.089 – 3.083
+0.085
−0.084 – 3.100
+0.074
−0.075 – 3.070
+0.085
−0.079 –
H0 [km s
−1 Mpc−1] 68.0 +5.7−5.6 68.2
+11.4
−11.1 67.3
+4.8
−4.6 66.0
+7.4
−7.2 68.3
+3.0
−2.9 70.2
+4.6
−4.2 68.5
+5.6
−5.3 70.2
+9.4
−8.8
σ8 0.83
+0.05
−0.04 0.88
+0.10
−0.09 0.83± 0.04 0.84± 0.06 0.84± 0.04 0.90± 0.08 0.82± 0.04 0.88± 0.08
Ps,1 ≡ 1.337 < 7.96 ≡ 1.369 < 7.97 ≡ 1.318 < 8.06 ≡ 1.279 < 7.87
Ps,2 ≡ 1.135 1.14 +0.40−0.37 ≡ 1.138 1.14 +0.39−0.36 ≡ 1.130 1.14 +0.41−0.38 ≡ 1.097 1.14 +0.39−0.37
Ps,3 ≡ 1.112 0.73 +0.41−0.38 ≡ 1.112 0.73 +0.40−0.37 ≡ 1.109 0.72 +0.41−0.38 ≡ 1.076 0.70 +0.39−0.37
Ps,4 ≡ 1.090 1.20 +0.27−0.25 ≡ 1.087 1.19± 0.25 ≡ 1.088 1.20 +0.27−0.26 ≡ 1.056 1.18 +0.26−0.25
Ps,5 ≡ 1.068 1.07 +0.13−0.12 ≡ 1.062 1.07± 0.11 ≡ 1.068 1.06± 0.12 ≡ 1.036 1.04± 0.10
Ps,6 ≡ 1.047 1.06 +0.10−0.09 ≡ 1.038 1.06 +0.09−0.08 ≡ 1.048 1.06± 0.09 ≡ 1.017 1.03 +0.07−0.06
Ps,7 ≡ 1.026 1.05 +0.10−0.09 ≡ 1.015 1.03 +0.09−0.08 ≡ 1.028 1.05 +0.09−0.08 ≡ 0.998 1.02 +0.08−0.07
Ps,8 ≡ 1.005 1.00 +0.11−0.10 ≡ 0.992 1.00 +0.10−0.09 ≡ 1.009 1.02± 0.09 ≡ 0.979 0.99± 0.09
Ps,9 ≡ 0.985 1.00 +0.14−0.13 ≡ 0.970 0.97 +0.11−0.10 ≡ 0.990 1.02± 0.09 ≡ 0.961 0.99 +0.12−0.11
Ps,10 ≡ 0.965 1.01 +0.20−0.19 ≡ 0.948 0.95 +0.15−0.14 ≡ 0.972 1.05± 0.12 ≡ 0.943 1.02± 0.17
Ps,11 ≡ 0.946 < 3.78 ≡ 0.927 0.85 +0.58−0.45 ≡ 0.954 < 3.83 ≡ 0.925 < 3.55
Ps,12 ≡ 0.853 nb ≡ 0.824 < 4.24 ≡ 0.865 nb ≡ 0.840 nb
Table 6.4: Constraints on cosmological parameters from the Planck TT+lowP dataset alone and in
combination with the matter power spectrum shape measurements from WiggleZ (MPkW), the BAO
data and the lensing constraints from Planck, in the ΛCDM + Neff model (nb stands for no bound).
For each combination, we report the limits obtained for the two parameterizations of the primordial
power spectrum, namely the power-law model (first column) and the polynomial expansion (second
column of each pair). Limits are at 95% CL around the mean value of the posterior distribution. For
each dataset, in the case of power-law model, the values of Ps,i are computed according to Eq. (6.3).
From Ref. [26].
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Figure 6.7: 68% and 95% CL constraints in the (Neff , Ps,j) planes, obtained in the ΛCDM +
Neff model. We show the results for Planck TT+lowP (gray), Planck TT+lowP+MPkW (red),
Planck TT,TE,EE+lowP (blue) and Planck TT,TE,EE+lowP+MPkW (green). Adapted from
Ref. [26].
Parameter Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP
+MPkW +BAO +lensing
100Ωbh
2 2.220± 0.048 2.206 +0.054−0.055 2.214 +0.047−0.046 2.203± 0.049 2.229± 0.038 2.226 +0.041−0.040 2.216 +0.045−0.046 2.204 +0.055−0.053
Ωch
2 0.1191 +0.0062−0.0061 0.1197
+0.0072
−0.0071 0.1186
+0.0062
−0.0061 0.1191
+0.0070
−0.0067 0.1192
+0.0060
−0.0059 0.1203
+0.0067
−0.0068 0.1178
+0.0058
−0.0057 0.1184
+0.0069
−0.0067
100θ 1.0409± 0.0009 1.0408 +0.0010−0.0009 1.0409± 0.0009 1.0409± 0.0009 1.0409 +0.0009−0.0008 1.0407± 0.0009 1.0410 +0.0009−0.0008 1.0410 +0.0010−0.0009
τ 0.077± 0.035 0.081 +0.040−0.039 0.073 +0.036−0.035 0.080 +0.039−0.037 0.082± 0.032 0.087± 0.040 0.060± 0.028 0.064 +0.034−0.032
Neff 2.99
+0.41
−0.39 2.96
+0.49
−0.48 2.95
+0.41
−0.39 2.91
+0.46
−0.43 3.04± 0.35 3.09± 0.40 2.94± 0.38 2.92 +0.48−0.46
nS 0.962± 0.019 – 0.960± 0.019 – 0.966± 0.015 – 0.961 +0.019−0.018 –
ln[1010As] 3.088± 0.074 – 3.078 +0.075−0.072 – 3.098 +0.067−0.069 – 3.049 +0.058−0.056 –
H0 [km s
−1 Mpc−1] 66.8 +3.2−3.1 66.1
+3.9
−3.8 66.5± 3.1 65.8 +3.6−3.4 67.5± 2.4 67.6 +2.6−2.5 66.7± 3.0 66.2 +3.9−3.7
σ8 0.83
+0.04
−0.03 0.87± 0.07 0.82 +0.04−0.03 0.83± 0.04 0.83± 0.03 0.88 +0.06−0.08 0.81 +0.03−0.02 0.86± 0.06
Ps,1 ≡ 1.415 < 7.62 ≡ 1.427 < 7.79 ≡ 1.377 < 7.27 ≡ 1.373 < 8.15
Ps,2 ≡ 1.157 1.14 +0.38−0.35 ≡ 1.154 1.14 +0.38−0.35 ≡ 1.150 1.14 +0.38−0.36 ≡ 1.117 1.14 +0.38−0.35
Ps,3 ≡ 1.128 0.72 +0.37−0.34 ≡ 1.125 0.72 +0.37−0.35 ≡ 1.125 0.73 +0.38−0.37 ≡ 1.089 0.68 +0.36−0.34
Ps,4 ≡ 1.101 1.22± 0.22 ≡ 1.096 1.22± 0.22 ≡ 1.100 1.23 +0.22−0.21 ≡ 1.062 1.20± 0.21
Ps,5 ≡ 1.074 1.08± 0.10 ≡ 1.068 1.08 +0.10−0.09 ≡ 1.076 1.09 +0.11−0.10 ≡ 1.035 1.05 +0.09−0.08
Ps,6 ≡ 1.048 1.06± 0.08 ≡ 1.040 1.06 +0.08−0.07 ≡ 1.053 1.07 +0.09−0.08 ≡ 1.009 1.03 +0.07−0.06
Ps,7 ≡ 1.022 1.04± 0.08 ≡ 1.013 1.04 +0.08−0.07 ≡ 1.030 1.05 +0.09−0.08 ≡ 0.984 1.00± 0.06
Ps,8 ≡ 0.997 1.00 +0.09−0.08 ≡ 0.987 1.00 +0.08−0.07 ≡ 1.007 1.02 +0.09−0.08 ≡ 0.959 0.97± 0.07
Ps,9 ≡ 0.973 0.98 +0.09−0.08 ≡ 0.962 0.98 +0.09−0.08 ≡ 0.985 1.00 +0.09−0.08 ≡ 0.935 0.95± 0.07
Ps,10 ≡ 0.949 0.97 +0.11−0.10 ≡ 0.937 0.94± 0.10 ≡ 0.964 1.00 +0.11−0.09 ≡ 0.912 0.94 +0.10−0.09
Ps,11 ≡ 0.926 < 4.30 ≡ 0.913 0.77 +0.42−0.37 ≡ 0.943 2.60 +2.01−2.52 ≡ 0.889 2.57 +1.96−2.17
Ps,12 ≡ 0.815 nb ≡ 0.799 < 3.32 ≡ 0.841 nb ≡ 0.780 nb
Table 6.5: As Tab. 6.4, but using the Planck TT,TE,EE+lowP dataset. From Ref. [26].
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Figure 6.8: 2D constraints at 68% and 95% CL in the (Ωch
2, H0) plane obtained in the ΛCDM + Neff
model with a PCHIP PPS, for different data combinations. The coloured points are obtained in the
same model, from the Planck TT+lowP analysis, and show the correlation with Neff . From Ref. [26].
The introduction of Neff as a free parameter does not change significantly the results for the ΛCDM
parameters if a power-law PPS is considered. However, once the freedom in the PPS is introduced,
a strong degeneracy between the PCHIP nodes Ps,j and Neff appears. Even if the constraints on Neff
are loosened for the PCHIP PPS case, all the dataset combinations give constraints on Neff that are
compatible with the standard value 3.046 at 95% CL, as we can notice from Fig. 6.6. The mild
preference for Neff > 3.046 arises mainly as a volume effect in the Bayesian analysis, since the PCHIP
PPS parameters can be tuned to reproduce the observed CMB temperature spectrum for a wide
range of Neff values. As expected, the degeneracy between the nodes Ps,j and Neff shows up at
high wavemodes, where the Silk damping effect is dominant, see Fig. 6.7. As a consequence of this
correlation, the values preferred for the nodes Ps,6 to Ps,10 are slightly larger than the best-fit values
of the power-law PPS at the same wavemodes.
The cosmological limits for a number of parameters change as a consequence of the various degen-
eracies with Neff . For example, to compensate the shift of the matter-radiation equality redshift due
to the increased radiation energy density, the CDM energy density Ωch
2 mean value is slightly shifted
and its constraints are weakened. At the same time, the uncertainty on the Hubble parameter H0 is
considerably relaxed, because H0 must be also changed accordingly.
It is interesting to note that the introduction of Neff as a free parameter induces a change in the
degeneracy between Ωch
2 and H0. This effect can be noticed by comparing Fig. 6.4, obtained in
the ΛCDM model, and Fig. 6.8, obtained in the ΛCDM + Neff model. The reason for which this
degeneracy changes is related to the fact that Neff and Ωch
2 control the matter-radiation equality
redshift. If Neff is freely varying, larger values of this parameter will require a larger matter content
Ωch
2 to leave unchanged the equality era, and the H0 parameter will move toward larger values. On
the other hand, if Neff is fixed to its standard value and Ωch
2 is increased, in order to keep unchanged
the matter-radiation equality era, a lower value of H0 would be required to compensate the effect.
The results obtained with the inclusion of the full CMB polarization data are shown in Tab. 6.5.
The introduction of the polarization data helps in improving the constraints in the models with a PCHIP
PPS, since the effects of increasing Neff and changing the PPS are different for the temperature-
temperature, the temperature-polarization and the polarization-polarization correlation spectra, as
previously discussed in the context of the ΛCDM model. When the degeneracies are broken, the
preferred value of Neff is very close to the standard value 3.046. Apparently, the Planck polarization
data seem to prefer a value of Neff slightly smaller than 3.046 for all the datasets except those including
the BAO data, but the effect is not statistically significant (see the blue and green points in Fig. 6.6).
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Figure 6.9: As Fig. 6.6 but for the ΛCDM + Σmν case. From Ref. [26].
As the bounds for Neff are compatible with 3.046, the ΛCDM + Neff model gives results that
are very close to those obtained in the simple ΛCDM model, but with slightly larger parameter
uncertainties, in particular for H0 and Ωch
2.
6.7 Massive Neutrinos
6.7.1 Parameterization
Neutrinos oscillations have robustly established the existence of neutrino masses (see Chapter 4).
However, neutrino mixing data only provide information on the squared mass differences and not on
the absolute scale of neutrino masses. Cosmology provides an independent tool to test it, as massive
neutrinos leave a non negligible imprint in different cosmological observables [362, 411, 441–450]. We
recall that the primary effect of varying the neutrino mass scale on the CMB temperature spectrum is
related to the early ISW effect (see Subsection 4.4.5). The neutrino transition from the relativistic to
the non-relativistic regime affects the decay of the gravitational potentials at the decoupling period,
producing an enhancement of the small-scale perturbations, especially near the first acoustic peak.
The baseline scenario we analyze here is an extension of the ΛCDM model where we assume three
active massive neutrino species with degenerate masses. As we did in the previous Section, we will
study the ΛCDM + Σmν model to test the robustness of the constraints on the neutrino mass scale
under the assumption of a free PPS.
6.7.2 Results
The 68% and 95% CL bounds on Σmν obtained with different dataset and PPS combinations are
summarized in Fig. 6.9. We shall discuss these results in detail below.
Table 6.6 depicts the 95% CL constraints on the sum of the three active neutrino masses arising
from Planck TT+lowP CMB measurements plus other external datasets. Notice that for all the data
combinations the bounds on neutrino masses are weaker when considering the PCHIP PPS with respect
to the power-law PPS case. This loosened bounds are due to the degeneracy between Σmν and the
nodes Ps,5 and Ps,6, that correspond to the wavenumbers where the contribution of the early ISW
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Figure 6.10: 68% and 95% CL allowed regions in the (Σmν , H0) plane (left panel) and in the (Σmν ,
σ8) plane (right panel), obtained in the ΛCDM + Σmν model within the PCHIP PPS parameterization.
From Ref. [26].
effect is located. Therefore, the change induced on these angular scales by a larger neutrino mass
could be compensated by increasing Ps,5 and Ps,6.
The most stringent constraints on the sum of the three active neutrino masses are obtained when
the BAO data are considered. In particular, we have Σmν < 0.26 eV (Σmν < 0.22 eV) at 95%
CL when considering the PCHIP (power-law) PPS parameterization. This is the consequence of the
fact that the BAO data strongly constrains the energy densities of the massive species, so that the
degeneracy between Σmν and the PPS is broken.
It can be noticed that using the PCHIP PPS parameterization there is a shift not only for the
preferred value of Σmν , but also for other cosmological parameters, such as the Hubble constant
and the clustering parameter σ8. This occurs because there exists a strong degeneracy between the
neutrino mass and the Hubble constant, as shown in the left panel of Fig. 6.10 and between Σmν
and σ8, as shown in the right panel of Fig. 6.10. In particular, considering CMB data only, a higher
value of Σmν will alter the angular diameter distance to the last scattering surface, change that can
be compensated with a smaller value of the Hubble constant H0. The mean values of the clustering
parameter σ8 are also displaced by ∼ 2σ (except for the BAO case) toward lower values in the PCHIP
PPS approach with respect to those obtained using the power-law PPS, since the free-streaming of a
heavier neutrino causes a larger suppression of the perturbations at small scales (see Ref. [51]). The
fact that the larger allowed range for Σmν causes a shift in the mean values of H0 and σ8 is a simple
consequence of volume effects that arise during the Bayesian marginalization.
Table 6.7 presents the constraints on the cosmological parameters from the Planck TT,TE,EE+lowP
data alone and in combination with the MPkW, BAO and lensing measurements. If one considers
the high-` polarization measurements, the bounds on the sum of the neutrino masses are larger when
using the PCHIP parameterization with respect to the ones obtained with the power-law approach.
However, these bounds are more stringent than those obtained using the Planck TT+lowP data only.
As we discussed in the previous Sections, the reason for this improvement is due to the fact that the
inclusion of the polarization measurements removes many of the degeneracies among the parameters,
but in particular between Σmν and the PPS. The constraints on Σmν from all the data combinations
and the PPS parameterizations are plotted in Fig. 6.9. Also when the full CMB polarization spec-
tra are included the data combination that gives the most stringent constraints is the one involving
BAO datasets, since it provides a 95% CL upper bound Σmν < 0.22 eV in the PCHIP PPS case and
Σmν < 0.18 eV in the power-law PPS case.
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6.8 Constraints on the Primordial Power Spectrum
From the MCMC analyses presented in the previous sections we obtained constraints on the nodes
used to parameterize the PCHIP PPS. Using these information, we can obtain a reconstruction of the
spectrum shape for the different extensions of the ΛCDM model. Since the form of the reconstructed
PPS is similar for the different models, we discuss now the common features of the PCHIP PPS as
obtained for the ΛCDM model.
We show the results for the dataset combinations that give the most interesting results for the
PPS, as for the bounds on the parameters that we reported in Tab. 6.3: Planck TT+lowP (Fig. 6.11),
Planck TT,TE,EE+lowP (Fig. 6.12) and Planck TT,TE,EE+lowP+MPkW (Fig. 6.13). Additionally,
we show in Figure 6.14 the results obtained in Ref. [25] from the analyses of the former Planck 2013
spectra, together with the WMAP polarization and the ACT/SPT data at high multipoles. The
plotted bands correspond to the constraints reported for the COSMO analysis in Tab. 6.2. In each of
these figures we show the marginalized best-fitting reconstruction of the PCHIP PPS (solid line), the
uncertainty bands at 68%, 95% and 99% CL at different gray-scales and the best-fitting power-law
PPS (dotted line) as obtained by the Planck collaboration for the ΛCDM model [44], as a comparison.
The bands are obtained marginalizing over all the values of the PPS separately for each bin in k.
Notice that the nodes Ps,1 and Ps,12 are badly constrained, due to the fact that these nodes are
selected to cover a wide range of wavemodes for computational reasons, but there are no available
data to constrain them directly. Also the node Ps,11 is not very well constrained by the Planck
temperature data, as it is possible to see in Fig. 6.11. The bounds on Ps,11 and Ps,12 can be improved
with the inclusion of the high-multipole polarization data (TE,EE), for which the reconstructed PPS
is presented in Fig. 6.12: the improvement is particularly significant for Ps,11. The inclusion of the
MPkW data allows to notably improve the constraints on the last two nodes of the PCHIP PPS
parameterization, see Fig. 6.13. The impact of the polarization on the nodes at high k is smaller than
the one of the matter power spectrum data, since the MPkW dataset provides stronger constraints on
the smallest angular scales. The situation is slightly different for the PPS reconstruction presented
in Fig. 6.14, for which the tight constraints for Ps,11 and Ps,12 arise from the CMB data at high
multipoles, provided by the ACT and SPT experiments (see Sec. 3.1).
The bounds on the nodes at small wavemodes (Ps,1 to Ps,4) are almost insensitive to the inclusion of
additional datasets or to the change in the underlying cosmological model, with only small variations
well inside the 1σ range between the different results. The error bars on the nodes are larger in this
part of the spectrum, since it corresponds to low multipoles of the CMB power spectra, where the
cosmic variance is larger. In this part of the PPS we have the most evident deviations from the simple
power-law PPS. The features are described by the node Ps,3, for which the value corresponding to the
power-law PPS is approximately 2σ away from the reconstructed result, and by the node Ps,4, which
is mildly discrepant with the power-law value (1σ level). These nodes describe the behavior of the
CMB temperature spectrum at low-`, where the observations of the Planck and WMAP experiments
show a lack of power at ` ' 20 and an excess of power at ` ' 40. The detection of these features is in
agreement with several previous studies [25, 32, 396–409]. Since this behavior of the CMB spectrum
at low multipoles has been reported by analyses of both Planck and WMAP data, it is unlikely that
it is the consequence of some instrumental systematics. It is possible that this feature is simply the
result of a large statistical fluctuation in a region of the spectrum where cosmic variance is very
large. On the other hand, the lack of power at a precise scale can be the signal of some non-standard
inflationary mechanism that produced a non standard spectrum for the initial scalar perturbations.
Future investigations will possibly clarify these properties of the PPS.
The central part of the reconstructed PPS, from Ps,5 to Ps,10, is very well constrained by the data.
In this range of wavemodes, no deviations from the power-law PPS are visible, thus confirming the
validity of the assumption that the PPS is almost scale-invariant for a wide range of wavemodes. This
is also the region where the PPS shape is more sensitive to the changes in the ΛCDM model caused
by its extensions. As we can see from the results presented in previous sections, the constraints on
the nodes Ps,5 to Ps,10 are different for each extension of the ΛCDM model, in agreement with the
results obtained for ln[1010As] and ns when considering the power-law PPS. In the various tables,
when presenting the results on the power-law PPS, we listed the values of the PCHIP nodes that
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ΛCDM - PCHIP PPS: Planck TT+lowP
Figure 6.11: Reconstruction of the marginalized best fit PCHIP PPS (solid line) with 68%, 95% and
99% confidence bands as obtained in the ΛCDM model, with the “Planck TT+lowP” dataset. The
dotted line represents the power-law PPS corresponding to the Planck best fit [44]. From Ref. [26].
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Figure 6.12: As in Fig. 6.11, but with the “Planck TT,TE,EE+lowP” dataset. From Ref. [26].
would correspond to the best-fitting As and ns, to simplify the comparison with the PCHIP PPS
constraints. These values are calculated using Eq. (6.3). In the range between k ' 0.007 and k ' 0.2,
the constraints in the PCHIP nodes correspond, for most of the cases, to the values expected by the
power-law PPS analyses, within their allowed 1σ range. There are a few exceptions: for example,
in the ΛCDM + Neff model and with the Planck TT+lowP+BAO dataset, the node Ps,10 deviates
from the expected value corresponding to the power-law PPS by more than 1σ (see Tab. 6.4). This
is a consequence of the large correlation and the large variability range that this dataset allows for
Neff . The inclusion of polarization data at high-`, limiting the range for Neff , does not allow for these
deviations from the power-law PPS.
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Figure 6.13: As in Fig. 6.11, but with the “Planck TT,TE,EE+lowP+MPkW” dataset. From
Ref. [26].
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Figure 6.14: Allowed 1σ, 2σ and 3σ bands of the PCHIP PPS obtained in the analyses without
(COSMO) the SBL prior. The bands have been obtained by marginalizing the posterior distribution
for each value of the wavenumber k in a fine grid. The black curves correspond to the maximum of
the posterior distribution for each value of k. From Ref. [25].
6.9 Discussion and Conclusions
The description of the cosmological model may require a non-standard Primordial Power Spectrum
(PPS) of scalar perturbations generated during the inflationary phase at the beginning of the Universe.
Several analyses have considered the possible deviations from the PPS power-law exploiting both the
WMAP and the Planck data measurements of the CMB temperature power spectrum [25,32,396–409].
Even if the significance of these deviations is small, it leaves some freedom for the PPS assumed form.
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Here we test the robustness of the cosmological bounds on several cosmological parameters when
the PPS is allowed to have a model-independent shape, that we describe using a PCHIP function
to interpolate a series of twelve nodes Ps,j . Our results show that the constraints can significantly
change if one considers only the temperature spectrum of the CMB in the data analyses, since the
free PPS form can be changed to compensate for the variations in the cosmological parameters. These
degeneracies are broken by the inclusion of the polarization spectra measured by Planck. In particular,
we show that they are removed due to the inclusion of the temperature-polarization cross-correlation
spectrum. For this reason, we stress here the importance of including several datasets in the analyses,
since they are crucial for solving the possible degeneracies between the PPS generated during inflation
and the parameters that govern the subsequent evolution, in order to avoid misleading results.
We have explored the impact of a non-canonical PPS in several different extensions of the ΛCDM
model, varying the effective number of relativistic species and the masses of the active and the light
sterile neutrinos.
Using the 2013 Planck data, we found that the freedom of the form of the PPS does not affect
significantly the fitted values of the parameters in the ΛCDM model, while the results concerning
the existence of a sterile neutrino in the early Universe can change drastically. If we do not impose
any prior on the sterile neutrino mass ms from the results of short-baseline oscillation experiments
(see Chapter 4), a larger value for the sterile neutrino contribution ∆Neff to the effective number of
relativistic degrees of freedom before photon decoupling is preferred in the PCHIP PPS parameterization
with respect to the standard power-law parameterization. The marginalized best fit of ∆Neff is moved
towards one, which corresponds to a fully thermalized sterile neutrino. This shift corresponds to a
tightening of the cosmological preferred values for ms.
In the analysis with a prior on ms obtained from the fit of short-baseline oscillation experiments
[199], the freedom of the PCHIP PPS affects only the bound on ∆Neff , because the allowed range
of ms is strongly constrained by the SBL prior. We found that a free form of the PPS allows the
existence in the early Universe of a fully thermalized sterile neutrino with a mass of about 1 eV
[307, 308]. This possibility is quite disfavored by the analysis of cosmological data with a power-law
PPS [22,23, 303,311, 332]. Hence, the freedom of the PPS may allow us to reconcile the cosmological
data with short-baseline neutrino oscillations without the need of an additional mechanism which
suppresses the thermalization of the sterile neutrino [310,344,355–357,365–371,386,387]. The updated
analyses that include the full temperature and polarization data released in 2015 by Planck, however,
forbid this reconciliation, since the CMB polarization at high multipoles breaks the degeneracies
between Neff and the PCHIP nodes.
We studied then the degeneracies between the PPS shape and the different cosmological param-
eters, separately. We considered the most recent CMB data from the 2015 release of the Planck
collaboration.
Concerning the effective number of degrees of freedom Neff , we find that the results are in good
agreement with the standard value of 3.046, if one assumes the standard power-law PPS. Increasing
Neff has the main effect of increasing the Silk damping of the CMB spectrum at small scales and
therefore it is easy change the PPS shape at that scales to compensate the increased damping. This
results in a strong degeneracy between the relevant PCHIP PPS nodes and Neff . As a consequence
of volume effects in the Bayesian analyses, the constraints on Neff are significantly loosened. For
some data combinations we obtain Neff ' 4.8 allowed at 95% CL. However, the Neff effects can not
be compensated by the PCHIP nodes in the polarization spectra, in particular in the case of the TE
cross-correlation. This is the reason for which the inclusion of CMB polarization measurements in the
analyses allows to break the degeneracies and to restore the Neff bounds very close to 3.046 for all the
data combinations, with Neff > 3.5 excluded at more than 95% CL for all the datasets.
In the minimal three active massive neutrinos scenario, the constraints on Σmν from the free
PPS scenario are relaxed with respect to the PPS power-law ones. This is due to the degeneracy
between Σmν and the nodes Ps,5 and Ps,6, that correspond to the scales at which the early Integrated
Sachs-Wolfe effect contributes to the CMB spectrum. Also in this case these degeneracies are broken
by the inclusion of additional datasets, as the CMB polarization at high multipoles and the BAO
measurements. The tightest limits we find is Σmν < 0.18 eV (0.22 eV) at 95% CL from the combination
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of Planck TT,TE,EE+lowP+BAO data, when considering a power-law (PCHIP) PPS.
Even if we presented only the results in the ΛCDM + Neff and ΛCDM + Σmν models, similar
constraints would be obtained if the neutrino parameters were varied together. The degeneracies with
the PPS, in fact, are related to different scales. The results in the ΛCDM + Neff + Σmν and ΛCDM
+ Neff + Σmν +m
eff
s models are reported in Ref. [26].
From the MCMC analyses we have also the opportunity to reconstruct and study the shape
of the PPS. We find that the reconstructed spectrum is perfectly described by a power-law in the
region between k ' 0.007 Mpc−1 and k ' 0.2 Mpc−1, but there are indications that a small dip (at
k ' 0.002 Mpc−1) and a statistically less relevant bump (at k ' 0.0035 Mpc−1) appear at large scales.
These features are found both considering the WMAP and the Planck CMB spectra. If confirmed by
future surveys, they will indicate that the simplest inflationary model is not complete and some new
physical mechanism during inflation introduces a scale dependency in the PPS.
In summary, we have shown that dangerous degeneracies among the parameters of the ΛCDM
model (and its possible extensions) and the PPS shape arise when considering CMB temperature power
spectrum measurements only. Fortunately, these degeneracies disappear with the inclusion of the CMB
polarization data at high multipoles. This is due to the fact that all these cosmological parameters
influence the TT, TE and EE spectra in different ways. This confirms the robustness of both the
ΛCDM model and the simplest inflationary models, that predict a power-law PPS that successfully
explains the observations at small scales. The large scale fluctuations of the CMB spectrum, however,
seem to point towards something new in the scenarios that describe inflation. It must be clarified
whether these features are indicating a more complicated inflationary mechanism or they are instead
simple statistical fluctuations of the CMB temperature anisotropies.
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Parameter Planck TT+lowP Planck TT+lowP+MPkW Planck TT+lowP+BAO Planck TT+lowP+lensing
Ωbh
2 2.214+0.054−0.052 2.127
+0.097
−0.100 2.217
+0.045
−0.047 2.161
+0.089
−0.103 2.228
+0.041
−0.039 2.219
+0.063
−0.061 2.210
+0.048
−0.057 2.136
+0.081
−0.079
Ωch
2 0.1202+0.0044−0.0047 0.1253
+0.0067
−0.0064 0.1200
+0.0043
−0.0039 0.1239
+0.0072
−0.0067 0.1188
+0.0028
−0.0029 0.1186
+0.0032
−0.0033 0.1197
+0.0041
−0.0042 0.1243
+0.0060
−0.0059
100θ 1.0407+0.0010−0.0011 1.0398± 0.0014 1.041± 0.001 1.0401+0.0013−0.0015 1.0410+0.0009−0.0008 1.0410± 0.0008 1.0408+0.0010−0.0009 1.0399+0.0012−0.0011
τ 0.080± 0.038 0.075+0.048−0.044 0.077+0.038−0.037 0.077+0.050−0.043 0.082+0.038−0.037 0.093+0.050−0.047 0.072+0.034−0.032 0.071+0.040−0.037
Σmν [eV ] < 0.75 < 2.16 < 0.46 < 1.15 < 0.22 < 0.26 < 0.63 < 1.64
nS 0.964
+0.014
−0.013 – 0964± 0.012 – 0.968± 0.009 – 0.963± 0.014 –
ln[1010As] 3.095
+0.074
−0.073 – 3.089
+0.074
−0.070 – 3.096± 0.073 – 3.077+0.061−0.059 –
H0[ Km s
−1 Mpc−1] 65.5+5.9−4.4 58.4
+8.8
−10.4 66.3
+3.2
−3.8 62.4
+6.3
−10.9 67.6± 1.3 67.1+1.3−1.4 65.2+3.5−3.8 58.7+7.1−6.8
σ8 0.79
+0.11
−0.08 0.72
+0.18
−0.20 0.81
+0.06
−0.07 0.77
+0.10
−0.19 0.83± 0.04 0.87+0.07−0.07 0.77+0.05−0.06 0.71+0.14−0.14
Ps,1 ≡ 1.399 < 8.23 ≡ 1.390 < 7.81 ≡ 1.349 < 8.08 ≡ 1.386 < 7.74
Ps,2 ≡ 1.156 1.20+0.40−0.36 ≡ 1.149 1.17+0.38−0.36 ≡ 1.139 1.11+0.38−0.34 ≡ 1.140 1.21+0.37−0.36
Ps,3 ≡ 1.129 0.74+0.38−0.37 ≡ 1.122 0.74+0.38−0.37 ≡ 1.116 0.77+0.41−0.40 ≡ 1.113 0.73± 0.39
Ps,4 ≡ 1.103 1.22+0.28−0.26 ≡ 1.096 1.20± 0.26 ≡ 1.093 1.21± 0.26 ≡ 1.086 1.23± 0.26
Ps,5 ≡ 1.077 1.13+0.17−0.15 ≡ 1.071 1.09± 0.13 ≡ 1.070 1.08+0.13−0.12 ≡ 1.060 1.11± 0.12
Ps,6 ≡ 1.052 1.109+0.104−0.097 ≡ 1.046 1.080+0.090−0.087 ≡ 1.048 1.077+0.104−0.100 ≡ 1.035 1.076+0.075−0.073
Ps,7 ≡ 1.028 1.049+0.093−0.087 ≡ 1.022 1.044+0.091−0.085 ≡ 1.026 1.054+0.100−0.093 ≡ 1.010 1.034+0.069−0.064
Ps,8 ≡ 1.004 0.998+0.096−0.085 ≡ 0.998 1.002+0.098−0.089 ≡ 1.005 1.026+0.105−0.100 ≡ 0.986 0.988+0.076−0.069
Ps,9 ≡ 0.981 0.973+0.097−0.084 ≡ 0.975 0.977+0.098−0.089 ≡ 0.984 1.011+0.102−0.097 ≡ 0.963 0.966+0.077−0.069
Ps,10 ≡ 0.958 0.966+0.098−0.095 ≡ 0.953 0.956+0.097−0.089 ≡ 0.964 1.005+0.106−0.096 ≡ 0.940 0.968+0.085−0.077
Ps,11 ≡ 0.936 2.03+1.91−2.02 ≡ 0.930 0.97+1.77−0.75 ≡ 0.944 2.74+2.07−2.69 ≡ 0.918 2.74+1.53−2.15
Ps,12 ≡ 0.830 nb ≡ 0.825 < 3.89 ≡ 0.848 nb ≡ 0.811 nb
Table 6.6: As Tab. 6.4, but for the ΛCDM + Σmν model. From Ref. [26].
Parameter Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP
+MPkW +BAO +lensing
Ωbh
2 2.221+0.032−0.034 2.2080
+0.039
−0.040 2.223
+0.028
−0.027 2.209
+0.037
−0.038 2.223± 0.027 2.226± 0.033 2.215± 0.033 2.203± 0.041
Ωch
2 0.1200+0.0031−0.0030 0.1212
+0.0035
−0.0034 0.1199
+0.0028
−0.0027 0.1212
+0.0035
−0.0033 0.1192± 0.0023 0.1191+0.0024−0.0025 0.1101± 0.0030 0.1207+0.0033−0.0035
100θ 1.0407± 0.0007 1.0405±−0.0007 1.0407± 0.0006 1.0406±−0.0007 1.0408± 0.0006 1.0408±−0.0006 1.0406± 0.0007 1.0405±−0.0007
τ 0.081+0.033−0.034 0.085
+0.042
−0.040 0.080± 0.034 0.088± 0.037 0.083+0.033−0.032 0.088+0.045−0.040 0.076+0.033−0.032 0.082± 0.035
Σmν [eV ] < 0.50 < 0.88 < 0.35 < 0.46 < 0.18 < 0.22 < 0.63 < 1.17
nS 0.97± 0.01 – 0.964± 0.009 – 0.966± 0.008 – 0.963± 0.009 –
ln[1010As] 3.098
+0.064
−0.065 – 3.095
+0.065
−0.066 – 3.100
+0.063
−0.064 – 3.086
+0.063
−0.061 –
H0[ Km s
−1 Mpc−1] 66.3+2.9−3.8 64.3
+3.9
−5.0 66.7
+2.3
−2.7 64.4
+2.1
−3.1 67.5
+1.1
−1.2 67.1
+1.3
−1.2 65.0
+3.3
−3.8 62.8
+5.1
−5.6
σ8 0.81
+0.06
−0.08 0.82
+0.11
−0.14 0.82
+0.05
−0.06 0.81
+0.05
−0.06 0.83± 0.03 0.87+0.07−0.08 0.78+0.05−0.06 0.71+0.12−0.13
Ps,1 ≡ 1.405 < 7.52 ≡ 1.399 < 7.43 ≡ 1.380 < 7.59 ≡ 1.399 < 7.91
Ps,2 ≡ 1.160 1.16+0.37−0.35 ≡ 1.156 1.15+0.40−0.36 ≡ 1.153 1.13+0.39−0.36 ≡ 1.150 1.18+0.38−0.36
Ps,3 ≡ 1.133 0.73+0.39−0.36 ≡ 1.129 0.73+0.39−0.38 ≡ 1.127 0.73+0.39−0.37 ≡ 1.123 0.73+0.37−0.35
Ps,4 ≡ 1.107 1.24+0.23−0.22 ≡ 1.103 1.23± 0.23 ≡ 1.103 1.23+0.23−0.22 ≡ 1.096 1.24± 0.23
Ps,5 ≡ 1.081 1.10± 0.11 ≡ 1.077 1.10± 0.10 ≡ 1.079 1.09+0.11−0.10 ≡ 1.070 1.09± 0.11
Ps,6 ≡ 1.056 1.073+0.091−0.085 ≡ 1.052 1.079+0.078−0.073 ≡ 1.055 1.069+0.093−0.085 ≡ 1.044 1.065+0.076−0.072
Ps,7 ≡ 1.031 1.050+0.086−0.087 ≡ 1.028 1.055+0.077−0.072 ≡ 1.032 1.046+0.092−0.083 ≡ 1.019 1.039+0.069−0.068
Ps,8 ≡ 1.007 1.016± 0.084 ≡ 1.004 1.021+0.077−0.073 ≡ 1.009 1.019+0.089−0.088 ≡ 0.995 1.007+0.070−0.072
Ps,9 ≡ 0.984 0.996+0.082−0.081 ≡ 0.981 0.998+0.075−0.071 ≡ 0.987 1.003+0.087−0.079 ≡ 0.972 0.988+0.068−0.070
Ps,10 ≡ 0.961 1.00+0.09−0.08 ≡ 0.958 0.97+0.9−0.08 ≡ 0.966 1.00+0.10−0.09 ≡ 0.948 0.98+0.08−0.07
Ps,11 ≡ 0.938 2.77+1.88−2.63 ≡ 0.936 0.82+0.56−0.45 ≡ 0.944 2.79+2.02−2.72 ≡ 0.926 3.015+1.51−2.14
Ps,12 ≡ 0.831 nb ≡ 0.830 < 3.20 ≡ 0.843 nb ≡ 0.818 nb
Table 6.7: As Tab. 6.5, but for the ΛCDM + Σmν model. From Ref. [26].
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Chapter 7
Thermal Axion Properties
This Chapter is based on Refs. [26, 32].
In the previous Chapters we discussed mainly the properties of active and sterile neutrinos. Among
the possible candidates of hot dark matter, however, other particles can be listed. In this Chapter we
present the case of the thermal axions, which are introduced in Section 7.1. In the following Section 7.2
we present the cosmological model and the data that we consider in our analyses. The results are
presented in Sections 7.3 for the axion mass alone, and in Section 7.4 for the joint constraints on the
active neutrino and thermal axion masses.
7.1 Introduction
The axion field is the solution proposed by Peccei and Quinn [27, 28, 451, 452] to solve the strong
CP problem in Quantum ChromoDynamics, by adding a new global Peccei-Quinn symmetry U(1)PQ
that, when spontaneously broken at an energy scale fa, generates a Pseudo-Nambu-Goldstone boson,
the axion particle. Non-thermal axions, as those produced by the misalignment mechanism, while
being a negligible hot dark matter candidate, may constitute a fraction or the total cold dark matter
component of the Universe. We do not explore such a possibility here. Thermal axions [29–31],
instead, affect the cosmological observables in a very similar way to that induced by the presence
of neutrino masses and/or extra sterile neutrino species. Massive thermal axions as hot relics affect
large scale structures, since they only cluster at scales larger than their free-streaming scale when
they become non-relativistic, suppressing therefore structure formation at small scales. Concerning
the Cosmic Microwave Background (CMB) physics, an axion mass leads to a signature in the CMB
photon temperature anisotropies via the early integrated Sachs-Wolfe effect. In addition, extra light
species as thermal axions contribute to the dark radiation content of the Universe, or, in other words,
lead to an increase of the effective number of relativistic degrees of freedom Neff , defined in Eq. (4.43).
The extra contribution to Neff arising from thermal axions can modify both the CMB anisotropies (via
Silk damping) and the primordial abundances of light elements predicted by Big Bang Nucleosynthesis.
The former cosmological signatures of thermal axions have been extensively exploited in the literature
to derive bounds on the thermal axion mass, see Refs. [362,453–456].
The most relevant process for the axion thermalization purpose is the interaction with the pion [30]:
pi + pi → pi + a. (7.1)
Assuming this process for the interaction, the axion coupling constant fa can be related to the axion
mass by the following relation [3]:
ma =
fpimpi
fa
√
R
1 +R
= 0.6 eV
107 GeV
fa
, (7.2)
where mpi = 135 MeV is the pion mass, R = 0.56 is the up-to-down quark masses ratio, and fpi =
92 MeV is the pion decay constant. To consider other values of R in the range 0.35 − 0.60 [3] does
not affect in a significant way this relationship [457].
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Axions decouple from the primordial plasma at a temperature TD, when the thermally averaged
interaction rate Γ(T ) of the interaction (7.1), falls below the expansion rate of the Universe H(T ).
This decoupling process is known as the freeze out condition for a thermal relic, and is given by:
Γ(TD) = H(TD) , (7.3)
where [3]
Γ =
3
1024pi5
1
f2af
2
pi
C2apiIa . (7.4)
In this formula the axion-pion coupling constant is Capi = (1−R)/[3(1 +R)] [30]. The integral Ia can
be expressed in the following way [30]:
Ia = n
−1
a T
8
∫
dx1dx2
x21x
2
2
y1y2
f(y1)f(y2)
∫ 1
−1
dω
(s−m2pi)3(5s− 2m2pi)
s2T 4
, (7.5)
with na = (ζ3/pi
2)T 3 the number density for axions in thermal equilibrium and the function f(y) =
1/(ey − 1) the pion thermal distribution. Moreover, we have three different kinematical variables,
xi = |~pi|/T , yi = Ei/T (i = 1, 2) and s = 2(m2pi + T 2(y1y2 − x1x2ω)).
The freeze out equation above, Eq. (7.3), can be numerically solved [458], obtaining the axion
decoupling temperature TD as a function of the axion mass ma. The upper left panel of Fig. 7.1 shows
the axion decoupling temperature as a function of the axion mass, in eV. Notice that the higher is the
axion mass, the lower is the temperature of decoupling. Afterwards it is possible to obtain the present
axion number density, that is related to the current photon density nγ by the following equation [458]:
na =
g?S(T0)
g?S(TD)
× nγ
2
, (7.6)
where g?S is the number of entropic degrees of freedom and g?S(T0) = 3.91.
The contribution of the relic axion to the total mass-energy density of the Universe is given by
the product of the axion mass times the axion number density. The quantity Ωah
2 at the present
epoch is depicted in the bottom left panel of Fig. 7.1. Notice that a 1 eV axion will give rise to
Ωah
2 ' 0.005 today, while a neutrino of the same mass will contribute to the total mass-energy
density of the Universe with Ωνh
2 ' 0.01. Notice however that Ωah2 represents the contribution from
relic, thermal axion states only. Non-thermal processes, as the misalignment production, could also
produce a non-thermal axion population which we do not consider here. See Ref. [459] for the most
recent cosmological constraints on such scenario.
The thermal axion can have, as massive neutrinos, the transition between the relativistic to the
non relativistic regime. When the thermal axion is still a relativistic particle it increases the effective
number of relativistic degrees of freedom Neff , enhancing the amount of radiation in the Universe.
The contribution to Neff from the thermal axion is given by [458]:
∆Neff =
4
7
(
3
2
na
nν
)4/3
, (7.7)
where na is given by Eq. (7.6) and nν refers to the present neutrino plus antineutrino number density
per flavor. The upper right panel of Fig. 7.1 shows the axion contribution to the radiation content
of the Universe as a function of the axion mass. Notice that the extra dark radiation arising from a
1 eV axion is still compatible (at 95% CL) with the most recent measurements of Neff from the Planck
mission [44].
The last crucial cosmological quantity is the axion free streaming scale, i.e. the wavenumber kFS
below which the axion density perturbations will contribute to clustering once the axion is a non-
relativistic particle. This scale is illustrated in Fig. 7.1 (solid line), in the bottom right panel, together
with that corresponding to a neutrino of the same mass (dashed line). Notice that they cover the
same scales for our choice of priors for ma and
∑
mν and therefore one can expect a large correlation
between these two quantities in measurements of galaxy clustering.
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Figure 7.1: The upper left panel shows the temperature of decoupling as a function of the axion
mass (solid curve), as well as the Big Bang Nucleosynthesis temperature, TBBN ' 1 MeV (dashed
curve). The upper right panel shows the axion contribution to the extra dark radiation content of
the Universe, while the bottom right plot depicts the free-streaming scale of an axion (solid curve) or
a neutrino (dashed curve) versus the axion/neutrino mass, in eV. The bottom left panel shows the
current axion mass-energy density as a function of the axion mass. From Ref. [32].
Several papers in the literature provide bounds on the thermal axion mass, see for example
Refs. [362, 453–456, 459, 460]. Here we present the results obtained in Ref. [26, 32], studying the
constraints on the thermal axion mass, and testing their robustness against the assumption of a free
Primordial Power Spectrum (PPS) of scalar perturbations, as we did for the neutrino properties in the
previous Chapter. In Section 7.4 we also take into account the fact that thermal axions and massive
neutrinos affect the cosmological observables in a very similar way, and we will consider the sum of
the neutrino masses and the axion mass free to vary at the same time.
7.2 Method
7.2.1 Cosmological model
The thermal axion can be parameterized through its coupling constant fa or through its mass ma.
Even if they are equivalent (see Eq. (7.2)), for our purposes it is more convenient to use the axion
mass ma. All the other cosmological quantities can be derived as a function of the axion mass ma, as
we showed in the previous Section and in Fig. 7.1.
The baseline scenario we consider here is the ΛCDM model, extended to include the thermal axion.
We also adopt the PCHIP PPS prescriptions presented in Section 6.2. When considering the PCHIP
PPS, for the numerical analyses we use the following set of parameters:
{ωb, ωc, θ, τ,ma, Ps,1, . . . , Ps,12} , (7.8)
where the cosmological parameters are the same presented in Section 6.4, with the only exception of
ma. The Ps,1, . . . , Ps,12 nodes describe the PCHIP PPS (see Section 6.2). We shall consider a scenario
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in which massive neutrinos are also present, to explore the expected degeneracy between the sum of
the neutrino masses and the thermal axion mass [362], in Section 7.4.
In order to compare the results obtained with the PCHIP PPS to the results obtained with the
usual power-law PPS model, we describe the latter case with the following set of parameters:
{ωb, ωc, θ, τ,ma, ns, log[1010As]} , (7.9)
where ns and As are the spectral index and the amplitude of the scalar power-law PPS written in
Eq. (1.144) and the other parameters are the same ones described above.
As we discussed extensively the constraints on the reconstructed PPS in Section 6.8, in this Chapter
we will not focus on the constraints obtained for the nodes Ps,i, since they are very similar to those
already presented.
7.2.2 Cosmological measurements
Our baseline data set consists of CMB measurements. We will adopt the same datasets pre-
sented in Section 6.4, and we will use as baseline datasets the combinations Planck TT+lowP and
Planck TT,TE,EE+lowP. Additionally, we will consider these two CMB datasets in combination
with the BAO, MPkW and lensing datasets.
We will also stress the role that the thermal axion can have in solving the tension between local
and cosmological determinations of σ8. In this case we will indicate with CMB the combination of the
temperature data from the 2013 release of the Planck satellite [20,60], the WMAP 9-year polarization
measurements [19] and the high multipole data from the South Pole Telescope (SPT) [69] and the
Atacama Cosmology Telescope (ACT) [65] experiments. HST indicates a gaussian prior on the Hubble
constant H0 = 70.6±3.3 Km s−1 Mpc−1 [123]. We will present the results obtained studying the weak
lensing measurements from CFHTLenS (CFHT) [142], described in Section 3.7, and on the cluster
normalization condition as measured by the Planck Sunyaev-Zel’dovich (PSZ) 2013 catalogue [136],
obtained using both the assumption of a fixed mass bias and a free mass bias (see Section 3.6).
Figure 7.2 illustrates the prediction for the cluster normalization condition, σ8(Ωm/0.27)
0.3, as a
function of the thermal axion mass. We also show the PSZ measurements [136] with their associated
95% CL uncertainties, including those in which the cluster mass bias parameter is fixed. Notice
that the normalization condition decreases as the axion mass increases, as a consequence of the free-
streaming nature of the axion: the larger is the axion mass, the larger is the reduction in the matter
power spectra, as it happens for massive neutrinos.
Concerning the BAO constraints, we want to point out an interesting effect that affects the re-
sults that we will present. Figure 7.3 illustrates the spherically averaged BAO distance, DV (z) ∝
D2A(z)/H(z) at a redshift of z = 0.57 as a function of the axion mass, as well as the measurement from
the BOSS experiment with 95% CL error bars [93]. Notice that, from background measurements only,
there exists a strong degeneracy between the CDM and the axion mass-energy densities. The solid
black line in Fig. 7.3 shows the spherically averaged BAO distance if all the cosmological parameters
are fixed, including ωc. The spherically averaged BAO distance deviates strongly from the ΛCDM
prediction. However, if ωc is varied while ma is changed, in order to keep the total matter mass-energy
density constant the spherically averaged BAO distance approaches its expected value in a ΛCDM
cosmology (see the dotted blue line in Fig. 7.3).
7.3 Constraints on the Thermal Axion Mass
Tables 7.1 and 7.2 summarize our results for the extended ΛCDM + ma scenario, comparing, for
each dataset considered here, the constraints arising in the power-law PPS scheme to the bounds
obtained in the PCHIP PPS formalism. We can observe that the bounds on the axion mass are relaxed
in the PCHIP PPS scenario, as illustrated in Fig. 7.5 and in Tabs. 7.1 and 7.2. This effect is related to
the relaxed bound we have on Neff when letting it free to vary in an extended ΛCDM + Neff scenario
that we discussed in Section 6.6. From the results presented in Tab. 6.4, we found Neff = 3.40
+1.50
−1.43 at
95% CL for the PCHIP PPS parameterization, implying that the PCHIP formalism favors extra dark
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Figure 7.2: Cluster normalization condition, σ8(Ωm/0.27)
0.3, as a function of the thermal axion
mass. We also show the current PSZ measurements [136] with their associated 95% CL uncertainties.
From Ref. [32].
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Figure 7.3: The solid black line depicts the spherically averaged BAO distance DV (z) as a function of
the axion mass at a redshift of z = 0.57, after keeping fixed all the remaining cosmological parameters,
included the cold dark matter energy density. The dashed blue line depicts the equivalent obtained
keeping fixed the total matter mass-energy density. The bands show the measurement from the BOSS
experiment (DR11) [93] with its associated 95% CL error. From Ref. [32].
radiation, and therefore a higher axion mass is allowed. As a consequence, we find that the axion mass
is totally unconstrained using the Planck TT+lowP data in the PCHIP PPS approach, with respect to
the bound ma < 1.97 eV at 95% CL we have for the standard power-law case.
However, when considering the Planck TT,TE,EE+lowP dataset for the ΛCDM + Neff model,
we find Neff = 2.99
+0.41
−0.39 at 95% CL for the power-law PPS, and Neff = 2.96
+0.49
−0.48 for the PCHIP PPS
approach (see Tab. 6.5), perfectly in agreement with the standard value Neff = 3.046. First of all,
this implies that the axion mass constraints arising from high-` polarization data are slightly weaker
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Figure 7.4: 68% and 95% CL allowed regions in the (ma, σ8) plane for different possible data
combinations, when a power-law (left panel) or a PCHIP (right panel) PPS is assumed. From Ref. [32].
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Figure 7.5: As Fig. 6.6 but in the context of the ΛCDM + ma model, focusing on the thermal axion
mass ma parameter. From Ref. [26].
than those obtained with Planck TT+lowP dataset in the power-law PPS formalism. In fact, the
weakening of these bounds is driven by the fact that Neff is forced to be greater than standard value,
as discussed more in detail in the next Section. Secondly, this means that the PCHIP parametrization
of the PPS no longer favors an extra dark radiation component, and the effective neutrino number is
perfectly in agreement with the bounds obtained by the Planck collaboration. Therefore, these tighter
values in the PCHIP approach will lead to stronger constraints on the thermal axion mass from CMB
data only, finding ma < 2.44 eV with the PCHIP PPS, mildly larger than the bound ma < 2.09 eV
126
7.3. Constraints on the Thermal Axion Mass
obtained within the power-law PPS, both at 95% CL.
7.3.1 Thermal Axions and Small Scales Perturbations
In parallel to what we did for the massive sterile neutrino in the previous Chapter, we present here
some results obtained when the constraints on the small scales matter perturbations are included in
the cosmological analyses involving the thermal axions. The data considered here are not the most
recent ones. The constraints from CFHTLenS and the Planck SZ cluster counts obtained in the most
recent analyses, taking into account a large number of possible astrophysical systematics, tend to show
a smaller tension with the CMB data (see Sections 3.6 and 3.7). Therefore, a thermal axion would
not be needed to reconcile the two sets of data. It is however possible that future experiments will
be able to distinguish the various systematics and to improve the measurements. In the case that the
tension will appear again, explanations as the one we provide here will be necessary.
When the CFHT bounds on the σ8–Ωm relationship are considered in addition to the CMB con-
straints, the bounds on the thermal axion mass become weaker. The reason is related to the lower
σ8 values preferred by weak lensing measurements, values that can be achieved by allowing for higher
axion masses. The larger is the axion mass, the larger is the reduction of the matter power spectrum
at small (i.e. cluster) scales, leading consequently to a smaller value of the clustering parameter σ8.
If we instead consider the PSZ data set with fixed cluster mass bias, together with the CMB,
BAO and HST measurements, a non-zero value of the thermal axion mass of ∼ 1 eV (∼ 0.80 eV) is
favored at ∼ 4σ (∼ 3σ) level, when considering the PCHIP (standard power-law) PPS approach [32] 1.
However, these results must be regarded as an illustration of what could be achieved with future
cluster mass calibrations, as the Planck collaboration has recently shown in their analyses of the 2015
Planck cluster catalogue [137]. When more realistic approaches for the cluster mass bias are used, the
errors on the so-called cluster normalization condition are larger, and consequently the preference for
a non-zero axion mass of 1 eV is only mild in the PCHIP PPS case, while in the case of a standard
power-law PPS such an evidence completely disappears.
The left (right) panel of Fig. 7.4 shows the 68% and 95% CL allowed regions in the (ma, σ8) plane
in the power-law (PCHIP) PPS scenario. The lower values of the σ8 clustering parameter preferred
by PSZ data are translated into a preference for non-zero thermal axion masses. Larger values of ma
will enhance the matter power spectrum suppression at scales below the axion free-streaming scale,
leading to smaller values of the σ8 clustering parameter, as preferred by PSZ measurements. The
evidence for non-zero axion masses is more significant when the cluster mass bias is fixed in the PSZ
data analyses. These results are the analogous of what we found for the sterile neutrino in Chapter 5.
7.3.2 Planck TT+lowP
The most stringent constraints on the axion properties are obtained with the most recent CMB
data, released in 2015 by the Planck collaboration [21], that we are going to consider now.
Table 7.1 shows our results at 95% CL arising from the Planck TT+lowP data alone and in
combination with the MPkW, BAO and lensing measurements, for an extended ΛCDM + ma scenario,
in the context of the two PPS parameterizations explored here.
As we discussed before, the first thing to note is that bounds on the axion mass are largely relaxed
when considering the PCHIP PPS with respect to the ones obtained in the power-law PPS, in the case
of the CMB measurements only. The Planck TT+lowP dataset cannot constrain the axion mass in
the PCHIP approach. However, when adding the matter power spectrum measurements via the MPkW
dataset, the upper limit on the axion mass is reduced by a half in the power-law approach: we have the
limit ma < 1.09 eV at 95% CL, that becomes ma < 1.63 eV at 95% CL in the PCHIP parametrization.
The most stringent bounds arise when using the BAO data, since they are directly sensitive to
the free-streaming nature of the thermal axion. While the MPkW measurements are also sensitive to
this small scale structure suppression, BAO measurements are able to constrain better the cold dark
matter density Ωch
2, strongly correlated with ma. The lower is the thermal axion mass, the lower is
1A similar effect when considering PSZ data for constraining either thermal axion or neutrino masses has also been
found in Refs. [22,23,140,337,358,362].
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Figure 7.6: One-dimensional posterior probability for the most relevant cosmological parameters for
the combination of datasets labeled in the figure, for the power-law approach in the ΛCDM + ma
scenario. From Ref. [26].
the amount of hot dark matter and consequently the lower must be the cold dark matter component,
and viceversa. We find ma < 0.93 eV at 95% CL in the standard case, and a slightly weaker constraint
in the PCHIP case, ma < 1.07 eV at 95% CL, both obtained using the Planck TT+lowP+BAO dataset.
Finally, when considering the lensing dataset, we obtain ma < 1.45 eV at 95% CL in the power-law
PPS case, that is slightly relaxed in the PCHIP PPS, ma < 2.15 eV at 95% CL. For this combination of
datasets, a mild preference appears for an axion mass different from zero: ma = 1.05
+0.37
−0.81 at 68% CL,
only when considering the PCHIP approach, as depicted in Fig. 7.5. This is probably due to the existing
tension between the Planck data on the lensing reconstruction from the CMB trispectrum and the
lensing effect observed in the CMB spectrum, see e.g. Refs. [44, 461].
The weakening of the axion mass constraints in most of the data combinations obtained in the
PCHIP PPS scheme is responsible for the shift at more than 1σ of the cold dark matter mass-energy
density, due to the existing degeneracy between ma and Ωch
2. Interestingly, this effect has also an
impact on the Hubble constant, leading to a shift of about 2σ towards lower values of the mean value
of H0 due to parameter degeneracies, as previously discussed in Chapter 6. Furthermore, a shift in
the optical depth towards a lower mean value is also present when analyzing the PCHIP PPS scenario.
One can explain this shift via the existing degeneracies between τ and H0 and between τ and Ωch
2.
Once BAO measurements are included in the data analyses, the degeneracies are largely removed and
there is no significant shift in the values of the Ωch
2, H0 and τ parameters within the PCHIP PPS
approach, when comparing to their mean values in the power-law PPS.
7.3.3 Planck TT,TE,EE+lowP
Table 7.2 shows our results at 95% CL from the Planck TT,TE,EE+lowP data alone and in
combination with MPkW, BAO and lensing measurements, for an extended ΛCDM + ma scenario,
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comparing the power-law PPS and the PCHIP PPS bounds.
In general, the constraints arising from high-` polarization measurements are slightly weaker
than those obtained previously. The weakening of the axion mass is driven by the preference of
Planck TT,TE,EE+lowP for a lower value of Neff , as pointed out before. As shown in Fig. 7.1, the
additional contribution to Neff due to thermal axions is a steep function of the axion mass, at least
for low thermal axion masses (i.e. below ∼ 1 eV). The lower value of Neff preferred by small-scale
polarization dramatically sharpens the posterior of ma at low mass (see Fig. 7.6). At higher masses,
however, the axion contribution to Neff depends weakly on ma: as a consequence, the posterior dis-
tribution flattens at high ma and overlaps with the one resulting from Planck TT+lowP, since CMB
polarization does not help in improving the constraints on Ωm. We can in fact notice the presence of a
bump in the posterior distributions of Ωm and σ8 for Planck TT,TE,EE+lowP. The mismatch in the
values of Ωm preferred by low and high thermal axion masses leads to a worsening of the constraints
on ma with respect to the Planck TT+lowP scenario, since the volume of the posterior distribution
is now mainly distributed at higher masses. When the BAO data are considered, we get the tightest
bounds on ma. In addition, the bump in both the Ωm and σ8 distributions disappears completely,
due to the higher constraining power of the BAO data. As a result, the tail of the ma distribution
is excluded when the BAO measurements are considered, and the constraints do not suffer of the
problem related to the volume effects discussed above.
Furthermore, the thermal axion mass bounds are relaxed within the PCHIP PPS formalism. In
particular, concerning the CMB measurements only, ma < 2.44 eV at 95% CL in the PCHIP approach,
compared to the bound ma < 2.09 eV at 95% CL in the standard power-law PPS description. When
adding the matter power spectrum measurements (MPkW), we find upper limits on the axion mass
that are ma < 1.19 eV at 95% CL in the power-law PPS and ma < 1.90 eV at 95% CL in the PCHIP
parametrization. When considering the lensing dataset, we obtain ma < 1.68 eV at 95% CL in the
power-law PPS case, that is relaxed when using the PCHIP PPS, that gives ma < 2.44 eV at 95% CL.
A mild preference for an axion mass different from zero appears from this particular data combination
(ma = 1.39
+0.71
−0.63 at 68% CL) only when considering the PCHIP PPS approach, see Fig. 7.5.
It is important to note that, when the CMB polarization at high multipoles is included, the shifts
induced in the mean value of the optical depth and in the abundance of the cold dark matter disappear.
7.4 Thermal Axions and massive neutrinos
In this Section we show the bounds in a scenario that includes both massive neutrinos and the
thermal axion relics. In principle, it should be possible to distinguish between these two relic popula-
tions because thermal axions increase the amount of radiation expected in the standard model, where
the neutrino contribution is fixed to Neff = 3.046, modifying the Neff value through the Eq. (7.7). In
addition, axions are expected to be colder and have a larger mass than neutrinos. First of all it is
important to note that the thermal axion mass bounds are unchanged in the extended ΛCDM + ma
+ Σmν model with respect to the ΛCDM + ma scenario. After comparing among the results shown
in Tabs. 7.1 (7.2) and 7.3 (7.4) for the Planck TT+lowP (Planck TT,TE,EE+lowP) dataset baseline
we can notice that the axion mass constraints are almost identical. In other words, massive neutrinos
do not affect the upper limits obtained for the thermal axion mass. On the other hand, the presence
of thermal axions tightens the neutrino mass bounds, presented in Sec. 6.7, as both the thermal relics
behave as hot dark matter with a free-streaming nature.
7.4.1 Results with Planck TT+lowP
Table 7.3 presents our results at 95% CL from the Planck TT+lowP data alone and in combination
with the MPkW, BAO and lensing measurements, for an extended ΛCDM + ma + Σmν scenario, in
the two PPS parameterizations exploited here. As discussed before for the ΛCDM + ma model, for
any combination of datasets the bounds on the axion mass are relaxed when considering the PCHIP
PPS with respect to the power-law PPS ones (see Fig. 7.7). In addition, in this case, we can also notice
a weakening of the total neutrino mass constraints when using the PCHIP approach (see Fig. 7.8). The
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Figure 7.7: As Fig. 6.6 but in the context of a ΛCDM + ma + Σmν model, focusing on the ma
parameter. From Ref. [26].
only exception appears when considering the BAO measurements, since they are directly sensitive to
the free-streaming nature of the two relic particles.
Concerning the CMB measurements only, the Planck TT+lowP data are not able to constrain the
axion mass in the PCHIP approach, providing Σmν < 2.20 eV at 95% CL versus the Σmν < 0.62 eV
at 95% CL limit obtained for the power-law approach. When adding the matter power spectrum
measurements (MPkW), both the upper limits on the axion mass and on the neutrino masses are
reduced by about a half in the canonical power-law PPS scenario, and become ma < 1.65 eV at 95% CL
and Σmν < 1.24 eV at 95% CL in the PCHIP parameterization. As in the previous sections, the most
stringent bounds arise when using the BAO data in both parameterizations: we have ma < 1.03 eV
at 95% CL and Σmν < 0.21 eV at 95% CL in the PCHIP case. Finally, when considering the lensing
dataset with the PCHIP PPS, we obtain ma < 2.13 eV at 95% CL and Σmν < 1.42 eV at 95% CL.
As in the ΛCDM + ma model, we find a shift of about 2σ towards lower values of the mean value
of the Hubble constant in the PCHIP parameterization, except when BAO data are included in the
analyses. However, in this case, the value of H0 is strongly degenerate with the total neutrino mass,
as explained in the previous Chapter.
In addition, in this extended scenario with massive neutrinos and within the PCHIP approach, we
have a shift of about 2σ toward higher values in the mean value of the cold dark matter density.
These shifts are larger than those reported in the ΛCDM + ma scenario, as now we have one extra
degeneracy (between Σmν and Ωch
2). A shift in the optical depth τ is also present in this case, due to
the degeneracy between Ωch
2 and τ . Once BAO measurements are considered, the shifts in the mean
values of the parameters are not significant.
7.4.2 Results with Planck TT,TE,EE+lowP
Table 7.4 shows our results at 95% CL from the Planck TT,TE,EE+lowP data alone and in combi-
nation with MPkW, BAO and lensing measurements, for an extended ΛCDM + ma + Σmν scenario,
comparing the power-law PPS and the PCHIP PPS bounds. As noticed above in the Planck TT+lowP
baseline results, the bounds on the axion mass and on the total neutrino mass are relaxed when
considering the PCHIP PPS with respect to the power-law PPS ones.
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Figure 7.8: As Fig. 7.7, but for the Σmν parameter. From Ref. [26].
The axion (neutrino) mass constraints are, in general, slightly weaker (stronger) than those ob-
tained using only the temperature power spectrum at small angular scales, for the reasons explained
above. In particular, focusing on the CMB measurements alone, the Planck TT,TE,EE+lowP data
provides upper limits on the thermal axion mass and on the neutrino masses in the PCHIP approach
of ma < 2.37 eV at 95% CL and Σmν < 0.72 eV at 95% CL, respectively.
Furthermore, when adding the matter power spectrum measurements (MPkW) we find ma <
1.79 eV at 95% CL and Σmν < 0.37 eV at 95% CL in the PCHIP parametrization. This last constraint
on the neutrino masses is about half the bound obtained with the Planck TT,TE,EE+lowP dataset.
The most stringent bounds on both the axion mass and on the total neutrino mass arise, as usual,
from the addition of BAO data. We find ma < 1.18 eV at 95% CL and Σmν < 0.18 eV at 95% CL in
the PCHIP PPS, respectively. Finally, when considering the lensing dataset within the PCHIP PPS we
obtain ma < 2.33 eV at 95% CL and Σmν < 0.94 eV at 95% CL.
The mean values of the optical depth or of the cold dark matter density do not suffer from the
shifts detailed in the absence of high multipole polarization data. There is a (mild) shift, caused by
the degeneracy between Σmν and H0, toward lower values in the Hubble constant case within the
PCHIP approach, which gets accentuated when including the lensing likelihood. As expected, the shift
in the mean value of the clustering parameter σ8 is larger than in previous cases, due to the presence
of two hot dark matter species reducing the small-scale matter fluctuations.
7.5 Conclusions
After discussing the cosmological properties of active and sterile neutrinos, that may contribute
as hot or warm dark matter components depending on their mass, we studied in this Chapter another
possible candidate for hot dark matter: the thermal axion. The contribution of the thermal axion
to the cosmological quantities can be described using the scale fa at which the U(1)PQ symmetry is
spontaneously broken, or equivalently its mass ma. Since the thermal axion contributes as a relavi-
tistic particle in the early Universe and as a massive component in the late Universe, its effects are
similar to those of the massive neutrinos and a degeneracy exist between the two particles. In partic-
ular, the thermal axion free-streaming can explain the discrepancy between local measurements and
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cosmological estimates of the clustering parameter σ8.
The most recent analyses from the Planck collaboration put strong constraints on the additional
relativistic particles in the early Universe and no deviations from Neff = 3.046 are shown. Our
analyses in Chapters 5 and 6 confirmed these results, and the most stringent bound from CMB data
only we have found is Neff = 2.99
+0.41
−0.39, obtained from the Planck TT,TE,EE+lowP dataset. The
corresponding bound at 68% CL is Neff = 2.99± 0.20 with a power-law PPS (Neff = 2.96± 0.25 with
a PCHIP PPS), for which the 68% CL upper constraint is Neff ' 3.2. The minimum contribution for
a thermal axion is ∆Neff ' 0.2, corresponding to the minimum value ma ' 0.1 eV allowed to perform
the calculations for the thermal axion. For smaller axion masses, in fact, the decoupling temperature
is above the QCD scale and there are no particles that can efficiently interact with the axion and allow
its decoupling [31, 462, 463], that jumps to very high temperatures. In this case, the upper value on
Neff allowed by the CMB data at 68% CL is smaller than the minimum value of Neff that is possible
when a thermal axion is included, that would be Neff ' 3.25. As a consequence, the presence of a
thermal axion is excluded at 68% CL by CMB data.
Concerning the robustness of the bounds on the axion mass against changes in the assumptions
on the power spectrum of initial curvature perturbations, we can notice that the axion mass bounds
are largely relaxed when a free PPS is assumed. When including the small scale CMB polarization
we find a further weakening of the axion mass constraints. This is due to the fact that polarization
constrains significantly the contribution of the axion to Neff , but this depends weakly on ma, if it is
large. As a consequence, the posterior distribution is smaller at small ma, but is unchanged for large
ma. The reduced volume of the posterior distribution for small axion masses is then translated into a
broadening of the marginalized constraints towards higher values for ma. The strongest bound we find
on the thermal axion mass within the PCHIP approach is ma < 1.07 eV at 95% CL when considering
the Planck TT+lowP+BAO data combination. In the standard power-law scenario, the most stringent
bound is ma < 0.74 eV at 95% CL, obtained with the further inclusion of the polarization at high
multipoles (Planck TT,TE,EE+lowP+BAO).
When we vary also the massive neutrino mass to test the degeneracy with the thermal axion mass,
we find that the constraints on the total neutrino mass are tighter than those obtained without thermal
axions (see Section 6.7), while the bounds on the thermal axion mass are unchanged. The strongest
bounds we find for the thermal axion mass and the total neutrino mass in the PCHIP approach are ma <
1.03 eV at 95% CL and Σmν < 0.18 eV at 95% CL, when considering the Planck TT+lowP+BAO and
Planck TT,TE,EE+lowP+BAO dataset combinations, respectively. In the power-law PPS scenario
the strongest bounds are ma < 0.76 eV at 95% CL and Σmν < 0.16 eV at 95% CL, obtained both for
the Planck TT,TE,EE+lowP+BAO dataset.
Finally, from the analyses we performed in this Chapter it is possible to obtain constraints on the
PPS shape. These results are not discussed in this Chapter, however, since they are very similar to
those presented in Chapter 6.
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Parameter Planck TT+lowP Planck TT+lowP+MPkW Planck TT+lowP+BAO Planck TT+lowP+lensing
100Ωbh
2 2.245+0.048−0.046 2.178
+0.080
−0.079 2.240
+0.045
−0.043 2.191
+0.074
−0.071 2.248
+0.043
−0.040 2.224
+0.065
−0.062 2.245
+0.046
−0.047 2.182
+0.082
−0.077
Ωch
2 0.1229+0.0049−0.0047 0.1267
+0.0062
−0.0061 0.1234
+0.0045
−0.0043 0.1262
+0.0058
−0.0056 0.1219
+0.0027
−0.0028 0.1222± 0.0032 0.1222+0.0043−0.0044 0.1253+0.0058−0.0059
100θ 1.041± 0.001 1.0399± 0.0011 1.0405+0.0009−0.0010 1.0401+0.0010−0.0011 1.0407± 0.0008 1.0406+0.0008−0.0009 1.0406± 0.0009 1.0401± 0.0010
τ 0.088+0.039−0.038 0.074
+0.047
−0.043 0.084
+0.040
−0.039 0.076
+0.049
−0.043 0.090± 0.038 0.091+0.046−0.043 0.078± 0.034 0.062+0.038−0.037
ma [eV] < 1.97 nb < 1.09 < 1.63 < 0.93 < 1.07 < 1.45 < 2.15
nS 0.974
+0.014
−0.015 – 0.974± 0.012 – 0.978± 0.010 – 0.977+0.012−0.013 –
ln[1010As] 3.119
+0.075
−0.074 – 3.112± 0.077 – 3.121+0.076−0.075 – 3.096+0.062−0.061 –
H0[Km s
−1 Mpc−1] 67.9+2.4−2.8 65.2± 3.4 68.1+2.0−2.3 66.3+2.9−3.1 68.8± 1.1 68.4± 1.3 68.4+2.2−2.5 66.0± 3.0
σ8 0.799
+0.063
−0.086 0.800
+0.099
−0.097 0.812
+0.045
−0.050 0.801
+0.066
−0.070 0.817
+0.044
−0.049 0.859
+0.078
−0.081 0.794
+0.046
−0.059 0.804
+0.076
−0.085
Ps,1 ≡ 1.307 < 7.36 ≡ 1.297 < 8.0 ≡ 1.262 < 7.93 ≡ 1.242 < 7.95
Ps,2 ≡ 1.138 1.18+0.40−0.37 ≡ 1.131 1.16+0.41−0.37 ≡ 1.123 1.12+0.39−0.36 ≡ 1.100 1.18+0.40−0.37
Ps,3 ≡ 1.119 0.71+0.39−0.37 ≡ 1.112 0.72+0.41−0.40 ≡ 1.107 0.76+0.41−0.39 ≡ 1.083 0.68± 0.37
Ps,4 ≡ 1.101 1.20± 0.27 ≡ 1.093 1.20+0.27−0.26 ≡ 1.091 1.22+0.27−0.26 ≡ 1.067 1.19± 0.26
Ps,5 ≡ 1.082 1.09± 0.12 ≡ 1.075 1.08+0.12−0.11 ≡ 1.076 1.08+0.13−0.12 ≡ 1.051 1.057+0.099−0.098
Ps,6 ≡ 1.064 1.070+0.093−0.089 ≡ 1.057 1.071+0.093−0.083 ≡ 1.061 1.072+0.097−0.095 ≡ 1.036 1.043+0.064−0.066
Ps,7 ≡ 1.046 1.047+0.090−0.081 ≡ 1.039 1.042+0.091−0.086 ≡ 1.045 1.056+0.095−0.087 ≡ 1.020 1.011+0.064−0.059
Ps,8 ≡ 1.029 1.003+0.093−0.089 ≡ 1.021 1.007+0.097−0.091 ≡ 1.031 1.028+0.097−0.093 ≡ 1.005 0.974+0.072−0.066
Ps,9 ≡ 1.011 0.988+0.092−0.087 ≡ 1.004 0.991+0.097−0.090 ≡ 1.016 1.021+0.095−0.091 ≡ 0.990 0.964+0.073−0.072
Ps,10 ≡ 0.994 1.00+0.10−0.09 ≡ 0.987 0.987+0.099−0.095 ≡ 1.001 1.03+0.11−0.10 ≡ 0.975 0.986+0.084−0.082
Ps,11 ≡ 0.978 < 3.69 ≡ 0.971 0.90+0.75−0.56 ≡ 0.987 2.6+1.9−2.5 ≡ 0.961 2.5+1.5−1.7
Ps,12 ≡ 0.896 nb ≡ 0.890 < 3.41 ≡ 0.917 nb ≡ 0.890 nb
Table 7.1: Constraints on cosmological parameters from the Planck TT+lowP dataset alone and in
combination with the matter power spectrum shape measurements from WiggleZ (MPkW), the BAO
data and the lensing constraints from Planck, in the ΛCDM + ma model (nb stands for no bound).
For each combination, we report the limits obtained for the two parameterizations of the primordial
power spectrum, namely the power-law model (first column) and the polynomial expansion (second
column of each pair). Limits are at 95% CL around the mean value of the posterior distribution. For
each dataset, in the case of power-law model, the values of Ps,i are computed according to Eq. (6.3).
From Ref. [26].
Parameter Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP
+MPkW +BAO +lensing
100Ωbh
2 2.248± 0.032 2.241+0.039−0.038 2.245+0.030−0.031 2.236+0.037−0.038 2.250+0.030−0.029 2.248+0.038−0.036 2.248+0.033−0.030 2.242+0.039−0.038
Ωch
2 0.1232+0.0034−0.0036 0.1233
+0.0041
−0.0043 0.1236
+0.0032
−0.0033 0.1241
+0.0037
−0.0040 0.1224
+0.0023
−0.0024 0.1223± 0.0029 0.1231+0.0032−0.0033 0.1224+0.0039−0.0043
100θ 1.0403± 0.0007 1.0402+0.0007−0.0006 1.0403± 0.0007 1.0402± 0.0007 1.0406± 0.0006 1.0405± 0.0006 1.0404± 0.0007 1.0403± 0.0006
τ 0.090+0.033−0.034 0.090
+0.043
−0.042 0.087± 0.034 0.091± 0.039 0.092± 0.034 0.093+0.043−0.042 0.075± 0.028 0.071+0.034−0.032
ma [eV] < 2.09 < 2.44 < 1.19 < 1.90 < 0.74 < 1.19 < 1.68 < 2.44
nS 0.972
+0.011
−0.012 – 0.9734± 0.0098 – 0.9754+0.0092−0.0089 – 0.974+0.010−0.011 –
ln[1010As] 3.125
+0.065
−0.067 – 3.119
+0.067
−0.068 – 3.125± 0.067 – 3.092± 0.053 –
H0[Km s
−1 Mpc−1] 67.6+1.9−2.2 66.8± 2.2 67.9+1.6−1.8 67.3+2.0−2.1 68.6± 1.0 68.5± 1.1 67.9+1.9−2.0 66.9+2.1−1.9
σ8 0.798
+0.067
−0.090 0.806
+0.11
−0.10 0.815
+0.045
−0.054 0.801
+0.068
−0.078 0.827
+0.037
−0.039 0.871
+0.072
−0.084 0.788
+0.051
−0.066 0.790
+0.092
−0.085
Ps,1 ≡ 1.339 < 7.74 ≡ 1.319 < 7.85 ≡ 1.302 < 7.71 ≡ 1.272 < 7.74
Ps,2 ≡ 1.154 1.15+0.39−0.36 ≡ 1.143 1.14+0.40−0.36 ≡ 1.141 1.12+0.39−0.36 ≡ 1.108 1.18+0.40−0.37
Ps,3 ≡ 1.133 0.72+0.40−0.37 ≡ 1.123 0.74+0.38−0.37 ≡ 1.122 0.74+0.40−0.38 ≡ 1.090 0.68+0.37−0.34
Ps,4 ≡ 1.113 1.25± 0.24 ≡ 1.103 1.24± 0.23 ≡ 1.104 1.24± 0.23 ≡ 1.071 1.23+0.23−0.22
Ps,5 ≡ 1.093 1.11+0.12−0.11 ≡ 1.084 1.11+0.11−0.10 ≡ 1.086 1.10+0.12−0.11 ≡ 1.053 1.071+0.092−0.088
Ps,6 ≡ 1.073 1.089+0.098−0.091 ≡ 1.065 1.087+0.083−0.081 ≡ 1.069 1.077+0.096−0.088 ≡ 1.036 1.013+0.064−0.059
Ps,7 ≡ 1.054 1.058+0.090−0.087 ≡ 1.047 1.061+0.079−0.077 ≡ 1.052 1.056+0.094−0.087 ≡ 1.018 1.013+0.064−0.059
Ps,8 ≡ 1.035 1.035+0.091−0.085 ≡ 1.029 1.037+0.080−0.079 ≡ 1.035 1.036+0.093−0.085 ≡ 1.001 0.995+0.066−0.060
Ps,9 ≡ 1.016 1.020+0.088−0.083 ≡ 1.011 1.020+0.080−0.078 ≡ 1.018 1.027+0.090−0.089 ≡ 0.984 0.982+0.067−0.061
Ps,10 ≡ 0.998 1.03+0.10−0.09 ≡ 0.993 1.009+0.088−0.085 ≡ 1.002 1.04± 0.10 ≡ 0.968 0.998+0.079−0.071
Ps,11 ≡ 0.980 2.8+1.6−2.4 ≡ 0.976 0.94+1.0−0.8 ≡ 0.985 2.9+1.8−2.6 ≡ 0.952 3.1+1.4−1.7
Ps,12 ≡ 0.892 < 8.89 ≡ 0.891 < 3.06 ≡ 0.906 < 8.66 ≡ 0.872 nb
Table 7.2: As Tab. 7.1, but using the Planck TT,TE,EE+lowP dataset. From Ref. [26].
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Parameter Planck TT+lowP Planck TT+lowP+MPkW Planck TT+lowP+BAO Planck TT+lowP+lensing
100Ωbh
2 2.237+0.051−0.055 2.134
+0.098
−0.093 2.237± 0.046 2.170+0.09−0.10 2.248+0.044−0.042 2.226+0.070−0.065 2.236± 0.051 2.150+0.087−0.082
Ωch
2 0.1234± 0.0048 0.1288+0.0068−0.0069 0.1235+0.0045−0.0042 0.1279+0.0075−0.0066 0.1217+0.0030−0.0032 0.1220+0.0033−0.0037 0.1230+0.0049−0.0046 0.1278± 0.0064
100θ 1.040± 0.001 1.0393+0.0013−0.0014 1.0404+0.0009−0.0010 1.0397+0.0013−0.0014 1.0407± 0.0009 1.0406+0.0009−0.0008 1.040± 0.001 1.0395± 0.0012
τ 0.090+0.040−0.039 0.075
+0.046
−0.042 0.087
+0.039
−0.037 0.076
+0.048
−0.046 0.092± 0.038 0.092+0.048−0.047 0.085+0.037−0.035 0.071+0.040−0.037
Σmν [eV] < 0.62 < 2.20 < 0.40 < 1.24 < 0.20 < 0.21 < 0.57 < 1.42
ma [eV] < 1.91 nb < 1.03 < 1.65 < 0.94 < 1.03 < 1.39 < 2.13
nS 0.973
+0.015
−0.016 – 0.974± 0.012 – 0.978+0.010−0.011 – 0.974+0.013−0.014 –
ln[1010As] 3.123
+0.076
−0.075 – 3.116
+0.076
−0.073 – 3.123± 0.074 – 3.111+0.068−0.064 –
H0[Km s
−1 Mpc−1] 66.5+4.2−5.1 59
+9
−10 67.3
+3.0
−3.4 63.1
+6.3
−9.4 68.7± 1.3 68.4± 1.4 66.6+4.1−4.7 60± 7
σ8 0.78
+0.09
−0.11 0.68
+0.18
−0.20 0.798
+0.060
−0.066 0.75
+0.11
−0.15 0.814
+0.048
−0.052 0.858
+0.078
−0.081 0.771
+0.064
−0.074 0.70± 0.13
Ps,1 ≡ 1.324 < 7.66 ≡ 1.303 < 7.70 ≡ 1.264 < 7.75 ≡ 1.296 < 7.61
Ps,2 ≡ 1.147 1.23+0.40−0.37 ≡ 1.135 1.20+0.40−0.38 ≡ 1.125 1.12+0.40−0.37 ≡ 1.129 1.23+0.39−0.38
Ps,3 ≡ 1.128 0.73+0.40−0.37 ≡ 1.116 0.73+0.41−0.38 ≡ 1.109 0.76± 0.43 ≡ 1.110 0.71+0.40−0.36
Ps,4 ≡ 1.108 1.23+0.28−0.27 ≡ 1.097 1.21+0.27−0.26 ≡ 1.093 1.23+0.27−0.26 ≡ 1.092 1.23+0.28−0.27
Ps,5 ≡ 1.089 1.15+0.18−0.16 ≡ 1.079 1.10+0.14−0.12 ≡ 1.078 1.08+0.13−0.12 ≡ 1.073 1.11+0.13−0.12
Ps,6 ≡ 1.070 1.11± 0.11 ≡ 1.061 1.083+0.093−0.090 ≡ 1.063 1.07+0.10−0.09 ≡ 1.055 1.078+0.076−0.073
Ps,7 ≡ 1.051 1.057+0.090−0.082 ≡ 1.043 1.047+0.088−0.086 ≡ 1.048 1.058+0.098−0.095 ≡ 1.038 1.039+0.069−0.065
Ps,8 ≡ 1.033 1.007+0.091−0.088 ≡ 1.025 1.007+0.095−0.091 ≡ 1.033 1.03± 0.10 ≡ 1.020 0.995+0.078−0.069
Ps,9 ≡ 1.015 0.987+0.090−0.086 ≡ 1.008 0.990+0.095−0.091 ≡ 1.018 1.02± 0.10 ≡ 1.003 0.981+0.078−0.074
Ps,10 ≡ 0.997 1.00± 0.10 ≡ 0.991 0.991+0.097−0.096 ≡ 1.003 1.04+0.11−0.10 ≡ 0.986 1.004+0.088−0.081
Ps,11 ≡ 0.980 < 3.72 ≡ 0.975 1.1+1.3−0.8 ≡ 0.989 2.6+1.9−2.5 ≡ 0.970 2.8+1.5−1.9
Ps,12 ≡ 0.895 nb ≡ 0.893 < 3.14 ≡ 0.919 nb ≡ 0.889 nb
Table 7.3: As Tab. 7.1, but for the ΛCDM + ma + Σmν model. From Ref. [26].
Parameter Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP Planck TT,TE,EE+lowP
+MPkW +BAO +lensing
100Ωbh
2 2.244+0.034−0.035 2.237± 0.040 2.242+0.032−0.031 2.233+0.037−0.036 2.250+0.031−0.030 2.248+0.038−0.036 2.242+0.033−0.037 2.234+0.041−0.040
Ωch
2 0.1235+0.0034−0.0036 0.1235
+0.0040
−0.0043 0.1236± 0.0033 0.1243+0.0037−0.0039 0.1223± 0.0023 0.1222+0.0028−0.0030 0.1235± 0.0034 0.1230+0.0040−0.0042
100θ 1.0402± 0.0007 1.0401± 0.0007 1.0403± 0.0007 1.0402± 0.0007 1.0405± 0.0006 1.0405± 0.0006 1.0403± 0.0007 1.0401± 0.0007
τ 0.093+0.035−0.036 0.090± 0.043 0.088+0.034−0.037 0.094+0.040−0.038 0.092+0.034−0.035 0.093+0.042−0.041 0.083+0.033−0.032 0.084± 0.037
Σmν [eV] < 0.44 < 0.72 < 0.32 < 0.37 < 0.16 < 0.18 < 0.53 < 0.94
ma [eV] < 2.05 < 2.37 < 1.12 < 1.79 < 0.76 < 1.18 < 1.66 < 2.33
nS 0.972
+0.011
−0.012 – 0.973± 0.010 – 0.9754+0.0093−0.0089 – 0.972± 0.011 –
ln[1010As] 3.130
+0.068
−0.070 – 3.120
+0.067
−0.071 – 3.126
+0.066
−0.068 – 3.109
+0.063
−0.061 –
H0[Km s
−1 Mpc−1] 66.7+3.1−3.6 65.3
+4.0
−4.7 67.4
+2.3
−2.7 66.6
+2.8
−3.0 68.6± 1.1 68.4+1.1−1.2 66.4+3.3−3.7 63.9+4.7−5.1
σ8 0.781
+0.081
−0.094 0.78
+0.13
−0.12 0.806
+0.054
−0.062 0.791
+0.075
−0.081 0.827
+0.039
−0.042 0.871
+0.073
−0.081 0.767
+0.066
−0.072 0.73
+0.12
−0.11
Ps,1 ≡ 1.346 < 7.75 ≡ 1.320 < 7.57 ≡ 1.299 < 7.70 ≡ 1.318 < 7.26
Ps,2 ≡ 1.160 1.17+0.39−0.37 ≡ 1.144 1.15+0.39−0.36 ≡ 1.140 1.13+0.38−0.36 ≡ 1.136 1.19+0.39−0.36
Ps,3 ≡ 1.139 0.73+0.40−0.38 ≡ 1.124 0.74+0.40−0.38 ≡ 1.122 0.73+0.38−0.37 ≡ 1.115 0.71+0.39−0.36
Ps,4 ≡ 1.119 1.26+0.24−0.23 ≡ 1.105 1.24+0.24−0.23 ≡ 1.104 1.24+0.23−0.22 ≡ 1.095 1.26± 0.24
Ps,5 ≡ 1.098 1.11+0.12−0.11 ≡ 1.085 1.11+0.11−0.10 ≡ 1.087 1.10± 0.11 ≡ 1.076 1.11+0.11−0.10
Ps,6 ≡ 1.079 1.089+0.097−0.093 ≡ 1.066 1.093+0.086−0.084 ≡ 1.069 1.076+0.091−0.086 ≡ 1.056 1.077+0.079−0.076
Ps,7 ≡ 1.059 1.060+0.093−0.087 ≡ 1.048 1.068+0.085−0.076 ≡ 1.052 1.056+0.089−0.083 ≡ 1.037 1.042+0.073−0.071
Ps,8 ≡ 1.040 1.036+0.092−0.086 ≡ 1.030 1.042+0.084−0.081 ≡ 1.036 1.036+0.090−0.083 ≡ 1.018 1.021+0.074−0.071
Ps,9 ≡ 1.021 1.022+0.088−0.087 ≡ 1.012 1.026+0.083−0.081 ≡ 1.019 1.027± 0.087 ≡ 1.000 1.007+0.074−0.071
Ps,10 ≡ 1.003 1.03+0.10−0.09 ≡ 0.994 1.014+0.091−0.085 ≡ 1.003 1.04± 0.10 ≡ 0.982 1.022+0.082−0.080
Ps,11 ≡ 0.985 3.0+1.5−2.6 ≡ 0.977 0.94+1.1−0.7 ≡ 0.987 3.0+1.8−2.6 ≡ 0.964 3.3± 1.3
Ps,12 ≡ 0.896 < 8.61 ≡ 0.892 < 2.99 ≡ 0.909 < 8.53 ≡ 0.878 nb
Table 7.4: As Tab. 7.3, but for the Planck TT, TE, EE+lowP dataset. From Ref. [26].
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Chapter 8
Inflationary Freedom and Primordial
non-Gaussianities
This Chapter is based on Ref. [33].
The simplest models of inflation predict small non-Gaussianities and a featureless power spectrum.
As we discussed in Chapter 6, however, a large number of well-motivated theoretical scenarios of
inflation predict features in the power-spectrum. Hints of these feature have been observed in the
CMB temperature spectrum at small multipoles. The scenarios that give origin to the features in
the PPS could also generate large non-Gaussianities. We adopt the PCHIP parameterization presented
in Section 6.2 to study, in a model-independent manner, how the constraints from future large scale
structures (LSS) surveys on the local non-Gaussianity parameter fNL change if the assumption of a
power-law (PL) spectrum of initial perturbations is relaxed.
8.1 Introduction
We already discussed the fact that inflation has been introduced to explain the flatness problem, the
horizon problem and the generation of the primordial perturbations seeding the evolution of our current
Universe [36–43, 464–466]. The inflationary theories, however, could be confirmed as responsible for
the Universe we observe today only if a signal of primordial gravitational waves would be detected.
The different theories, nevertheless, may give different predictions for the power spectrum of the initial
curvature perturbations PR(k). As we discussed in Subsection 1.9.2, the Primordial Power Spectrum
(PPS) is usually assumed to be featureless, described by a simple power-law PR(k) ∝ kns−1 (see
Eq. (1.144)), with ns the scalar spectral index. This might not be the correct case, and a vast number
of models proposed in the past predict a non-standard PPS (see e.g. the review [395]). That is the
case of slow-roll induced by phase transitions in the early Universe [467–469], by some inflationary
potentials [392,393,470–491], by resonant particle production [492–496], variation in the sound speed
of adiabatic modes [497,498] or by trans-Planckian physics [499–503]. All the non-standard scenarios,
of which this list is just a small fraction, as well as other non-canonical schemes [504–511], could lead
to a PPS which may notably differ from the simple power-law parameterization.
Most of the inflationary models we listed above predict also deviations from the pure Gaus-
sian initial conditions. Non-Gaussianities are usually described by a single parameter, fNL. In the
matter-dominated Universe, the gauge-invariant Bardeen potential on large scales can be parametrized
as [512–515]
ΦNG = Φ + fNL
(
Φ2 − 〈Φ2〉) , (8.1)
where Φ is a Gaussian random field. The non-Gaussianity parameter fNL is often considered to be a
constant, yielding non-Gaussianities of the local type.
Traditionally, the standard observable to constrain non-Gaussianities is the Cosmic Microwave
Background (CMB), through the three point correlation function, or bispectrum. As the odd power
correlation functions vanish for the case of Gaussian random variables, the bispectrum provides the
lowest order statistic to test any departure from Gaussianity. The bispectrum is much richer than the
power spectrum, as it depends on both the scale and the shape of the power spectra of primordial
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perturbations. The current bound from the complete Planck mission for the local non-Gaussianity
parameter is fNL = 0.8± 5.0 (68% CL) [516].
The large scale structures (LSS) of the Universe provide an independent tool to test primordial
non-Gaussianites, as shown in the pioneer works of Refs. [517] and [518]. Dark matter halos will
be affected by the presence of non-Gaussianities, and a scale-dependent bias will characterize the
non-Gaussian signal at large scales [519–525]. The strongest bounds on primordial non-Gaussianities
obtained using exclusively LSS data are those obtained from the DR8 photometric data, see Ref. [526],
which exploits 800000 quasars and finds −49 < fNL < 31 (see also Ref. [527]). While current LSS
constraints are highly penalized by the systematic uncertainties, it has been shown by a number of
authors that upcoming future LSS surveys will reach σ(fNL) < 1 [525,528–538].
Despite the fact that the simplest models of inflation (i.e. single field, slow-rolling with a canonical
kinetic term) predict small non-Gaussianities, there are some theoretical scenarios in which large non-
Gaussianities could be generated, see e.g. Ref. [539] and references therein. The same deviations from
the standard slow-roll inflation that give rise to non-Gaussianities could also be a potential source for
other features in the PPS [469], which are absent in the simplest models of inflation. For example,
both a non-canonical PPS and large non-Gaussianities can be generated simultaneously in scenarios
involving particle production during inflation [496]. These two phenomena could also appear together
in single field models with non-standard inflationary potentials [474,475,478,486,488,490], as well as in
multi-field inflationary models [487] and Brane Inflation [483]. Finally, preheating scenarios [540,541]
are other examples of models that give rise to both a non-standard PPS and non-Gaussianities.
As nature could have chosen other inflationary scenarios rather than the single field slow-roll
paradigm, it is interesting to explore how the forecasts for LSS surveys concerning future measurements
of fNL are affected when the assumption of a standard PPS is relaxed, possibly adopting a model-
independent description of the PPS. This has never been done before while forecasting errors on the
fNL parameter and it is a mandatory calculation, because models which will produce non-Gaussianities
will likely give rise to a non-standard PPS as well. Even if non-Gaussianities and distortions of the PPS
are expected to be governed by the same fundamental physics, the underlying inflationary mechanism
is unknown a priori. A conservative and general approach is therefore to treat these two physical
effects as independent and to be determined simultaneously. In this Chapter we adopt this strategy.
Following Ref. [33] on which this Chapter is based, we structure the discussion in this way: we start
describing the parameterization of the PSS used here in Sec. 8.2, we describe the scale-dependent halo
bias in the matter power spectrum in Subsection 8.3.1, while Subsection 8.3.2 is about the methodology
followed for our calculations as well as the specifications of the future LSS survey illustrated here. We
present our results in Subsec. 8.3.3 and we draw our conclusions in Sec. 8.4.
8.2 Primordial power spectrum
We discussed in Chapter 6 that, in principle, a non-standard shape for the PPS (see Ref. [395]
and references therein), can be generated by many inflationary models (see e.g. Ref. [394] for some
compilation) that goes beyond the simplest one. A power-law PPS of scalar and tensor perturbations
is the simplest possibility, but it may not be the correct one. In order to explore the robustness of
future forecasted errors from LSS surveys on the local non-Gaussianity parameter fNL, we assume a
non-parametric form for the PPS, following the prescriptions reported in Section 6.2. This is one of
a number of possible methods explored in the literature [396–409, 415, 419, 420, 422, 424, 425, 429, 432,
435–437,542–550].
In brief, we describe the PPS of the scalar perturbations as a function that interpolates the PPS
values in a series of nodes at fixed position. The function we exploit to interpolate is named piecewise
cubic Hermite interpolating polynomial, the PCHIP algorithm [439], described in details in Appendix A.
The nodes we use to interpolate the PPS are twelve, located at the values of k listed in Eq. (6.1). The
nodes are equally spaced (in logarithmic scale) in the range (k2, k11), that has been shown to be well
constrained by current cosmological data [436]. The extreme nodes in k1 and k12 are fixed to allow
for a non-constant behavior of the PPS outside the well-constrained range. The PCHIP PPS is given
by Eq. (6.2) and we parameterize the value of the PPS in the nodes with Ps,j .
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8.3 Forecasts
8.3.1 Non-Gaussian halo bias
Non-Gaussianities as introduced in Eq. (8.1) induce a scale-dependent bias that affects the matter
power spectrum at large scales. This scale-dependent bias reads as [517,519]
δg = b δdm where b = bG + ∆b , (8.2)
where δg(δdm) are the galaxy (dark matter) overdensities, bG is the Gaussian bias and ∆b reads as
∆b = 3fNL(1− bG)δc H
2
0 Ωm
k2T (k)D(a)
, (8.3)
where T (k) is the linear transfer function. The growth factor D(a) is defined as δdm(a)/δdm(a = 1)
and δc refers to the critical linear overdensity for spherical collapse [551]. The power spectrum with
the inclusion of non-Gaussianities is obtained using
Png = P
(
bG + ∆b+ fµ
2
k
)2
, (8.4)
where µk is the cosine of the angle between the line of sight and the wave vector k and f is defined as
d ln δdm/d ln a. P is the dark matter power spectrum, whose k dependence is driven either by Eq. (6.2)
or by the standard power-law PPS in Eq. (1.144) (given the amplitude As and the slope ns).
In the top panel of Fig. 8.1 we plot the galaxy power spectrum in absence of non-Gaussianities (i.e.
for fNL = 0) and for fNL = 20. The red dashed line indicates that using a PCHIP PPS with fNL = 0
it is possible to reproduce the galaxy power spectrum obtained with a standard power-law PPS and
fNL 6= 0. The Ps,j values needed to obtain such an effect were taken within their 95% CL allowed
regions [25]. This shows that large degeneracies between the Ps,j nodes and the fNL parameter may
appear. The large value fNL = 20, albeit allowed by the current LSS limits on local non-Gaussianities,
is much larger than the expected errors from the upcoming galaxy surveys (see e.g. Refs. [530, 552]).
Therefore, we also illustrate in the bottom panel of Fig. 8.1 the equivalent plot for fNL = 5. In this
case, the values for the PPS nodes Ps,j required to match the predictions obtained with the PL PPS
lie within their 68% CL allowed regions [25]. We can notice that the degeneracies are still present:
we therefore expect that the forecasted errors on fNL are largely affected by the uncertainties on the
precise PPS shape.
8.3.2 Methodology
We focus here on the future spectroscopic galaxy survey DESI (Dark Energy Spectroscopic Instru-
ment) experiment [553]. Although multi-band, full-sky imaging surveys have been shown to be the
optimal setups to constrain non-Gaussianities via LSS measurements [525, 528], the purpose of the
current analysis is to explore the degeneracies with the PPS parameterization rather than to optimize
the fNL sensitivity. For this reason, we restrict ourselves to the DESI galaxy redshift survey, but
similar results would be obtained with the results of the ESA Euclid instrument [554].
In order to compute the expected errors on the local non-Gaussianity parameter, we follow here the
usual Fisher matrix approach. The elements of the Fisher matrix, as long as the posterior distribution
for the parameters can be approximated by a Gaussian function, are [555–557]
Fαβ =
1
2
Tr
[
C−1C,αC−1C,β
]
, (8.5)
where C = S + N is the total covariance. The covariance matrix contains both the signal S and
the noise N terms, and C,α indicates its derivatives with respect to the cosmological parameter pα in
the context of the underlying fiducial model. The 68% CL marginalized errors on a given parameter
pα are σ(pα) =
√
(F−1)αα, where F−1 is the inverse of the Fisher matrix. In order to highlight the
differences in the errors on the fNL parameter arising from different PPS choices, we only consider
information concerning non-Gaussianities from LSS data, and we neglect the information that could
be added from the measurements of the CMB bispectrum.
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Figure 8.1: The top panel depicts the galaxy power spectrum obtained with the power-law PPS case,
for fNL = 0 (black solid curve) and fNL = 20 (blue dotted curve), together with one obtained with a
PCHIP PPS (red dashed lines) for fNL = 0. The values of the PCHIP PPS nodes are chosen accordingly
to match the predictions of the fNL = 20 case. The bottom panel shows the same for fNL = 5, with
appropriate changes of the values of the PCHIP PPS nodes. The labels ki for i = 4, . . . , 11 indicate the
k position of the five nodes considered in our analysis (i = 5, . . . , 9), plus the nodes k4, k10, k11 that
lie outside the k range probed by the DESI experiment. The galaxy power spectra are obtained for
z = 0.57, |µk| = 1 and assuming a constant Gaussian bias bG. From Ref. [33].
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Our LSS Fisher matrix reads as [83]
FLSSαβ =
∫ ~kmax
~kmin
∂ lnPng(~k)
∂pα
∂ lnPng(~k)
∂pβ
Veff(~k)
d~k
2(2pi)3
(8.6)
=
∫ 1
−1
∫ kmax
kmin
∂ lnPng(k, µk)
∂pα
∂ lnPng(k, µk)
∂pβ
Veff(k, µk)
2pik2dkdµk
2(2pi)3
,
where Veff is the effective volume of the survey. It is calculated as
Veff(k, µk) =
[
nPng(k, µk)
nPng(k, µk) + 1
]2
Vsurvey , (8.7)
where Png is the power spectrum calculated with the inclusion of non-Gaussianities (see Eq. (8.4)) and
n refers to the galaxy number density per redshift bin. We assume kmax = 0.1h/Mpc and we choose
kmin = 2pi/V
1/3, where V represents the volume of the redshift bin. The DESI survey is expected to
cover 14000 deg2 of the sky in the range 0.15 < z < 1.85, divided in redshift bins of width ∆z = 0.1.
We follow Ref. [558] for the number densities n(z) and biases bG(z) associated to the three types
of DESI tracers: Luminous Red Galaxies (LRGs), Emission Line Galaxies (ELGs) and high-redshift
quasars (QSOs). We include the redshift dependence of the (fiducial) bias bG in Eq. (8.4) as follows:
bG(z)D(z) = 0.84, 1.7, 1.2 for ELG, LRG and QSO’s respectively, where D(z) is the growth factor as a
function of the redshift, as in Eq. (8.3). Since we want to combine the three different Fishers matrices
from the three DESI tracers (LRGs, ELGs and QSOs), we adopt the multi-tracer formalism developed
in Ref. [559]. In the work, the authors present a generic expression for the Fisher information matrix
of surveys with any number of tracers. The multi-tracer technique provides constraints that can
surpass those set by cosmic variance, since the possible tracers of LSS can present differences in their
clustering.
We remind that the observed size of an object or of a feature at a redshift z is obtained in terms of
the redshift and the angular quantities ∆z and ∆θ. These two quantities are related to the comoving
distances r‖ and r⊥, along and across the line of sight respectively, through the angular diameter
distance DA(z) and the Hubble rate H(z). The same applies to the Fourier transform associated
variables, k‖ and k⊥ for the dual coordinates of r‖ and r⊥. Therefore, when reconstructing the
measurements of galaxy redshifts and positions in some reference cosmological model which differs
from a given fiducial cosmology, one has to take into account the geometrical effects [83]:
Pobs(k
ref
‖ , k
ref
⊥ ) =
DA(z)|2ref
DA(z)2
H(z)
H(z)|ref Pfid(k‖, k⊥) , (8.8)
where the ref sub/superscript denote quantities in the reference cosmological model1. We properly
take into account these effects in our Fisher matrix forecasts when taking numerical derivatives of the
galaxy power spectrum with respect to the cosmological parameters at given values of |k| and µk, that
are the equivalent of k‖ and k⊥.
In addition to the Fisher matrix forecasts, we will also compute the expected shift in the fNL
parameter if the Ps,j parameters (with j = 5, . . . , 9) describing the PCHIP PPS are incorrectly set to
values different from their fiducial ones. For that purpose, we use the method developed by the authors
of Ref. [560]. This is the main idea: if the future DESI data are fitted assuming a cosmological model
with fixed values of Ps,j , corresponding to fix both ns and As to their best-fit values, the model is
characterized by n′ = 5 parameters M′ = {Ωbh2, Ωch2, h, fNL, w}. If the true underlying cosmology
is a model with different values of the Ps,j and it is characterized by n = 10 parameters M = {Ωbh2,
Ωch
2, h, fNL, w, Ps,j} (with j = 5, . . . , 9), the values inferred for the n′ = 5 parameters will be shifted
1 k‖ = k
ref
‖ DA(z)|ref/DA(z) and k⊥ = kref⊥ H(z)/H(z)|ref .
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fiducial LRG ELG QSO All
Ωbh
2 0.02267 4.78× 10−3 4.86× 10−3 5.11× 10−3 2.38× 10−3
Ωch
2 0.1131 1.75× 10−2 1.65× 10−2 1.51× 10−2 7.70× 10−3
h 0.705 5.02× 10−2 5.01× 10−2 4.69× 10−2 2.42× 10−2
ns 0.96 5.68× 10−2 4.28× 10−2 4.12× 10−2 1.96× 10−2
As 2.2× 10−9 0.341 0.331 0.302 0.156
fNL 20 19.9 10.1 8.56 4.79
w −1 5.38× 10−2 4.09× 10−2 6.18× 10−2 2.36× 10−2
Table 8.1: Marginalized 1σ constraints on the parameters associated to the PL PPS assuming a fiducial
value fNL = 20. The error on the amplitude of the power spectrum is evaluated on As/(2.2 · 10−9).
From Ref. [33].
from their true values to compensate for the fact that the model used to fit the data is wrong. Under
the assumption of a Gaussian likelihood, the shifts in the n′ parameters are [560]
δθ′α = −(F ′−1)αβGβζδψζ α, β = 1 . . . n′,
ζ = n′ + 1 . . . n , (8.9)
where F ′ is the Fisher matrix for the model with n′ parameters (with fixed Ps,j) and G denotes
the Fisher matrix for the n parameters model (including the previous n′ parameters and the PCHIP
parameters).
In the following, unless otherwise stated, we adopt the best-fit values from the recent Planck
release [44], which corresponds to As = 2.2× 10−9 and ns = 0.965 at the pivot scale kpivot = 0.05 for
the standard power-law PPS. When we consider the PCHIP parameterization, the best-fit values of the
nodes we considered in the numerical analyses are: Ps,5 = 1.07099, Ps,6 = 1.04687, Ps,7 = 1.02329,
Ps,8 = 1.00024 and Ps,9 = 0.97771. These values are obtained calculating the value of the best-fit PL
PPS at the positions of the nodes k5 to k9 using Eq. (6.3), given the Planck 2015 best-fit values for
As and ns. The nodes Ps,j corresponding to j < 5 and j > 9 are outside the range of wavemodes that
the DESI survey is expected to cover, considering the values of kmax and kmin that we adopt here.
8.3.3 Results
We present now the results obtained from our Fisher matrix calculations, for the two fiducial
cosmologies explored here: one in which the PPS is described by the standard power-law form, and a
second one where we assume a free PPS, described by the PCHIP parameterization. The parameters
describing the model with a PL PPS are the baryon and cold dark matter energy densities Ωbh
2 and
Ωch
2, the reduced Hubble parameter h, the scalar spectral index ns, the amplitude of the PPS As and
the equation of state of the dark energy component w. The PCHIP PPS case is also described by Ωbh
2,
Ωch
2, h, w, plus five nodes Ps,j with j ∈ 5, . . . , 9. Non-Gaussianities of the local type are included in
both the fiducial cosmologies via the fNL parameter. All the results described below, unless otherwise
stated, refer to the analysis of the three DESI tracers (ELGs, LRGs and QSOs). This means that they
have been obtained exploiting exclusively the scale-dependent biases imprinted in the power spectra
of these three types of tracers.
Table 8.1 (8.2) shows the 1σ marginalized errors for the case of a standard (PCHIP) PPS, for
a fiducial value fNL = 20 for each of the DESI tracers and from the combination of all of them,
obtained using the multi-tracer technique. Even if such a value of the fNL parameter is larger than
the expected sensitivity from future probes, it is still allowed by current LSS bounds on primordial
non-Gaussianities. Notice that, for the standard PL PPS, the expected error on fNL is 19.9, 10.1
and 8.56 for LRGs, ELGs and QSOs respectively, while in the case of the PCHIP parameterization, we
obtain σ(fNL) = 32.2, 13.3 and 12.6 respectively. Therefore, the error on fNL is much larger when a
PCHIP PPS is assumed, up to the 60% level. The constraints on the remaining cosmological parameters
are barely affected by the different assumption on the PPS. In some cases, their error is even smaller
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fiducial LRG ELG QSO All
Ωbh
2 0.02267 7.85× 10−3 3.65× 10−3 4.70× 10−3 2.30× 10−3
Ωch
2 0.1131 2.30× 10−2 1.11× 10−2 1.41× 10−2 6.36× 10−3
h 0.705 7.67× 10−2 3.59× 10−2 4.62× 10−2 2.12× 10−2
Ps,5 1.07099 0.340 0.169 0.212 0.111
Ps,6 1.04687 0.419 0.198 0.254 0.119
Ps,7 1.02329 0.451 0.216 0.276 0.125
Ps,8 1.00024 0.479 0.229 0.293 0.132
Ps,9 0.97771 0.482 0.234 0.298 0.134
fNL 20 32.2 13.3 12.6 6.43
w −1 4.03× 10−2 2.80× 10−2 4.45× 10−2 2.45× 10−2
Table 8.2: Marginalized 1σ constraints on the parameters associated to the non-standard PPS assum-
ing fNL = 20. From Ref. [33].
fiducial LRG ELG QSO All
Ωbh
2 0.02267 2.67× 10−4 2.63× 10−4 2.66× 10−4 2.59× 10−4
Ωch
2 0.1131 1.64× 10−3 1.44× 10−3 1.52× 10−3 1.24× 10−3
h 0.705 6.66× 10−3 5.24× 10−3 5.86× 10−3 4.12× 10−3
ns 0.96 6.72× 10−2 6.41× 10−2 6.53× 10−2 5.84× 10−3
As 2.2× 10−9 3.87× 10−2 3.28× 10−2 3.51× 10−2 2.71× 10−2
fNL 20 17.4 9.14 7.58 4.56
w −1 4.51× 10−2 3.36× 10−2 5.44× 10−2 2.17× 10−2
Table 8.3: As Tab. 8.1 but including CMB priors. From Ref. [33].
fiducial LRG ELG QSO all
Ωbh
2 0.02267 3.92× 10−4 3.79× 10−4 3.87× 10−4 3.74× 10−4
Ωch
2 0.1131 1.36× 10−3 1.10× 10−3 1.18× 10−3 1.04× 10−3
h 0.705 4.13× 10−3 3.14× 10−3 3.62× 10−3 2.93× 10−3
Ps,5 1.07099 2.98× 10−2 2.69× 10−2 2.77× 10−2 2.60× 10−2
Ps,6 1.04687 2.89× 10−2 2.10× 10−2 2.32× 10−2 1.99× 10−2
Ps,7 1.02329 2.00× 10−2 1.73× 10−2 1.84× 10−2 1.69× 10−2
Ps,8 1.00024 1.92× 10−2 1.76× 10−2 1.86× 10−2 1.73× 10−2
Ps,9 0.97771 2.59× 10−2 2.31× 10−2 2.42× 10−2 2.22× 10−2
fNL 20 13.0 6.85 5.64 4.75
w −1 3.24× 10−2 2.46× 10−2 4.0× 10−2 2.28× 10−2
Table 8.4: As Tab. 8.2 but including CMB priors. From Ref. [33].
than in the standard power-law scenario. This is indeed the case of the equation of state parameter
w, or of Ωbh
2 and Ωch
2. The errors on the latter two parameters are smaller than in the PL PPS
approach only when exploiting either ELGs or QSOs tracers. The combination of the data from the
three tracers exploiting the multi-tracer technique alleviates the problem with the error on fNL. In
fact, the value of σ(fNL) increases only of about 40% when relaxing the assumption of a PL PPS,
rather than of 60% as obtained with the separate tracers.
This generic increase in the error on fNL arises from the large degeneracies between the non-
Gaussianity parameter and the Ps,j nodes, which is reduced when combining the tracers. The top and
bottom panels of Fig. 8.2 illustrate the large degeneracies between the fNL parameter and two of the
PCHIP PPS nodes, Ps,5 and Ps,9, for the fiducial value fNL = 20. We only show the degeneracies with
two nodes, but they are similar to the ones with the remaining nodes.
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fiducial LRG ELG QSO All
Ωbh
2 0.02267 4.78× 10−3 5.17× 10−3 5.18× 10−3 2.45× 10−3
Ωch
2 0.1131 1.73× 10−2 1.73× 10−2 1.52× 10−2 7.88× 10−3
h 0.705 5.0× 10−2 5.29× 10−2 4.75× 10−2 2.48× 10−2
ns 0.96 5.59× 10−2 4.40× 10−2 4.11× 10−2 2.0× 10−2
As 2.2× 10−9 0.339 0.347 0.305 0.160
fNL 5 18.9 9.32 7.83 4.45
w −1 5.38× 10−2 4.13× 10−2 6.19× 10−2 2.38× 10−2
Table 8.5: Marginalized 1-σ constraints on the parameters associated to the PL PPS assuming a
fiducial value fNL = 5. The error on the amplitude of the power spectrum is evaluated on As/(2.2 ·
10−9). From Ref. [33].
fiducial LRG ELG QSO All
Ωbh
2 0.02267 7.72× 10−3 3.61× 10−3 4.61× 10−3 2.31× 10−3
Ωch
2 0.1131 2.28× 10−2 1.09× 10−2 1.38× 10−2 6.37× 10−3
h 0.705 7.56× 10−2 3.54× 10−2 4.52× 10−2 2.13× 10−2
Ps,5 1.07099 0.342 0.169 0.215 0.113
Ps,6 1.04687 0.415 0.196 0.251 0.120
Ps,7 1.02329 0.445 0.212 0.270 0.126
Ps,8 1.00024 0.472 0.225 0.287 0.133
Ps,9 0.97771 0.476 0.230 0.292 0.135
fNL 5 29.3 11.9 10.7 5.97
w −1 4.02× 10−2 2.79× 10−2 4.45× 10−2 2.44× 10−2
Table 8.6: Marginalized 1σ constraints on the parameters associated to the non-standard PPS assum-
ing fNL = 5. From Ref. [33].
fiducial LRG ELG QSO All
Ωbh
2 0.02267 2.67× 10−4 2.63× 10−4 2.67× 10−4 2.59× 10−4
Ωch
2 0.1131 1.64× 10−3 1.43× 10−3 1.52× 10−3 1.24× 10−3
h 0.705 6.66× 10−3 5.23× 10−3 5.85× 10−3 4.11× 10−3
ns 0.96 6.71× 10−3 6.40× 10−3 6.53× 10−3 5.84× 10−3
As 2.2× 10−9 3.87× 10−2 3.27× 10−2 3.51× 10−2 2.70× 10−2
fNL 5 16.8 8.56 7.12 4.27
w −1 4.50× 10−2 3.36× 10−2 5.43× 10−2 2.17× 10−2
Table 8.7: As Tab. 8.5 but including CMB priors. From Ref. [33].
The problem of the degeneracy could be solved in two ways, either exploiting smaller scales in the
observed galaxy or quasar power spectra, or using CMB priors. In practice, going to the mildly non-
linear regime would require new additional Ps,j nodes, with the consequence that new degeneracies
between these additional Ps,j nodes and the non-Gaussianity parameter fNL would appear. Indeed,
we have numerically checked that such a possibility does not solve the problem. Furthermore, a non-
linear description of the matter power spectrum would depend on additional parameters, enlarging
the number of degeneracies. In contrast, the CMB priors on the PPS parameters, as well as on
the dark matter and baryon mass-energy densities, help enormously in solving the problem of the
large degeneracies between the PPS parameterization and non-Gaussianities. Tables 8.3 and 8.4
show the equivalent of Tables 8.1 and 8.2 with the inclusion of CMB priors from the Planck mission
2013 data [72]. Notice that the impact of the Planck priors is largely more significant in the PCHIP
parameterization case: the fNL errors arising from the three different dark matter tracers when the
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fiducial LRG ELG QSO all
Ωbh
2 0.02267 3.92× 10−4 3.79× 10−4 3.86× 10−4 3.75× 10−4
Ωch
2 0.1131 1.36× 10−3 1.10× 10−3 1.18× 10−3 1.04× 10−3
h 0.705 4.10× 10−3 3.13× 10−3 3.59× 10−3 2.92× 10−3
Ps,5 1.07099 2.98× 10−2 2.68× 10−2 2.77× 10−2 2.60× 10−2
Ps,6 1.04687 2.89× 10−2 2.11× 10−2 2.33× 10−2 2.0× 10−2
Ps,7 1.02329 2.00× 10−2 1.73× 10−2 1.84× 10−2 1.69× 10−2
Ps,8 1.00024 1.92× 10−2 1.76× 10−2 1.86× 10−2 1.73× 10−2
Ps,9 0.97771 2.50× 10−2 2.31× 10−2 2.43× 10−2 2.22× 10−2
fNL 5 12.4 6.42 5.23 4.46
w −1 3.23× 10−2 2.46× 10−2 3.99× 10−2 2.27× 10−2
Table 8.8: As Tab. 8.6 but including CMB priors. From Ref. [33].
Figure 8.2: The upper left (right) panel shows the degeneracy between fNL and Ps,5, for a fiducial
cosmology with fNL = 20 (fNL = 5), assuming kmax = 0.1h/Mpc. We show the 1σ marginalized
contours associated to the LRGs (in dashed blue lines), ELGs (in dot-dashed green lines), QSOs (in
dotted cyan lines) and multi-tracer (in solid red) Fisher matrix analyses. The bottom panels shows
the analogous but for the degeneracy between fNL and Ps,9. From Ref. [33].
CMB information is included are smaller in the PCHIP PSS description than in the PL PSS approach.
When the multi-tracer technique is applied, the overall errors after considering Planck 2013 CMB
constraints are very similar, regardless on the PPS description and close to σ(fNL) ' 5.
Table 8.5 (8.6) shows the 1σ marginalized errors for the case of a PL (PCHIP) PPS, for another
possible fiducial value of the non-Gaussianity parameter, fNL = 5. Again, the errors are obtained
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from each of the DESI tracers, as well as from the multi-tracer technique that combines all of them.
As in the case of fNL = 20, the error on the non-Gaussianity parameter increases when the PPS
parameterization is changed, reaching in some cases a 60% increment. The results are very similar
to those obtained and illustrated before for the larger non-Gaussianities. The errors on the other
cosmological parameters remain unaffected by the choice of the PPS parameterization. The dark
energy equation of state parameter is extracted with a smaller error in the PCHIP PPS case, and also
Ωbh
2 and Ωch
2 are determined with a smaller error in that case from the analyses of the ELGs and
QSOs tracers. The multi-tracer technique provides a reduction on the fNL error that is similar to the
one obtained in the previous case with fNL = 20. The top and bottom right panels of Fig. 8.2 illustrate
the large degeneracies between the non-Gaussianity parameter fNL and the nodes Ps,5 and Ps,9, for the
fiducial value fNL = 5. We can notice that the degeneracy pattern appears to be independent of the
value of fNL. The addition of the CMB priors reduces the errors on all the cosmological parameters,
including fNL, to the same values in both PPS parameterizations, as shown in Tabs. 8.7 and 8.8.
We now perform an additional forecast. We focus on the shift induced in the local non-Gaussianity
parameter fNL, which we set to zero in the two cosmologies M and M′. For the purpose of this
analysis, in the case of theM′ cosmology we fix all the nodes Ps,j to their best-fit values according to
the Planck 2013 results for the PL PPS (see Eq. (6.3)). A shift in fNL is expected to compensate for
the fact that the PCHIP nodes Ps,j are additional parameters in M, while they are not considered as
free parameters in the M′ analysis. If we displace the Ps,j parameters (with j = 5, . . . , 9) from their
fixed fiducial values in M′, we are adding them as additional parameters in the cosmological model,
so that they must be determined by the data. Referring to the notations of Eq. (8.9) and using a
shift δψPs,j = 0.1, which is smaller than the 1σ expected errors (see Tabs. 8.2 and 8.6), we obtain
that the corresponding shift in the fNL parameter is δθfNL ' 2.5, regardless of the exploited dark
matter tracer. This is a quite large displacement of the local non-Gaussianity parameter which will
induce a non-negligible bias in the reconstruction of the inflationary mechanism. While the remaining
cosmological parameters are also slightly displaced with respect to their fiducial values, their shifts
will not induce a misinterpretation of the underlying true cosmology. The shift of the non-Gaussianity
parameter δθfNL could be a potential problem when extracting the (true) value of the fNL parameter
not only from the DESI survey, but also for other future experiments with improved sensitivities to
non-Gaussianities, such as SPHEREx [529]. The combination of all the three possible DESI tracers
leads to a smaller shift in the fNL parameter (δθfNL ' 1.6). If CMB priors are applied the shift is
considerably reduced to δθfNL ' 0.2, which is close to the expectations for non-Gaussianities in the
most economical inflationary models, i.e. within single field slow-roll inflation [539,561].
8.4 Conclusions
While in the simplest inflationary models the primordial power spectrum (PPS) of the curvature
perturbations PR(k) can be described by a simple power-law without features, there exists a large
number of well-motivated inflationary scenarios that could give rise to a non-standard PPS. The
majority of these models will also generate non-Gaussianities. The Large Scale Structures (LSS) of
the Universe provide, together with the CMB bispectrum, a tool to test primordial non-Gaussianities.
In the literature, it is possible to find several works devoted to forecast the expectations from
upcoming galaxy surveys, such as the Dark Energy Spectroscopic Instrument (DESI) experiment.
The forecasted errors and bounds on the non-Gaussianity local parameter fNL are usually derived
under the assumption of a power-law PPS. We relax this assumption and we compute the sensitivity
to fNL expected from the DESI experiment. To do this we assume that the precise shape of the PPS
and the non-Gaussianity parameter need to be extracted simultaneously. If the analysis is restricted to
LSS data, the standard errors computed assuming a featureless PPS are enlarged by 60% when using
the PCHIP PPS parameterization and treating each of the possible dark matter tracers individually.
Another potential problem in future galaxy surveys could be induced by the possibly wrong as-
sumption of a featureless PSS, if nature could have chosen a more complicated inflationary mechanism
that results in a non-trivial PPS. If future data will be fitted using the wrong PPS cosmology, a shift
|δθfNL | ' 2.5 would be inferred (for kmax = 0.1h/Mpc) even if the true cosmology has fNL = 0. The
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former two problems may be alleviated using the multi-tracer technique. After combining all the DESI
possible tracers, when compared to the value obtained with the PL PPS parameterization, the fore-
casted errors on fNL will be degraded by 40% and the resulting shift will be reduced to |δθfNL | ' 1.6.
The addition of CMB priors from the Planck 2013 data on the PPS parameters and on the energy
densities of dark matter and baryons leads to an error on fNL which is independent of the PPS param-
eterization used in the analysis. After considering CMB priors, the value of the shift |δθfNL | is reduced
to 0.2, which is of the order of standard predictions for single-field slow-roll inflation [539,561].
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Chapter 9
Coupling between Dark Matter and
Dark Energy
This Chapter is based on Ref. [34].
In the previous Chapters we presented the constraints coming from cosmology on different dark
radiation candidates, as neutrinos and thermal axions. Among the different aims of the analyses, there
was the need to find a possible explanation to the small tensions that appear in the context of the
ΛCDM model between local measurements and cosmological estimates of the Hubble parameter H0
and of the small scales matter fluctuations σ8.
In this Chapter we show a new possibility that allows to solve these tensions, not involving new
particles, but considering a new interaction between the dark components of the present Universe:
dark energy and dark matter. A specific theoretical model for the interaction would require a particle
physics model that explains the nature of dark matter and dark energy. Several proposed scenarios
exist, but we do not have a well established model: therefore we will consider only a phenomenological
parameterization for the interaction.
9.1 Introduction
The results obtained analyzing the recent data of the Planck collaboration [21] show us that only
up to the 5% of the total energy density of the Universe today is provided by baryon matter, while
the remaining 95% comes from currently unknown constituents, divided in two different classes, being
radiation negligible today. The 26% of the total energy density comes from some matter component
that feels gravity, but does not interact with photons and is then named Dark Matter (DM). The
remaining 69% comes from a diffuse fluid that is responsible of the accelerated expansion we observe
in the recent history of the Universe. The fluid that provides this kind of energy density is named
Dark Energy (DE), behaving differently from any other massive component. The leading candidate
for DE is the cosmological constant Λ that represents the vacuum energy in the equations of General
Relativity: it is described by the equation of state (EoS) pΛ = wΛρΛ, where wΛ = −1 and pΛ, ρΛ are
the pressure and the energy density of DE, respectively. Further details on DM and the cosmological
constant are discussed in Chapter 1.
It is difficult to understand the value of the cosmological constant in terms of fundamental physics,
since it is well below the vacuum energy which can be obtained in the context of quantum field theory,
in the Standard Model of Particle Physics. This problem is usually referred to as the “cosmological
constant problem”. Beside this, there is another problem related to the cosmological constant, that
is called “coincidence problem”: it appears unnatural that matter and DE, today, contribute to the
total energy density with approximately the same amount. Possible solutions to these problems are
related to the nature of DE. One possibility is that the DE energy density is not provided by the
cosmological constant, but by some dynamical mechanism: for example, it is possible to obtain the
same EoS with wΛ ' −1 by means of a dynamic scalar field, φ(t), that is rolling down a potential
V (φ). This mechanism is similar to the one we presented in Subsection 1.9.2 for single-field inflation.
In fact, a Λ-dominated Universe expands exponentially, in analogy with the behavior that appears
during an inflationary phase. With such a dynamical mechanism, the “cosmological constant” and
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“coincidence” problems are partially solved, since the smallness of the vacuum energy and the relative
amount of DM and DE energy densities come from a dynamical condition and not from a fine tuning
of the parameters.
Cosmology gives us an evidence that DE and DM exist through the determination of their energy
densities, but it does not give us the characteristics they have: until particle physics experiments
will not give suitable candidates to account for DM and DE, we will not have any information on
their characteristics. In particular, any type of non-gravitational interaction involving DE or DM is
only constrained by astrophysical observations, with upper bounds on the interaction strength. In
this light, it is interesting to extend the ΛCDM model to study the effects of a new non-gravitational
interaction in the dark sector, involving DE and DM (see e.g. Refs. [562–573] and the review [574]).
The new interaction can be phenomenologically introduced in cosmology in different ways, see e.g.
Refs. [569–572, 575–580] and Ref. [581] for a classification. We will parameterize it through a new
term in the stress-energy tensor that enters the Einstein equations. In the coupled scenario, the DE
and DM components of the stress-energy tensor Tµν are no longer separately conserved:
∇µTµνdm = Quνdm/a , (9.1a)
∇µTµνDE = −Quνdm/a , (9.1b)
where the coefficient Q encodes the interaction rate, uνdm is the dark matter four-velocity and a is the
time-dependent scale factor of the Universe [569–572,575–580]. The introduction of the coupling term
in Eqs. (9.1a) and (9.1b) leads to the following conservation equations for the energy densities of DM
and DE:
ρ˙dm + 3Hρdm = +Q , (9.2a)
ρ˙Λ + 3H(1 + wΛ)ρΛ = −Q , (9.2b)
where ρDM(Λ) is the energy density for DM (DE), wΛ gives the EoS pΛ = wΛρΛ for DE, H = a˙/a is
the Hubble parameter. With the introduction of the coupling term, the energy densities of the dark
components are not individually conserved, because there exists an energy flux between them: if Q is
positive the energy flux is from DE to DM and DE decays into DM, while if Q is negative the energy
flux has the opposite direction and DM decays into DE.
Several interaction models has been proposed in the literature, for example Refs. [565,568,575,576,
582–584], where the role of Coupled Dark Energy (CDE in the following) is played by a scalar field.
In our work, instead of focusing on the theoretical framework that gives origin to a CDE scenario, we
use a phenomenological approach and we study a CDE model with [569–572,575–580]
Q = ξHρΛ , (9.3)
where ξ is the dimensionless coupling parameter: in this way the coupling is spatially-independent
and the time dependency of the interaction rate is governed by the Hubble parameter H = a˙/a
[577,578,585]. Standard cosmology corresponds to ξ = 0.
In the following we will test this CDE model against cosmological observables and derive bounds
on the relevant model parameters, that in our approach are wΛ and ξ. We will also discuss whether
the ensuing results help in alleviating the tension on the determination of H0 and σ8 which arises from
high and low redshift cosmological observables.
The outline of this Chapter is the following: in Section 9.2 we describe our parameterization for the
ΛCDM model, its extension that include a coupling between DE and DM, and the cosmological data
we used. In Section 9.3 we present and discuss the results. In Section 9.4 we study the possibility that
DM is composed of one interacting fraction and one stable fraction, represented by a sterile neutrino.
Finally, we summarize our conclusions in Section 9.5.
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9.2 Method
9.2.1 Parameterization
Our baseline model is the well studied and confirmed ΛCDM model, already adopted in the previous
Chapters and described in Section 2.5. In this Chapter we use the following set of parameters:
θ = {Ωch2,Ωbh2, θ, τ, ln(1010As), ns, wΛ, ξ}, (9.4)
where we have the present baryon density Ωbh
2, the present CDM density Ωch
2, the ratio of the sound
horizon to the angular diameter distance at decoupling θ, the optical depth at reionization τ , the
amplitude As and the spectral index ns of the primordial power spectrum of scalar perturbations.
The parameters wΛ and ξ are used for the CDE models, while they are fixed to ξ = 0 and wΛ = −1
in the ΛCDM model.
In the first part of our analysis we do not consider the effects of varying the parameters that describe
the neutrino sector: the sum of the neutrino masses
∑
mν , that we fix to the minimal value allowed
by the neutrino oscillations,
∑
mν = 0.06 eV for two almost massless and one massive neutrino, and
the effective number of relativistic species Neff , that we fix to the standard value N
sm
eff = 3.046 [305]
obtained for the three active neutrinos. In Section 9.4, instead, we will study the constraints on an
additional light sterile neutrino using the same parameterization adopted in Section 5.1.
We introduce a phenomenological coupling between the dark components in the Universe, param-
eterized through a coupling term Q, written in Eq. (9.3). After introducing the coupling, Eqs. (9.2a)
and (9.2b) can be derived from the time component of the stress-energy momentum conservation
equation. The decoupled Equations (with Q = 0) correspond to ξ = 0. Using the coupling term in
Eq. (9.3), it is possible to solve Eqs. (9.2a) and (9.2b) and to write explicitly the background equations
for the energy densities of DM and DE [570,578,586]:
ρdm = ρ
0
dm a
−3 + ρ0Λa
−3
[
ξ
3wΛ + ξ
(
1− a−3wΛ−ξ)] , (9.5a)
ρΛ = ρ
0
Λ a
−3(wΛ+1)−ξ , (9.5b)
where ρ0i is the energy density of the species i today. We emphasize that ξ < 0 correspond to an
energy flux from DM to DE, with DM decaying into DE, whereas ξ > 0 correspond to an energy flux
from DE to DM, with DE decaying into DM. In the following we will refer to the former case as Model
1 (MOD1) and to the latter case as Model 2 (MOD2) for sake of brevity. From Eq. (9.5b) we can see
that DE obeys an effective EoS given by weffΛ = wΛ + ξ/3: this allows to write Eq. (9.5b) in the usual
form ρΛ = ρ
0
Λ a
−3(weffΛ +1).
In the presence of the coupling term in Eq. (9.3), the interaction model does not suffer gravitational
instabilities if wΛ 6= −1 [568, 575]: for this reason we will consider a constant wΛ 6= −1 when ξ 6= 0.
Early time instabilities can however rise up also when wΛ 6= −1 if the coupling is strong [570]: in
particular the instability is not present if ξ and wΛ + 1 have opposite sign, but they can be present
if the two quantities have the same sign. We will consider only constant values wΛ > −1 for MOD1,
for which ξ < 0, and constant values wΛ < −1 for MOD2, for which ξ > 0, in order to avoid the
instabilities. It is worthwhile to note that in the latter case the DM energy density can assume negative
values in the past for particular combinations of wΛ and ξ (Eq. (9.5a)), while the DE energy density is
always positive (Eq. (9.5b)). To avoid unphysical values of ρdm, we must therefore impose ξ . −wΛ:
this is automatic for ξ < 0 (MOD1) unless wΛ assumes positive values, but this do not occur since
the accelerated expansion of the Universe at late times requires wΛ < −1/3. For MOD2, instead, we
impose the prior 0 ≤ ξ ≤ 0.5, but we will find that the largest values of ξ in this interval are disfavored
by our analyses.
From Eq. (9.5b) we note that ρΛ increases with the scale factor if wΛ < −1 − ξ/3: in this region
DE has an effective phantom behavior, that is the unbounded increase of ρΛ in future times. The
effective phantom behavior occurs in both the models MOD1 and MOD2. Even when wΛ > −1 and
ξ < 0 (MOD1) the phantom regime can be present since when a increases ρΛ can be increased by the
energy transfer from DM to DE,, instead of following the decreasing behavior driven by wΛ > −1.
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This effective behavior, however, has the advantage of being free from the instabilities that can occur
for a true phantom dark energy [587,588].
Looking at Eqs. (9.5a) and (9.5b), we notice that it is difficult to disentangle the effects of the DE
EoS parameter w and the coupling ξ by only studying the background evolution. We must include
the perturbation evolution equations, which are also affected by the additional coupling. To obtain
the new equations for the linear perturbation in DM and DE one has to perform the calculations in
the perturbed space time, following the method we presented in Section 1.8. As a result, the coupled
perturbation equations in the synchronous gauge can be obtained [578]:
δ˙dm = −
(
kvdm +
h˙
2
)
+ ξH ρΛ
ρdm
(δΛ − δdm) ; (9.6a)
v˙dm = −Hvdm
(
1 + ξ
ρΛ
ρdm
)
; (9.6b)
δ˙Λ = −(1 + wΛ)
(
kvΛ +
h˙
2
)
− 3H(1− wΛ) ·
(
δΛH(3(1 + wΛ) + ξ)vΛ
k
)
; (9.6c)
v˙Λ = −2H
(
1 +
ξ
1 + wΛ
)
vΛ + k
δΛ
1 + wΛ
; (9.6d)
where h = 6φ is the synchronous gauge metric perturbation and the DM peculiar velocity vdm is fixed
to zero using the gauge freedom. Moreover, the DE sound speed is fixed: cs,Λ = 1. The uncoupled
equations for δdm and vdm have been presented in Eqs. (1.92) and (1.93) in the conformal Newtonian
gauge. They can be recovered using ξ = 0 and changing appropriately the gauge. We adopt the
adiabatic initial conditions (see Section 1.9) for the CDE component [568,575,579] as for all the other
cosmological constituents [54].
The effects of the additional coupling are visible in different ways on the cosmological observables.
Since we expect a strong degeneracy between the coupling parameter ξ and the DM density today
Ωch
2, due to the conversion of DM into DE (or vice versa) that reduce (increase) the DM abundance
at different times, we briefly list the effects that the dark coupling has on cosmology when we consider
Ωch
2 fixed. The DM density today will be degenerate with the variations in the coupling strength
ξ, since ξ impacts the CMB spectra through the corresponding DM energy density at the matter-
radiation equality epoch or at the CMB decoupling, that is higher (smaller) if the coupling parameter
is negative (positive). When Ωch
2 is fixed, the presence of the coupling provides a shift in the position
and a change in the envelope of the CMB peaks, due mainly to the different background evolution
and to the different DM density in the early Universe, and a change in the low-` spectrum, due to
a different contribution to the integrated Sachs-Wolfe (ISW) effect [577, 580]. The upper panel of
Fig. 9.1 shows the dependence of the CMB spectrum on ξ. The DE EoS parameter wΛ, in turn, has
an impact mainly on the low-` part of the spectrum and on the position of the acoustic peaks, leaving
their envelope almost unchanged: this gives the opportunity of breaking the degeneracy arising from
the background evolution Equations (9.5a) and (9.5b) when studying the CMB spectrum in a wide
range of multipoles.
The DM abundance, instead, is relevant for the matter-radiation equality and for the expansion
rate at the time of CMB decoupling, that influences the comoving sound horizon and consequently the
angular scale of the peaks: it is difficult to distinguish the impact of the DM energy density and the
coupling strength from CMB data alone, as it is possible to see comparing the panels of Fig. 9.1. The
degeneracy with the DM density can be studied with additional data on the gravitational lensing and
on the clustering, since the coupling introduces a non-standard time-dependency of the DM density.
The fact of having different amounts of DM at different epochs leads to different evolution histories
of the small scale fluctuations under the effect of gravity. If DM decays into DE, for example, there is
much more DM in the early Universe, leading to a stronger clustering and to an anticipated nonlinear
regime for the evolution of the perturbations.
For our cosmological analyses we implemented all the relevant equations into the numerical Boltz-
mann solver CAMB [58] and we modified the Markov Chain Monte Carlo (MCMC) code CosmoMC [341]
in order to include ξ as an additional parameter. We then use CosmoMC to obtain the cosmological
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Figure 9.1: Dependence of the CMB spectrum on two cosmological parameters: the coupling strength
ξ (upper panel) and the DM energy density today Ωch
2 (lower panel). All the other parameters are
kept fixed. The black curve is the same in the different panels. From Ref. [34].
constraints and we compare the results obtained in the standard ΛCDM model with those obtained
considering the CDE scenarios, MOD1 and MOD2. We restrict ξ and wΛ to the intervals in Tab. 9.1
for the reasons explained above and we consider flat priors in these ranges for our MCMC analyses.
Finally, we want to underline the connections of the parameters used in the Equations presented
above with the parameters that appear in the ΛCDM model and in the CAMB / CosmoMC software that
we use for the analyses. The DM energy density ρdm is proportional to the parameter Ωch
2, since
Ωc = ρdm/ρc ∝ ρdm/h2 (see Section 1.5): the physical energy density of DM today is then proportional
to Ωch
2. On the contrary, Ωc depends on Hubble parameter today. This observation will be useful
when we will discuss the results for the CDE models. On the contrary, we will present the results for
ΩΛ = 1−Ωk − (Ωγ + Ωb + Ωc + Ων), where we always consider Ωk = 0 (flat Universe). ΩΛ is a derived
parameter in our analyses, and it is not proportional to the physical energy density ρΛ, but it depends
on the Hubble parameter today (ΩΛ ∝ ρΛ/h2).
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Prior
Parameter ΛCDM MOD1 MOD2
wΛ -1 [-0.999, -0.1] [-2.5, -1.001]
ξ 0 [-1, 0] [0, 0.5]
no interaction DM decays into DE DE decays into DM
Table 9.1: The priors on parameters for the coupling scenario, the coupling parameter ξ and the DE
EoS parameter wΛ, that we use for the analyses of the different models. All the priors are flat in the
listed intervals. From Ref. [34].
9.2.2 Cosmological Data
We base our analyses on the Cosmic Microwave Background (CMB) data (see Section 3.1) from
the 2015 Planck release [21], in particular we consider as our minimal data combination the full
temperature autocorrelation spectrum in the range 2 ≤ ` ≤ 2500 (denoted as PlanckTT) plus the
low-` Planck polarization spectra in the range 2 ≤ ` ≤ 29 (denoted as lowP) [62]. Additionally,
we consider and add separately the high-` Planck polarization spectra in the range 30 ≤ ` < 2500
(hereafter highP) [62].
Since the coupling between DE and DM introduces a time-dependency in the background evolution
of DE and DM (see Eqs. (9.5a) and (9.5b)), it is important to test our theoretical models using data
at many different redshift with respect to the CMB measurements. In particular, in MOD1 we expect
a higher amount of DM in the early Universe than in the ΛCDM model, with stronger gravitational
effects in the initial phases of the evolution. On the opposite side, in the MOD2 the amount of DM is
smaller in the early Universe and the gravitational clustering is reduced until enough DE is decayed
into DM. For these reasons, it is important to consider observations at various redshift to constrain
the CDE models, as they can distinguish the different evolution histories.
One of the most important probes of the expansion and of the existence of DE are the Supernovae
(SNe) of type Ia. We consider the luminosity distances of SN Ia from the SNLS and SDSS catalogs
as re-analyzed in the joint analysis [126] (JLA hereafter), introduced in Section 3.4.
Another interesting probe of the Universe evolution comes from the Redshift Space Distortions
(RSD, see Subsection 3.2.4), namely distortions of the shape of galaxy clusters in the redshift space
due to peculiar motions of the single objects along the line of sight. We include also the Baryon
Acoustic Oscillations (BAO) data as determined by 6dFGS [90], SDSS-MGS [91] and BOSS DR11 [93],
together with the RSD determinations from BOSS DR11 [115]. We will refer to the combination of
these measurements as to the BAO/RSD dataset.
The amount of DM affects also the strength of the gravitational lensing. We include information on
the power spectrum of the lensing potential reconstructed by Planck from the trispectrum detection
[64] (hereafter lens). We do not consider weak lensing determinations obtained from the cosmic
shear measurements of the CFHTLenS survey [589] for the reasons explained in Section 3.7. We
also do not consider the other local determinations of σ8 from local measurements (see Section 3.6)
for the same reasons, nor any constraints on the Hubble parameter H0, the expansion rate of the
Universe today, due to the tensions that exist between local determinations and CMB estimates also
for this observable (see Section 3.3). It is important, however, to discuss and possibly solve the small
tensions that currently are present between the CMB observations and the local measurements, and
new physics beyond the standard cosmological model can help in this direction. As we will show in
the next Section, the CDE model can reconcile local and cosmological measurements for both H0 and
σ8.
In our analyses we will explore different combinations of the listed dataset: our starting point will
be the CMB-only dataset PlanckTT+lowP, then we will add one of the other datasets at a time
(highP, lens, JLA, BAO/RSD) and finally we will consider a combination involving all the dataset,
“PlanckTT+lowP + highP + lens + JLA + BAO/RSD”, that we will indicate with ALL for sake
of brevity. For each of these data combinations we will test the three cosmological models (ΛCDM,
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Parameter ΛCDM MOD1 MOD2
100Ωbh
2 2.222 +0.047−0.043 2.216
+0.046
−0.045 2.226
+0.047
−0.046
Ωch
2 0.120 +0.004−0.004 0.069
+0.053
−0.065 0.133
+0.019
−0.016
100θ 1.0409 +0.0009−0.0009 1.0441
+0.0052
−0.0040 1.0402
+0.0013
−0.0013
τ 0.078 +0.039−0.037 0.077
+0.039
−0.038 0.077
+0.039
−0.038
ns 0.965
+0.012
−0.012 0.964
+0.013
−0.012 0.966
+0.013
−0.012
log(1010As) 3.089
+0.074
−0.072 3.088
+0.073
−0.073 3.087
+0.073
−0.074
ξ 0 (−0.789, 0] [0, 0.269)
wΛ −1 [−1,−0.703) −1.543 +0.524−0.447
H0 [ Km s
−1 Mpc−1 ] 67.28 +1.92−1.89 67.91
+7.44
−7.87 > 68.32
σ8 0.830
+0.029
−0.028 1.464
+1.948
−1.037 0.898
+0.163
−0.160
Table 9.2: Marginalized limits at 2σ for various parameters considered in our analyses, obtained with
the “PlanckTT+lowP” dataset for the three different models (ΛCDM, MOD1 and MOD2). When
an interval denoted with parenthesis is given, it refers to the 2σ C.L. range starting from the prior
extreme, listed in Tab. 9.1. H0 is limited to the range [20, 100]. From Ref. [34].
Parameter ΛCDM MOD1 MOD2
100Ωbh
2 2.229 +0.028−0.028 2.228
+0.030
−0.030 2.227
+0.031
−0.030
Ωch
2 0.119 +0.002−0.002 0.091
+0.029
−0.033 0.135
+0.014
−0.014
100θ 1.0409 +0.0006−0.0006 1.0426
+0.0022
−0.0019 1.0400
+0.0010
−0.0010
τ 0.062 +0.025−0.025 0.063
+0.027
−0.026 0.059
+0.028
−0.027
ns 0.966
+0.008
−0.008 0.966
+0.009
−0.009 0.966
+0.009
−0.009
log(1010As) 3.055
+0.045
−0.046 3.058
+0.049
−0.049 3.050
+0.050
−0.051
ξ 0 (−0.463, 0] [0, 0.300)
wΛ −1 [−1,−0.829) (−1.129,−1]
H0 [ Km s
−1 Mpc−1 ] 67.72 +1.01−0.97 67.57
+1.81
−1.79 67.83
+1.90
−1.75
σ8 0.812
+0.017
−0.017 0.994
+0.294
−0.219 0.749
+0.069
−0.063
Table 9.3: The same as in Tab. 9.2, for the results obtained with the “ALL” dataset. From Ref. [34].
MOD1, MOD2) to study how the constraints change.
9.3 Results
In this section we present the result obtained in the cosmological analyses. We compare the three
different models (ΛCDM, MOD1, MOD2) and the constraints provided by the different datasets. We
list in Tables 9.2 (“CMB only”) and 9.3 (“ALL” dataset) the 2σ constraints for the parameters we
considered. Most of the standard ΛCDM parameters are not sensitive to the coupling in the dark
sector and the ensuing results are unchanged when moving from the ΛCDM model to the MOD1
and MOD2 scenarios: the baryon density today Ωbh
2, the optical depth at reionization τ , the tilt ns
and the amplitude log(1010As) of the power spectrum of scalar perturbations. Their determination is
therefore robust against modified expansion histories induced by the new DM/DE coupling.
Slightly larger variations occur for the ratio of the sound horizon to the angular diameter distance
at decoupling, θ, but even in this case the differences between the various models are well inside the
mutual 2σ limits. Interestingly, the addition of the external data in the “ALL” dataset reduces the
uncertainties on various parameters, but requires a shift towards lower values for the optical depth at
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Figure 9.2: Marginalized 1, 2 and 3σ limits from the “PlanckTT+lowP” dataset for Ωch
2 and ΩΛ,
for the three different cosmological models: ΛCDM, MOD1 and MOD2. MOD1 predicts a smaller
amount of DM today with respect to ΛCDM, as one would expect in a model in which the energy flux
is from DM to DE; on the other hand, MOD2 predicts more DM today compared to ΛCDM, since in
that model the energy flux is opposite, i.e. DE decays into DM. From Ref. [34].
reionization τ and for the amplitude of the scalar perturbations power spectrum log(1010As). These
parameters suffer of a mild tension in the recent Planck results, as discussed in [44], since the analyses
that consider the low-` temperature spectrum point towards higher values of τ with respect to the
results obtained from the polarization spectra only. If one considers the lensing information and the
BAO measurements together with the temperature spectrum, the results are in good agreement with
the indications in favor of a small τ coming from the Planck polarization spectra. As the CMB
observations constrain the combination Ase
−2τ , a smaller τ reflects in a smaller As.
As we would expect, there is a strong correlation between the coupling parameter ξ and the current
DM energy density Ωch
2. For ξ < 0 (MOD1), the bigger is the interaction, the smaller is the DM
abundance today, i.e. more DM decayed into DE during the evolution. Conversely, in ξ > 0 (MOD2)
a larger current DM abundance is predicted. Since CMB data mainly constrain the DM abundance in
the early Universe, the best fit values for Ωch
2 can be very different in the ΛCDM, MOD1 or MOD2
cases, as it is possible to see from Tabs. 9.2 and 9.3 and the upper panel in Fig. 9.2, where the 1, 2
and 3σ limits for Ωch
2 in the different models are shown. Given a flat Universe, this reflects also in
different values for the DE energy density today in the different models (see the 1, 2 and 3σ limits for
ΩΛ in the lower panel in Fig. 9.2).
Figs. 9.3 and 9.4 show the 1, 2 and 3σ limits on ξ (upper panels) and wΛ (lower panels) obtained
with different datasets, for both the CDE models MOD1 (Fig. 9.3) and MOD2 (Fig. 9.4). The
constraints are almost insensitive to the addition of the CMB polarization at high multipoles (“highP”).
The lensing information, instead, leads to stronger constraints for ξ in MOD1: as expected, this comes
from the bounds on the DM abundance during the expansion history that are provided by the lensing
detection. Both in MOD1 and MOD2, the addition of the JLA and BAO/RSD dataset leads to
stronger bounds on the DE EoS wΛ, that is constrained towards -1. Actually the cosmological data
constrains the effective DE EoS parameter weffΛ = wΛ + ξ/3 that drives the background evolution
in Eq. (9.5b). As we can see in Fig. 9.5, for both MOD1 (left panel) and MOD2 (right panel) the
marginalized regions in the (ξ, wΛ) plane are well constrained around the w
eff
Λ = −1 (dashed) line,
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Figure 9.3: Marginalized 1, 2 and 3σ limits on ξ and wΛ in the MOD1, for different datasets. When
the error bars are not visible, they coincide with the limit in the prior, as listed in Tab. 9.1. The red
point is for the MOD1+νs model, discussed in Section 9.4. From Ref. [34].
thus indicating a preference for a DE energy density that is effectively constant over time.
From Tab. 9.2 we can also see how the CMB data only gives poor constraints on both the derived
quantities H0 and σ8. For the Hubble parameter, this is due to the strong correlation between H0
and the DE EoS parameter: as we can see in Eq. (9.5b), when wΛ < −1 the DE density today is
larger for larger values of |wΛ|. Since the Universe is DE-dominated at late times, the total energy
density ρtot increases with ρΛ and consequently the Hubble rate today H ∝ √ρtot is larger. When
wΛ > −1, instead, the situation is opposite and values for H0 lower than the CMB predictions can be
found. The CMB alone, however, is not a good way to constrain the DE EoS: with the introduction
of additional data, in particular the BAO/RSD and JLA datasets, the constraints on wΛ are much
stronger, especially in MOD2, and consequently the allowed regions for H0 are better identified.
It is interesting to note that MOD1 predicts a value for σ8 significantly larger than the ΛCDM pre-
diction (see both Tab. 9.2 and Tab. 9.3): since MOD1 predicts a larger amount of DM in the early
Universe, there is more clustering in the primordial Universe, that results in an earlier transition to the
nonlinear evolution and hence to unavoidably larger values for σ8 with respect to the ΛCDM predic-
tions. Even if the σ8 values as determined by local measurements are underestimates of the true value,
as the CMB determinations within the ΛCDM model seems to suggest, this can be a strong argument
against a CDE parameterization through MOD1. On the contrary, in MOD2 the DM abundance is
bigger in the late Universe with respect to the earlier epochs: the nonlinear evolution is entered later
during the Universe evolution and σ8 does not increase significantly, because at late times the DE is
dominant and prevents clustering. A hint for late-time appearance of DM was found also in the recent
study [590], thus giving another point in favor of MOD2.
In Fig. 9.6 we summarize the results on H0 and σ8 in the three models (ΛCDM, MOD1, MOD2)
for both the CMB only (left panel) and the “ALL” (right panel) datasets. As reference, we plot two
bands representing the local determinations of σ8 = 0.75 ± 0.03 from Planck [136], obtained leaving
the mass bias free to vary, and H0 = 70.6± 3.3 [123] as a comparison. Both the plots display that in
MOD1 it is impossible to obtain high H0 values with low σ8 values and the uncertainty on σ8 reflects
also in an uncertainty on H0 [591]. On the contrary, in MOD2 H0 can assume larger values without
implying very large values for σ8. This is due to the opposite correlation of σ8 with the coupling
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Figure 9.4: Marginalized 1, 2 and 3σ limits from ξ and wΛ in the MOD2, for different datasets. When
the error bars are not visible, they coincide with the limit in the prior, as listed in Tab. 9.1. The red
point is for the MOD2+νs model, discussed in Section 9.4. From Ref. [34].
parameter ξ: whereas in MOD1 a larger σ8 arises from a larger interaction rate, MOD2 shows an
opposite behavior, namely lower values of σ8 correspond to a stronger coupling in the dark sector and
possibly to high values of H0. In this sense, MOD2 should be preferred over MOD1, since in this
context the cited tensions regarding σ8 and H0 can be solved.
9.4 Sterile neutrinos as stable DM component
Up to now we did not consider the possibility that the total amount of DM energy density is
provided by two or more different species, with only one of them coupled to DE. In this situation,
the DM is composed by a stable and an interacting fraction, with the consequence that only part of
the DM can feed (or be fed by) DE during the Universe evolution. A model with an interacting DM
component combined with a stable one was studied for example in Ref. [592], where the authors report
a preference for the existence of two separate components.
Among the most investigated DM candidates, sterile neutrinos have been widely studied in the
past (see e.g. Chapters 4, 5 and 6). We present here a comparison of the bounds obtained for the
sterile neutrino properties when the underlying cosmological model is changed from the ΛCDM model
to the CDE scenarios MOD1 and MOD2, to test the possibility that the additional neutrino represents
the stable DM fraction.
To include the additional neutrino in the cosmological analysis we use the parameterization pre-
sented in Ref. [72] and adopted in Section 5.1. The additional neutrino acts as a relativistic component
in the early Universe and gives a contribution to the effective number of relativistic species Neff that
is ∆Neff = Neff −N smeff and it can be obtained from Eq. (4.44). In the late Universe, when the sterile
neutrino becomes non-relativistic, its mass becomes important and it behaves as a massive compo-
nent. Since we will not study the compatibility of the cosmological constraints with SBL neutrino
oscillations, in this case it is more convenient to use the effective mass meffs (see Eq. (4.47)) instead of
the physical mass ms. The effective mass is more convenient than ms also because we are particularly
interested in the degeneracy between Ωsh
2 ∝ meffs and the DM energy density Ωch2. For both Neff
and meffs we adopt flat priors in the intervals listed in Tab. 9.4.
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Figure 9.5: Marginalized 1 and 2σ allowed regions in the (ξ, wΛ) plane in the MOD1 (left) and MOD2
(right) scenarios, for different datasets. Points in the regions below the dashed lines (representing
weffΛ = wΛ + ξ/3 = −1) correspond to an increasing energy density for DE in the future. From
Ref. [34].
Prior
Parameter ΛCDM νs
meffs 0 [0,15]
Neff 3.046 [3.046, 6]
Table 9.4: The priors on the neutrino parameters Neff and m
eff
s , flat in the listed intervals. From
Ref. [34].
We study the constraints on the sterile neutrino properties using only the full data combination
“ALL”, that gives the strongest constraints on the CDE models. We compare the results obtained in
the ΛCDM+νs, MOD1+νs and MOD2+νs models in Tab. 9.5 for all the relevant parameters. The
inclusion of an additional neutrino do not change significantly the constraints on the ΛCDM parame-
ters, with the only exception of Ωch
2. For the baryon energy density there is a small shift of less than
1σ, while the errors on τ , ns and log(10
10As) are slightly increased, but these changes are independent
on the CDE model.
As expected, the quantity that varies most is the CDM energy density Ωch
2, that is lower and
more uncertain in all the models. This is due to the fact that the sterile neutrino acts as a massive
component in the late Universe and it contributes to the total amount of matter with Ωsh
2 ∝ meffs : a
degeneracy with DM exists. The degeneracy is shown in Fig. 9.7, where it is clear that a higher DM
energy density corresponds to a lower meffs , for all the models. The differences in Ωch
2 between the
CDE+νs, MOD1+νs and MOD2+νs models, however, are the same we discussed without the sterile
neutrino.
Constraints on the parameters Neff and m
eff
s are almost the same in the different models, with only
very small differences: this means that the properties of the sterile neutrino as DM are robust against
the introduction of the new interaction. In parallel, also the constraints on the coupling parameter ξ
and on the DE EoS parameter wΛ are almost insensitive to the presence of the additional neutrino.
The 1, 2 and 3σ limits on ξ and wΛ are plotted in red in Figures 9.3 and 9.4 for MOD1 and MOD2
respectively: the “ALL” dataset, independently of the νs presence, gives a 1σ preference for a non-zero
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Figure 9.6: Marginalized 1 and 2σ allowed regions in the (σ8, H0) plane for different models:
ΛCDM (gray), MOD1 (red) and MOD2 (blue). The left panel correspond to the CMB only dataset
“PlanckTT+lowP”, while the panel on the right correspond to the full combination considered here
(“ALL”). The green band is H0 = 70.6± 3.3 Km s−1 Mpc−1 [123] (GE), while the dark yellow band
is σ8 = 0.75± 0.03 [136] (SZ). From Ref. [34].
interaction in the dark sector.
The presence of an additional component that acts as a relativistic particle in the early Universe
and a non-relativistic one in the late Universe gives a suppression in the clustering, due to the free-
streaming effect, and an increase of the Hubble parameter, due to the necessity of increasing both
the DM and DE energy densities in the Universe to avoid a shift of the matter-radiation equality and
of the coincidence time. As a consequence, the inclusion of the sterile neutrino shifts the predictions
for H0 towards slightly higher values and lowers those for σ8. In Fig. 9.8 we show the equivalent of
Fig. 9.6 for the models with the additional neutrino. Apart for the fact that the regions are slightly
wider, there are no significant variations with respect to the right panel of Fig. 9.6. As a consequence
of the lowering of σ8, however, models with the sterile neutrino show a higher compatibility with the
low-σ8 measurements as, for example, the Planck cluster counts (SZ, yellow band in the plots).
9.5 Conclusions
The largest part of the energy density of our Universe is represented by a dark sector, formed by
dark matter and dark energy. Both these components are known only for they gravitational effects, but
we still ignore if they can be explained in the context of fundamental physics: while many candidates
of DM have been proposed, the true nature of DE is completely unknown from this point of view.
Apart for gravity, we ignore how DM and DE interact with the other particles. The existence of a
non-gravitational coupling involving DE or DM cannot be excluded: this additional interaction would
have an impact on cosmology and it can be tested, in principle, studying the various cosmological
observables. A coupling with standard matter is disfavored by observations both for DE and DM,
but it is possible that the interaction does not involve baryons nor photons or other particles in
the standard model. We studied the possibility that DM and DE are coupled to each other in a
non-gravitational way. We introduced a phenomenological interaction rate Q = ξHρΛ [577, 578, 585],
where the dimensionless parameter ξ encodes the coupling strength: for our choice, positive ξ values
correspond to DM decaying in DE, while a negative ξ gives a scenario with DE decaying in DM.
We test the coupled model using several cosmological data: CMB data and gravitational lensing
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Parameter ΛCDM MOD1 MOD2
100Ωbh
2 2.237 +0.034−0.031 2.237
+0.036
−0.032 2.236
+0.035
−0.032
Ωch
2 0.113 +0.014−0.019 0.083
+0.034
−0.033 0.129
+0.024
−0.025
100θ 1.0408 +0.0006−0.0007 1.0426
+0.0022
−0.0020 1.0400
+0.0010
−0.0011
τ 0.063 +0.032−0.033 0.064
+0.034
−0.035 0.060
+0.034
−0.035
ns 0.969
+0.012
−0.011 0.968
+0.013
−0.012 0.968
+0.012
−0.012
log(1010As) 3.059
+0.066
−0.067 3.061
+0.068
−0.070 3.054
+0.070
−0.069
ξ 0 (−0.494, 0] [0, 0.304)
wΛ −1 [−1,−0.841) (−1.162,−1]
meffs [eV] < 2.1 < 1.9 < 2.2
Neff < 3.34 < 3.38 < 3.35
H0 [ Km s
−1 Mpc−1] 67.91 +1.33−1.26 68.23
+2.21
−2.00 68.43
+2.16
−2.07
σ8 0.789
+0.039
−0.045 0.988
+0.300
−0.229 0.727
+0.073
−0.072
Table 9.5: Marginalized limits at 2σ for various parameters considered in our analyses, obtained with
the “ALL” dataset for the three different models (ΛCDM+νs, MOD1+νs and MOD2+νs). When
an interval denoted with parenthesis is given, it refers to the 2σ C.L. range starting from the prior
extreme. These are listed in Tabs. 9.1 and 9.4. From Ref. [34].
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Figure 9.7: Marginalized 1 and 2σ allowed regions in the (Ωch
2, meffs ) plane for different models:
ΛCDM+νs (gray), MOD1+νs (red) and MOD2+νs (blue), obtained with the full data combination
considered here (“ALL”). From Ref. [34].
reconstructions from the 2015 Planck release, SuperNovae distance calibrations, BAO and RSD mea-
sured by several experiments. All these measurements have the aim to constrain the evolution of the
Universe at different redshifts and to test the gravitational interaction at different epochs. The time-
dependency of DE and DM energy densities is indeed modified by the introduction of the coupling
that influences both the background and the perturbations evolution.
In the context of an extended ΛCDM model, we obtained constraints on the coupling parameter
ξ and on the DE Equation of State (EoS) wΛ. We base our analysis on the Planck observations for
CMB temperature and polarization [21,62], but we obtain the strongest constraints from the inclusion
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Figure 9.8: Marginalized 1 and 2σ allowed regions in the (σ8, H0) plane for different models:
ΛCDM+νs (gray), MOD1+νs (red) and MOD2+νs (blue), obtained with the full data combination
considered here (“ALL”). The green band is H0 = 70.6 ± 3.3 Km s−1 Mpc−1 [123] (GE), while the
dark yellow band is σ8 = 0.75± 0.03 [136] (SZ). From Ref. [34].
of additional information at several different redshifts. The introduction of Supernovae data from the
joint analysis of Ref. [126] strongly constrains the effective DE EoS weffΛ = wΛ + ξ/3 to be -1, while
the BAO/RSD [90, 91, 93, 115] data gives a mild preference for a non-zero coupling, both for MOD1
and MOD2.
If we consider the predicted values of the Hubble parameter H0 and of σ8, however, we note
that the phenomenology of MOD1, that was more studied in the past (see e.g. Refs. [577, 578]),
increases the tension with the low-redshift measurements of H0 [121,123] and the local determinations
of σ8 [134, 136, 137, 589, 593, 594]. The reason is that in MOD1 a higher amount of DM in the early
Universe is required to have some residual DM today. This higher DM amount increases the clustering
effect and drives the evolution to nonlinear scales earlier. In MOD2, on the contrary, σ8 is smaller
than in the ΛCDM model and CMB estimates can be reconciled with low-redshift probes.
We studied also the possible presence of a sterile neutrino [15,22–25,595–597] as an additional and
stable dark matter component. In this case we find that the sterile neutrino parameters are completely
insensitive to the parameters of the CDE model and the constraints are practically the same for the
ΛCDM+νs, the MOD1+νs and the MOD2+νs models.
In conclusion, a coupled DM/DE cosmology is a viable option, compatible with a large host of
cosmological data. Moreover, a model where DE decays into DM during the evolutionary history
of the Universe can help solving the small tensions that currently exist between different high- and
low-redshift observations in the context of the ΛCDM model, therefore providing an interesting new
opportunity of investigation for models of the dark sectors of the Universe.
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Chapter 10
Summary and Conclusions
Our knowledge of the Universe is rather robust. Most of the predictions of the theoretical model
based on the theory of General Relativity proposed by A. Einstein have been experimentally confirmed.
The last, exciting probe of General Relativity is the recent first detection of the gravitational waves
by the LIGO/VIRGO collaboration [598]. Modern cosmology is based on the models derived from the
Einstein’s theory, that are tested using the numerous experimental data collected in several different
observations. The strongest tools to study the models of the Universe evolution are the observations
of the Cosmic Microwave Background (CMB), that is the relic photon radiation emitted in the early
Universe. This Thesis is devoted to study several aspects of the cosmological evolution using mainly
the CMB results obtained by the Planck experiment. We considered different extensions of the stan-
dard ΛCDM model: we included additional particles (neutrinos, axions), we assumed non-standard
inflationary scenarios and we introduced an additional coupling between dark matter and dark energy.
The first results that we reported concern the cosmological constraints on the light sterile neutrino.
We found that the CMB data disfavor the presence of an additional massive neutrino, if it is thermal-
ized with the active neutrinos. A light neutrino relic is favored, instead, by the local measurements
of σ8 and H0 (see Chapter 5), because the free-streaming nature of the neutrino allows to reduce the
amount of matter fluctuations at small scales even if H0 is simultaneously increased, as a consequence
of the correlation with the presence of additional relativistic particles. The mass required to reconcile
the H0 and σ8 tensions, however, is smaller than the one required by SBL neutrino oscillations.
As a consequence of the anticorrelation between the sterile neutrino mass ms and its contribution
∆Neff to the effective number of relativistic species Neff (see Chapter 5), the presence of a neutrino
with 1 eV mass is allowed only if its contribution to Neff is much smaller than the one from each
active neutrino. The strongest constraints on ∆Neff can be obtained considering the 2015 data on the
CMB anisotropies by the Planck collaboration, from which it is possible to obtain ∆Neff . 0.4 at 95%
C.L., with small variations due to the inclusion of different datasets (see Section 6.6). This confirms
the problem of the missing thermalization of the sterile neutrino. Previous studies [310, 356, 364]
have shown that the mixing parameters derived from the SBL analyses are large enough to allow the
sterile neutrino to be in equilibrium with the active neutrinos. Since this does not happen, some
new physical mechanism should operate. Some of the possibilities include: a large lepton asymmetry
[310, 355–357, 370, 378–384], new neutrino interactions [365–368, 371, 385–389], entropy production
after neutrino decoupling [344], very low reheating temperatures [390, 391], time varying dark energy
components [342], a larger cosmic expansion rate at the time of sterile neutrino production [369].
The mechanism of the sterile neutrino decay proposed originally in Ref. [24] has been studied in
Section 5.3. We showed that the decay of the light sterile neutrino may help in solving the incomplete
thermalization problem only if the CMB data would allow ∆Neff = 1 for massless species. In this case,
indeed, if the fully thermalized sterile neutrino decays into massless species when it is still relativistic,
its mass is not relevant for the evolution, but the amount of radiation is given by Neff ' 4. In the
decay scenario we found a tension between the measurements at low-redshift and the CMB: if the
local determinations of σ8 would favor the presence of a massive neutrino in the late-times evolution,
in order to suppress the matter fluctuations through the free-streaming effect, the CMB data strongly
prefer a rapid decay of the sterile neutrino. These requirements are clearly incompatible. For this
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reason and since Neff ' 4 is strongly disfavored by the current data, the sterile neutrino decay scenario
is not a viable solution to reconcile the presence of the light sterile neutrino in cosmology.
Another possibility that we proposed is to assume a scenario that we denoted as “Inflationary
Freedom”. With this name we indicated the possibility that the Primordial Power Spectrum (PPS)
of scalar perturbations generated during inflation can be more complicated than a simple power-law,
as the simplest inflationary models predict. Since the final CMB spectrum is the convolution of the
scalar PPS and of the transfer function, robustly calculated from the theory discussed in Chapter 2,
changes in the transfer function can be compensated by variations in the PPS. Previous analyses of
the WMAP and Planck (2013, 2015) CMB spectra showed that there are indications for deviations
from the power-law shape of the PPS, especially at large scales [25,26,32,396–409].
We used a model independent parameterization for the free PPS and we showed that strong degen-
eracies between the PPS parameters and the neutrino parameters exist, in particular at small scales.
The effective number of relativistic species is degenerate with the PPS because the presence of addi-
tional radiation leads to an enhanced Silk damping effect (see Section 4.4), that can be compensated
with an enhancement of the PPS at the relevant scales. One of the main effects of the neutrino mass
in cosmology is to alter the contribution of the early ISW effect (see Section 4.4). Also in this case a
variation of the PPS at the scales corresponding to the early ISW contribution can partially compen-
sate the effects of increasing the neutrino masses. The result is that the bounds on Neff and on the
neutrino mass scale are significantly relaxed, if only the temperature spectrum of CMB anisotropies
is considered. Since the impact of the cosmological parameters and of the PPS are different in the
temperature and polarization spectra, however, the degeneracy between the PPS and the neutrino
parameters can be broken with the inclusion of the TE and EE spectra at high multipoles measured
by the Planck collaboration. If the results obtained without the CMB polarization data in the con-
text of “Inflationary Freedom” would allow the presence of a fully thermalized sterile neutrino (see
Section 6.3), this is no more true when the polarization data are included (see Sections 6.6 and 6.7).
In Chapter 7 we studied a different candidate for hot dark matter: the thermal axion. Axions are
pseudo-Nambu-Goldstone bosons generated by the spontaneous breaking of the global Peccei-Quinn
symmetry U(1)PQ, introduced to solve the strong CP problem in Quantum ChromoDynamics. The
new symmetry is spontaneously broken at the scale fa, to which the thermal axion mass is connected
by Eq. (7.2). Since it is relativistic in the early Universe, contributing to Neff , and non-relativistic at
late times, the thermal axion contribution to the cosmological evolution is similar to that of a massive
neutrino. Thanks to its free-streaming properties, a thermal axion can reduce the matter fluctuations
at small scales and help to reconcile the σ8 tension. Also in this case, however, we found that the full
CMB data from the 2015 release of Planck disfavor the presence of the additional thermal axion in
cosmology. The constraint comes in particular from the fact that a thermal axion gives a minimum
contribution ∆Neff ' 0.2 to the amount of radiation in the early Universe, but this is outside the
limits at 68% C.L. obtained from the full Planck dataset.
Despite the fact that the presence of the axion is disfavored by the CMB data at 68% C.L., the
significance of this result is not high and the presence of a thermal axion is still allowed by the at
95% C.L. constraints. For this reason, we studied the bounds on the axion mass in the context of a
power-law and of a free PPS. When we varied also the neutrino masses to test the degeneracy with
the thermal axion mass, we found that the constraints on the total neutrino mass are tighter than
those obtained without thermal axions, while the bounds on the thermal axion mass are unchanged.
In both cases we find only upper limits on the axion and neutrino masses, unless the Planck SZ cluster
counts data are included in the analyses. In the latter case we found the only evidence for a non-null
axion mass (see Subsection 7.3.1). As we discussed in Chapter 3, however, the local determinations
of σ8 may suffer the presence of unaccounted systematics. If these present results will be confirmed in
future experiments, the evidence of a non-zero axion mass will be strengthened. As of today, anyhow,
the evidence for ma > 0 must be treated with caution, because the CMB results that disfavor the
presence of massive thermal axions are more robust than the local determinations of σ8.
The majority of the models that generate a non-standard PPS also generate primordial non-
Gaussianities, that can be studied using the Large Scale Structures (LSS) of the Universe and the
CMB bispectrum. In Chapter 8 we studied how the expectations for the Dark Energy Spectroscopic
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Instrument (DESI) experiment, an upcoming galaxy survey, change when the hypothesis of a power-
law PPS is relaxed. To do this, we assumed that the precise shape of the PPS and the non-Gaussianity
parameter fNL need to be extracted simultaneously from the data. We considered three different DESI
tracers of the matter distribution at various redshifts: luminous red galaxies, emission line galaxies and
high-redshift quasars. If the analysis is restricted to LSS data, the standard errors computed assuming
a power-law PPS are enlarged by 60% when using the free PPS parameterization and treating each of
the possible dark matter tracers individually. The problem is then that determining the PPS and fNL
simultaneously may cause a degrading of the obtained constraints. Another problem could be induced
in this way: if nature have chosen a more complicated inflationary mechanism that results in a non-
trivial PPS, all the analyses performed under the possibly wrong assumption of a power-law PPS may
give biased results, as a consequence of the degeneracy between the PPS and the non-Gaussianities.
This degeneracy may be reduced using the multi-tracer technique, or combining the DESI tracers with
the CMB priors on the PPS parameters. The addition of CMB priors on the PPS parameters and on
the energy densities of dark matter and baryons leads to an error on fNL which is independent of the
PPS parameterization used in the analysis.
In the context of the ΛCDM model, it is possible to obtain predictions on values of the Hubble
parameter H0 and of the clustering parameter σ8 today from the analyses of CMB data. These predic-
tions are in tension with the low-redshift measurements of H0 [121,123] and the local determinations
of σ8 [134, 136, 137, 589, 593, 594]. These tensions may be alleviated by the presence of a massive
neutrino, that can reduce the perturbations at small scales thanks to its free-streaming properties
that influence the Universe evolution, but this is not the only possibility. In Chapter 9 we proposed a
solution that involves the introduction of a phenomenological non-gravitational coupling between dark
matter and dark energy. Dark matter and dark energy are known only for their gravitational effects,
but we still ignore if they can be explained in the context of fundamental physics. The existence
of a non-gravitational coupling involving DE or DM cannot be excluded: this additional interaction
would have an impact on cosmology and it can be tested studying the various cosmological observ-
ables. We introduced a phenomenological interaction rate that describes the energy transfer from
dark matter to dark energy. For our choice, a positive coupling (MOD1 for sake of brevity) corre-
sponds to DM decaying in DE, while a negative coupling (MOD2) gives a scenario with DE decaying
in DM. We tested the coupled model using several cosmological data at different redshifts, since the
time-dependency of the DE and DM energy densities is modified by the introduction of the coupling,
that influences both the background and the perturbations evolution. In the context of an extended
ΛCDM model, we obtained constraints on the coupling parameter ξ and on the dark energy equation
of state parameter wΛ. The introduction of Supernovae data from the joint analysis of Ref. [126]
strongly constrains the effective DE EoS parameter weffΛ = wΛ + ξ/3 (see Subsection 9.2.1) to be −1,
while the BAO/RSD [90, 91, 93, 115] data gives a preference for a non-zero coupling, both for MOD1
and MOD2. We noticed that the phenomenology of MOD1, that was more studied in the past (see
e.g. Refs. [577, 578]), increases the tension with the low-redshift measurements of H0 [121, 123] and
of σ8 [134, 136, 137, 589, 593, 594]. The reason is that in MOD1 a higher amount of DM in the early
Universe is required to have some residual DM today, and this higher DM amount increases the clus-
tering effect and accelerates the nonlinear evolution. In MOD2, on the contrary, σ8 is smaller than in
the ΛCDM model and CMB estimates can be reconciled with low-redshift probes.
In conclusion, the ΛCDM model is extremely robust and most of the currently available cosmolog-
ical data disfavor (or strongly constrain) any deviation from the simplest description of the Universe.
Despite this, some small tensions are present. It is still not clear if they are the consequence of un-
accounted systematics, incomplete or approximated calculations, or unaccounted astrophysical effects
in the analyses of low-redshift observations. Maybe they are just hints that some new physics exists.
Some new mechanism during inflation may be responsible of the features at large scales observed in
the power spectrum of initial scalar fluctuations. A coupled DM/DE cosmology is a viable option to
solve the tensions that exists between different high- and low-redshift observations of H0 and σ8, if
DE decays into DM during the evolution of the Universe. This is also an interesting new opportunity
of investigation for models of the dark sector of the Universe. This solution, however, does not help to
solve the problem of the thermalization of the sterile neutrino. Future neutrino oscillation experiments
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will confirm if the sterile neutrino with mass around 1 eV exists. If its existence will be proved, we will
have to understand the reasons for which neutrino oscillations, that would allow its thermalization,
are suppressed in the hot and dense primordial plasma.
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Appendix A
PCHIP Parametrization of the
Primordial Power Spectrum
This Chapter appears as Appendix A in Ref. [25].
In this work we parameterized the PPS with a “piecewise cubic Hermite interpolating polynomial”
(PCHIP) [439,440]. We decided to adopt this interpolating function in order to avoid spurious oscilla-
tions of the interpolating function between the nodes which is often obtained in spline interpolations.
This problem occurs because a natural cubic spline requires the values of the function, the first and
the second derivatives to be continuous in the nodes [599].
The PCHIP function, instead, is constructed in order to preserve the shape of the set of points to
be interpolated. This is achieved with a modification of the “monotone piecewise cubic interpolation”
[439] which can accommodate non-monotone functions and preserves the local monotonicity.
Let us consider a function with known values yj in N nodes xj , with j = 1, . . . , N . A piecewise
cubic interpolation is performed with N − 1 cubic functions between the nodes. The determination of
these N − 1 cubic functions requires the determination of 4(N − 1) coefficients. Besides the 2(N − 1)
constraints obtained by requiring that the initial and final point of each cubic function match the
known values of the original function in the corresponding nodes, one needs a prescription for the
other 2(N − 1) necessary constraints. In the case of a natural cubic spline interpolation one gets
2(N − 2) constraints by requiring the continuity of the first and second derivatives in the nodes and
the remaining two constraints are obtained by requiring that the second derivatives in the first and
last nodes vanish. The drawback of this method is that the interpolating curve is determined by a
set of linear equations without any local control. In fact, all the interpolating curve is affected by the
change of a single point.
Local control of the interpolating curve can be achieved by relaxing the requirement of continuity
of the second derivatives in the nodes and using the resulting freedom to adjust the first derivatives
with a local prescription. In order to see how it can be done, it is convenient to write the cubic
interpolating polynomial between the nodes xj and xj+1 in the Hermite form
f(x; y1, . . . , yN ) =
(hj + 2t) (hj − t)2
h3j
yj +
(3hj − 2t) t2
h3j
yj+1 +
(hj − t)2 t
h2j
dj +
t2 (hj − t)
h2j
dj+1, (A.1)
where t = x − xj and hj = xj+1 − xj . Here dj and dj+1 are the values of the derivatives in the two
nodes. In the PCHIP method the derivatives are chosen in order to preserve the local monotonicity of
the interpolated points. This is done by considering the relative differences
δj =
yj+1 − yj
xj+1 − xj . (A.2)
The PCHIP prescription is:
• If δj−1 and δj have opposite signs, then xj is a discrete local minimum or maximum and dj = 0.
• If δj−1 and δj have the same sign, then dj is determined by the weighted harmonic mean
w1 + w2
dj
=
w1
δj−1
+
w2
δj
, (A.3)
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Figure A.1: Illustration of the difference between the PCHIP (red line) and the natural spline (blue
line) interpolations f(log k; y1, . . . , y12) of a function with known values y1, . . . , y12 in 12 nodes (green
crosses) at the values of k in Eq. (6.1). The values y1, . . . , y12 in the nodes are 1.1, 0.9, 1.07, 0.91,
0.92, 0.91, 0.89, 1.2, 1.03, 1.1, 1.0, 1.0.
with w1 = 2hj + hj−1 and w2 = hj + 2hj−1.
• The derivatives in the first and last nodes are determined by a shape-preserving prescription
based on a quadratic fit of three points. For d1 we consider the three points (x1, y1), (x2, y2),
(x3, y3). The derivative in x1 of the parabola which passes through these three points is given
by
d(h1, h2, δ1, δ2) =
(2h1 + h2) δ1 − h1δ2
h1 + h2
. (A.4)
The shape-preserving prescription for d1 is:
– If the signs of d(h1, h2, δ1, δ2) and δ1 are different, then d1 = 0.
– If the signs of δ1 and δ2 are different and |d(h1, h2, δ1, δ2)| > 3|δ1|, then d1 = 3δ1.
– Else d1 = d(h1, h2, δ1, δ2).
For dN one must replace 1→ N − 1 and 2→ N − 2.
We fit the power spectrum Ps(k) with Eq. (6.2), in which the function PCHIP(k;Ps,1, . . . , Ps,12) is
calculated with the PCHIP prescription in the logarithmic scale of k:
PCHIP(k;Ps,1, . . . , Ps,12) = f(log k;Ps,1, . . . , Ps,12) . (A.5)
A comparison between the natural cubic spline and the PCHIP interpolations of the PPS is presented
in Fig. A.1. We choose the same nodes positions that we used for the PPS parametrization in our
cosmological analysis and we choose the values of the function in the nodes in order to show the
difference between the natural cubic spline and the PCHIP interpolations. One can see that the PCHIP
interpolation can reproduce the shape of the points without adding the spurious features between the
points that are clearly visible in the natural cubic spline interpolation.
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